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Introduction 



By a remarkable result by W. L. Chow, [Cho491 Theorem V] (see also jSer56| ). projective manifolds (that is, 
compact complex submanifolds of CP" := (C"+i \ {0}) / (C \ {0}), for n G N) are in fact algebraic (that is, they 
can be described as the zero set of finitely many homogeneous holomorphic polynomials) . One is hence interested 
in relaxing the projective condition, looking for special properties on compact manifolds sharing a weaker structure 
than projective manifolds. For example, a large amount of developed analytic techniques allows to prove strong 
cohomological properties for compact Kahler manifolds (that is, compact complex manifolds endowed with a 
Kahlcr metric, namely, a Hcrmitian metric admitting a local potential function), [SvD30[rKah33| . see also [Wei58j . 
which arc, in a certain sense, the "analytic- versus-algebraic", [Cho49[ Theorem V], or the "R-versus-Q", |Kod54[ 
Theorem 4], version of projective manifolds. Kahler manifolds are in fact endowed with three different structures, 
interacting each other: a complex structure, a symplectic structure, and a metric structure; it is the strong 
linking between them that allows to develop many analytic tools and hence to derive the very special properties 
of Kahler manifolds. In order to better understand any of such properties, it is natural to ask what of these 
three structures is actually involved and required. Therefore, one is led to study complex, symplectic, and metric 
contribution separately, possibly weakening either the interactions between them, or one of these structures. For 
example, by relaxing the metric condition, one could ask what properties of a compact complex manifold can 
be deduced by the existence of special Hcrmitian metrics defined by conditions similar to, but weaker than, the 
defining condition of the Kahler metrics (for example, metrics being balanced in the sense of M. L. Michelsohn 
|Mic82j . pluriclosed [Bis89j . astheno- Kahler | J Y93i [TY94| . Gauduchon jGau77| . strongly- Gauduchon |Pop09| ); by 
relaxing the complex structure, one is led to study properties of almost-complex manifolds, possibly endowed 
with compatible symplectic structures. 

In particular, we are concerned with studying cohomological properties of compact (almost-)complcx man- 
ifolds, and of manifolds endowed with special structures, e.g., symplectic structures, D-complcx structures in 
the sense of F. R. Harvey and H. B. Lawson, exhaustion functions satisfying positivity conditions. Part of the 
original results have been pubhshed or will appear in |ATll|[MT2al|Angll[[AT12b[[XHT2llATZ12[ 11^12]: some 



other results have been collected in a preprint, see |AT12c| : some more results have not yet been submitted for 
publication. 

We recall that a complex manifold X is endowed with a natural almost- complex structure, that is, an endo- 
morphism J £ End(TX) of the tangent bundle of X such that = —idrx, which actually satisfies a further 
integrability condition, |NN57[ Theorem 1.1]. By considering the decomposition into eigen-spaces, just the datum 
of the almost-complex structure yields a splitting of the complexified tangent bundle, namely, 

TX(^C = T^-°X ®T°^^X , 

and hence it induces also a splitting of the bundle of complex differential forms, namely, 

A'X «)M C = AP^^X . 

p+q=» 

Furthermore, on a complex manifold, the integrability condition of such an almost-complex structure yields 
a further structure on A*'*X, namely, a structure of double complex (a*'*X, 9, 9), where d and d are the 
components of the C-linear extension of the exterior differential d. 

Hence, on a complex manifold X, one can consider both the de Rham cohomology 



and the Dolbeault cohomology 

H'^\X) 



kcr d 
imd 

ker d 



^ im 9 



v 



vi 
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whenever X is compact, the Hodge theory assures that they have finite-dimension as C-vector spaces. On a 
compact complex manifold, in general, no natural map between H^''{X) and H*j^{X;C) exists; on the other 

hand, the structure of double complex of (a*'*X, d, d) gives rise to a spectral sequence 

El^' H'-'{X) Kr{X-<C), 
from which one gets the Frolicher inequality, [Fro55[ Theorem 2]: for every /c S N, 

AiuicH^aniX-C) < dime HP'" (X) . 

p+q=k 

On a complex manifold, a "bridge" between the Dolbcault and the dc Rham cohomology is provided, in a 
sense, by the Bott-Chern cohomology, 



ker d D ker d 
imdd 

ker dd 
im 9 + im d 

In fact, the identity induces the maps of (bi-)graded C-vector spaces 



and the Aeppli cohomology, 



H'/{X) 



H'/{X) 



H'/iX) 



which, in general, are neither injective nor surjective. 

We recall that, whenever X is compact, the Hodge theory can be performed also for Bott-Chern and Aeppli 
cohomologies, |Sch07[ §2], yielding their finite-dimensionality; more precisely, one has that, on a compact complex 
manifold X of complex dimension n endowed with a Hermitian metric, 

if*'* (X) ^ Abc and H'/{X) ~ , 

where Abc and Aa are 4"^ order self-adjoint elliptic differential operators; furthermore, the Hodge-*-operator 
associated to any Hermitian metric on X induces an isomorphism Hg^{X) ~ for every p,q gN. 

By the definitions, the map Hg^{X) — > H'p,{X; C) is injective if and only if every 9-closed i9-closed d-exact 
form is 9(3-exact: a compact complex manifold fulfilling this property is said to satisfy the dd-Lemma; see 
[DGMS75| by P. Deligne, Ph. A. Griffiths, J. Morgan, and D. P. Sullivan, where consequences of the validity of 
the 99-Lemma on the real homotopy type of a compact complex manifold are investigated. When the c)9-Lemma 
holds, it turns out that actually all the above maps are isomorphisms, [DGMS751 Lemma 5.15, Remark 5.16, 
5.21]: in particular, one gets a decomposition 

mR{X;C) ^ 0H^'-(X) such that H^'''^{X) ^ Hf^) . 

A very remarkable property of compact Kahler manifolds is that they satisfy the 99-Lemma, |DGMS75l 
Lemma 5.11]: this follows from the Kahler identities, which can be proven as a consequence of the fact that the 
Kahler metrics osculate to order 2 the standard Hermitian metric of C" at every point. Therefore, the above 
decomposition holds true, in particular, for compact Kahler manifolds, |Wei58[ Theoreme IV. 3]. 

In particular, if X is a compact complex manifold satisfying the 9c)-Lemma, then, for every fc € N, 

dimcH|fl(X;C) = diuicH'sliX) . 

p+q=k 



In the first chapter, we study cohomological properties of compact complex manifolds, studying in particular 
the Bott-Chern and Aeppli cohomologies, and their relation with the i99-Lemma. 
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In fact, the first result we prove states a Frolicher-type inequality for the Bott-Chern and Aeppli cohomologies, 
which provides also a characterization of the compact complex manifolds satisfying the dd-hemma just in terms 
of the dimensions of the Bott-Chern cohomology groups, [AT12b[ Theorem A, Theorem B]; a key tool in the 
proof of the Frolicher-type inequality relies on exact sequences by J. Varouchas, |Var86j . More precisely, we state 
the following result. 

Theorem (see Theorem 11.221 and Theorem I1.25P . Let X be a compact complex manifold. Then, for every 
k eN, the following inequality holds: 

(dime dime i^r(X)) > 2 dime H^j^iX ; C) . 

p+q=k 

The equality 

dime HisciX) + dime H^iX) = 2 dime H^r{X; C) 
holds for every k G N if and only if X satisfies the dd-Lemma. 

Note that the equality Y.p+q=k dime Ht'i{X) = dime H^r{X] C) for every fc £ N (which is equivalent to the 
degeneration of the Hodge and Frolicher spectral sequence at the first step, Ei ~ Eao) is not sufficient to let X 
satisfy the 99-Lemma: in some sense, the above result states that the Bott-Chern cohomology, together with its 
dual, the Aeppli cohomology, encodes "more informations" on the double complex (a*'*X, 9, 9) than just the 
Dolbeault cohomology. 

As a straightforward consequence of the previous theorem, we obtain another proof, see |AT12b[ Corollary 
2.7], of the following resuh, see [Voi02| Proposition 9.21], |Wu06[ Theorem 5.12], |Tom081 §B]. 

Corollary (see Corollary ll.28|) . Satisfying the dd-Lemma is a stable property under small deformations of 
the complex structure, that is, if {Xt}^^g is a complex- analytic family of compact complex manifolds and Xtg 
satisfies the dd-Lemma for some to G B, then Xt satisfies the dd-Lemma for every t in an open neighbourhood 
of to in B . 

A class of manifolds that turns out to be particularly interesting in non-Kahler geometry, as a fruitful source 
of examples, is provided by the class of nilmanifolds, and, more in general, of solvmanifolds, namely, compact quo- 
tients of connected simply-connected nilpotcnt, respectively solvable. Lie groups by co-compact discrete subgroups. 
In fact, on the one hand, non-tori nilmanifolds admit no Kahler structure, [BG881 Theorem A], |Has89[ Theorem 
1, Corollary], and, on the other hand, focusing on left-invariant geometric structures on solvmanifolds, one can 
often reduce their study at the level of the associated Lie algebra; this turns out to hold true, in particular, for the 
de Rham cohomology of completely-solvable solvmanifolds, jNom54l IHat60| . and for the Dolbeault cohomology 
of nilmanifolds endowed with certain left-invariant complex structures, jSak76[ ICFGUOOl ICFOll IRol09a[ IRoUlaj , 
see, e.g., |Con06[ iRoUla] . 

More precisely, on a nilmanifold X = V\G, the inclusion of the subcomplex composed of the G-left-invariant 
forms on X (which is isomorphic to the complex (A*g*, d), where g is the associated Lie algebra) turns out to 
be a quasi-isomorphism, [Nom541 Theorem 1], that is, 

z:iI,-«(0;R) := H'{^'Q\d) 4 Hl^{X-R) ; 

a similar result holds true also for completely-solvable solvmanifolds, |Hat60[ Corollary 4.2], and for the Dolbeault 
cohomology of nilmanifolds endowed with left-invariant complex structures belonging to certain classes, [Sak76[ 
Theorem 1], jCFGUOOi Main Theorem], [CFOli Theorem 2, Remark 4], |Rol09a[ Theorem 1.10], [RoUlai Corollary 
3.10]. 

As a matter of notation, denote by H' * (oe), for jj G {d, d, BC, A}, the cohomology of the corresponding 
subcomplex of G-left-invariant forms on a solvmanifold X = T\G, with Lie algebra g, endowed with a G-left- 
invariant complex structure. The following result states a Nomizu-type theorem also for the Bott-Chern and 
Aeppli cohomologies, |Angll[ Theorem 3.7, Theorem 3.8, Theorem 3.9]. 

Theorem (see Theorem [TT371 Theorem [TT391 Remark [OTl and Theorem \TA2\i . Let X ^ r\G be a 

solvmanifold endowed with a G-left-invariant complex structure J , and denote the Lie algebra naturally associated 
to G by g. Suppose that the inclusions of the subcomplexes of G-left-invariant forms on X into the corresponding 
complexes of differential forms on X yield the isomorphisms 

z : HIj,{q- C) 4 H'^^{X- C) and z : H'-' (fle) ^ H'-' {X) ; 
in particular, this holds true if one of the following conditions holds: 



• X is holomorphically parallelizable; 



viii 
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• J is an Abelian complex structure; 

• J is a nilpotent complex structure; 

• J is a rational complex structure; 

• g admits a torus-bundle series compatible with J and with the rational structure induced by T; 

• diniR g = 6 and g is not isomorphic to f)7 (O'^, 12, 13, 23). 
Then also 

i ■ H'bc (flc) ^ H'/c{X) and i : H'/ (gc) ^ H'/ {X) 

are isomorphisms. 

Furthermore, if C (q) denotes the set of G -left-invariant complex structures on X, then the set 

U := [j ^C{q) : i:H;;;{qc) 4 (X)} 

is open in C (g), for ft G {d, d, BC, A}. 

The above result allows to explicitly compute the Bott-Chern cohomology for the Iwasawa manifold 

h ■■= H(3;Z[i])\H(3;C) 

and for its small deformations, where 

r/1 ^ 
H(3;C) := < 1 \ €GL(3:C) : z^,z^,z^eC\ and H(3;Z[i]) := H(3; C) n GL (3: Z [i]) . 

iV 1 y J 

The Iwasawa manifold is one of the simplest example of compact non-Kahler complex manifold: as an example 
of a complex-parallelizable manifold, it has been studied by I. Nakamura, [Nak75| . who computed its Kuranishi 
space and classified the small deformations of I3 by means of the dimensions of their Dolbeault cohomology 
groups. 

In tjl.4.41 |Angll[ §5.3], we explicitly compute the Bott-Chern cohomology of the small deformations of 
the Iwasawa manifold, showing that it makes possible to give a finer classification of the small deformations 
{Xt}^g^(Q g)^(-.6 of I3 than the Dolbeault cohomology: more precisely, classes (ii) and (Hi) in I. Nakamura's 
classification |Nak75[ §3] are further subdivided into subclasses (ii.a) and (ii.b), respectively (Hi. a) and (iii.b), 
according to the value of dime i^t)- 

Another class that could provide several interesting examples is given by complex orbifolds of the type 
X = X / G, where X is a complex manifold and G is a finite group of biholomorphisms of X. Orbifolds of such a 
global-quotient-type have been considered and studied, e.g., by D. D. Joyce in constructing examples of compact 
7-dimensional manifolds with holonomy G2, |Joy96b| and |JoyOO[ Chapters 11-12], and examples of compact 



8-dimensional manifolds with holonomy Spin(7), Joy96a |Joy99 and JoyOO Chapters 13-14] 



One can define the space of differential forms A*'*X on a complex orbifold of the type X — X / G a,s the 
space of G-invariant differential forms on X; hence, one can define the de Rham, Dolbeault, Bott-Chern, and 
Aeppli cohomologies also for X. Analogously, one can define the space of currents V*'*X on X as the space of 
G-invariant currents on X , as well as a Hcrmitian metric on X as a G-invariant Hermitian metric on X . 

As a first tool to investigate the Bott-Chern and Aeppli cohomologies of compact complex orbifolds of global- 
quotient- type, we obtain the following result. 

Theorem (see Theorem ll.55|) . Let X = X / G be a compact complex orbifold of complex dimension n, where 
X is a complex manifold and G is a finite group of biholomorphisms of X . Then, for any p,q Cz N, there are 
canonical isomorphisms 

Furthermore, given a Hermitian metric on X , there are canonical isomorphisms 
H^ciX) ~ kerAsc and H'/ {X) ~ kerAA. 
In particular, the Hodge-* -operator induces an isomorphism 
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In the second chapter, we do not require the integrabihty of the almost-complex structure, and we study 
cohomological properties of almost-complex manifolds, that is, differentiable manifolds endowed with a (possibly 
non-integrable) almost-complex structure. In this case, the Dolbeault cohomology is not defined. However, 
following T.-J. Li and W. Zhang [LZ09| . one can consider, for every p,q G N, the subgroups 

H^P'i^'^i-P\X;R) := {[a] £ Ff+''(X;M) : a £ {/\P''^X ® A^'PX) n A^+'X} C HPp{X;R) , 

and their complex counterpart 

Hf''\x-(C) {[a] G Hl+\X-<C) ■ a £ A^-'^X} C i?P+«(X;C) . 

If X is a compact Kahler manifold, then Hf'''\X;C) ~ H^''{X) for every p, g £ N, |DLZ10[ Lemma 2.15, 
Theorem 2.16]; therefore these subgroups can be considered, in a sense, as a generalization of the Dolbeault 
cohomology groups to the non-Kahler, or to the non-integrable, case. 

Two remarks need to be pointed out. Firstly, note that, in general, neither the equality in 

Hf'>^^^'>'P\x-R) C if^+?(X;R), or ^ H^f-^^X-X) C i/P+«(X;C), 

p-\-q—k p+q—k 

holds, nor the sum is direct, nor there are relations between the equality holding and the sum being direct, see, 
e.g., Proposition l2 . 1 2l Hence, one may be interested in studying compact almost-complex manifolds for which one 
of the above properties holds, at least for a fixed fc £ N, see [LZ091 IDLZlOl IDLZlll IFTlOl lATlll IAT12a[ IZhalli 
IATZ12[ IDZTTI ITWZZlll IHMTlli lLTT2l IDLZ12j . A remarkable result by T. Draghici, T.-J. Li, and W. Zhang, 
[DLZlOi Theorem 2.3], states that every almost-complex structure J on a compact 4-dimensional manifold X 
satisfies the cohomological decomposition 

Secondly, note that J[a2x satisfies (/[a^x)^ = idA^x, therefore the above subgroups of can be 

interpreted as the subgroup represented by J-invariant forms, 

Hj{X) Hf^^\x-R) = {[a] e Hl^{X-R) : Ja = a] , 

and the subgroup represented by J-anti- invariant forms, 

Hj{X) := Hf-°^'^°'^\X;R) = { [a] £ i?^^ (X ; R) : Ja = -a} . 

Note also that, if g is any Hermitian metric on X whose associated (1, l)-form uj := g{J-, •■) £ A^'^X D h^X is 
d-closed (namely, g is an almost-Kahler metric on X), then [uj] £ H^[X). 

In fact, T.-J. Li and W. Zhang's interest in studying such subgroups and C°° -pure-and-full almost-complex 
structures (that is, almost-complex structures for which the decomposition 

Hjj,{X;M.) = Hj{X)(BHJ{X) 

holds, |LZ09l Definition 2.2, Definition 2.3, Lemma 2.2]) arises in investigating the symplcctic cones of an almost- 
complex manifolds, that is, the J-tamed cone 

K}j := {[oj] £ Hjj,{X;R) : (w„ J^v^) > for every Vx £ T^X \ {0} and for every a; £ X} 

and the J -compatible cone 

ICj :~ { [uj] £ H^j^{X; R) : uj^ {vx, Jx^x) > for every Vx £ TxX \ {0} and for every x £ X, and Juj = w} . 

Indeed, they proved in |LZ09[ Theorem 1.1] that, given a C°°-pure-and-full almost-Kahler structure on a compact 
manifold X, the J-anti-invariant subgroup HJ{X) of _ffJ^(X;K) measures the quantitative difference between 
the J-tamed cone and the J-compatible cone, namely, 

)C'j = JCjQHJiX). 

A natural question concerns the qualitative comparison between the tamed cone and the compatible cone: more 
precisely, one could ask whether, whenever an almost-complex structure J admits a J-tamed symplectic form, 
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there exists also a J-compatible symplectic form. This turns out to be false, in general, for non-integrable almost- 
complex structures in dimension greater than 4, |MT00i lTom02| : on the other hand, it is not known whether, for 
almost-complex structures on compact 4-dimensional manifolds, as asked by S. K. Donaldson, [Don06[ Question 
2], or for complex structures on compact manifolds of complex dimension greater than or equal to 3, as asked 
by T.-J. Li and W. Zhang, |LZ09l page 678], and by J. Streets and G. Tian, jSTlOi Question 1.7], it holds that 
/Cj is non-empty if and only if /Cj is non-empty. We prove the following result, stating that no counterexample 
can be found among 6-dimensional non-tori nilmanifolds endowed with left-invariant complex structures, [ATI 11 
Theorem 3.3]; note that the same holds true, more in general, for higher dimensional nilmanifolds, as proven by 
N. Enrietti, A. Fino, and L. Vezzoni, [EFV12[ Theorem 1.3]. 

Theorem (see Theorem 12. 67( ). Let X = T\G be a 6-dimensional nilmanifold endowed with a G -left-invariant 
complex structure J. If X is not a torus, then there is no J -tamed symplectic structure on X. 

One can study further cones in cohomology, which are related to special metrics, other than Kahler metrics; 
a key tool is provided by the theory of cone structures on differentiablc manifolds developed by D. P. Sullivan, 
jSul76| . In order to compare, in particular, the cone associated to balanced metrics (that is, Hcrmitian met- 
rics whose associated (l,l)-form is co-closed, |Mic82[ Definition 1.4, Theorem 1.6]) and the cone associated to 
strongly- Gauduchon metrics (that is, Hermitian metrics whose associated (l,l)-form uj satisfies the condition 
that is 9-exact |Pop09i Definition 3.1]), we give the following result, |AT12a[ Theorem 2.9], which 



is the semi-Kahler counterpart of [LZ09[ Theorem 1.1]. (We refer to tl2.4.3l for the definitions of the cones /C6j 
and K-bj on a manifold X endowed with an almost-complex structure J.) 

Theorem (see Theorem 12. 74( ). Let X be a compact 2n- dimensional manifold endowed with an almost- complex 
structure J. Assume that K-bj ^ (that is, there exists a semi-Kahler structure on X) and that ^ /C&j- Then 

OSni/,^""''""'^(X;M) = O} 

and 

0} + i/,^"'""'^'^""''"^(X;R) C ICby 
Moreover, if the equality H^'^-'\X;R) = iJ^"'""^^'^""^'"^(X;M) + i7,*"~^'"^^^(X;R) holds, then 

lC¥j + H^j"'"-^^'^''-^'"\X;R) = ICby 



In order to better understand cohomological properties of compact almost-complex manifolds, and in view 
of the Hodge decomposition theorem for compact Kahler manifolds, it could be interesting to investigate the 
subgroups _ff j^''^'''^'^'^'' (X; M) for almost-complex manifolds endowed with special structures. For example, we 
prove the following result, [ATZ12[ Proposition 4.1], providing a strong difference between the Kahler case and 
the almost-Kahler case. 

Proposition (see Proposition [2^.42p . The differentiablc manifold X underlying the Iwasawa manifold I3 
H (3; Z [i])\ IH[(3; C) admits a non-C°° -pure- and- full almost-Kahler structure. 

A further study on almost-Kahler structures (J, w, g) on a compact 2n-dimcnsional manifold X yields the 
following result, |ATZ12[ Theorem 2.3], which relates C°° -pure-and-fullness with the Lcfschetz-type property on 
2-forms firstly considered by W. Zhang, that is, the property that the Lefschetz operator 

uj"-^A-: A^X^A^"-^X 

takes (7-harmonic 2-forms to g-harmonic (2n — 2)-forms. 

Theorem (see Theorem I2.35p . Let X be a compact manifold endowed with an almost-Kahler structure 
(J, UJ, g). Suppose that there exists a basis of H^j^{X;M.) represented by g-harmonic 2-forms which are of pure 
type with respect to J. Then the Lcfschetz-type property on 2-forms holds on X . 

As a tool to study explicit examples, we provide a Nomizu-typc theorem for the subgroups iJ^''*^''''''^^ (X; M) 
of a completely-solvable solvmanifold A" = r\ G endowed with a G-left-invariant almost-complex structure J, 
jATZ12i Theorem 5.4], see Proposition and Corollary [l^Dl 

A remarkable result by K. Kodaira and D. C. Spencer states that the Kahler property on compact complex 
manifolds is stable under small deformations of the complex structure, }KS601 Theorem 15]: more precisely, it 
states that, given a compact complex manifold admitting a Kahler structure, every small deformation still admits 
a Kahler structure; it can be proven as a consequence of the semi-continuity properties for the dimensions of 
the cohomology groups of a compact Kahler manifold. Hence, a natural question in non-Kahler geometry is 
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to investigate the (in)stability of weaker properties than being Kahler. As a first result in tliis direction, L. 
Alessandrini and G. Bassanelli proved that, given a compact complex manifold, the property of admitting a 
balanced metric (that is, a Hcrmitian metric whose associated (1, l)-form is co-closcd) is not stable under small 
deformations of the complex structure, |AB90[ Proposition 4.1]; on the other hand, they proved that the class 
of balanced manifolds is stable under modifications, |AB96[ Corollary 5.7]. Another result in this context is 
the stability of the property of satisfying the 99-Lemma under small deformations of the complex structure, as 
already recalled, see Corollarv ll.281 

Therefore, it is natural to investigate stability properties for the cohomological decomposition by means of 
the subgroups H'f'''^''"'''^\X;M.) on (almost-) complex manifolds {X, J). More precisely, we consider the Iwasawa 
manifold I3 := M (3; Z [i])\ 11(3; C), showing that the subgroups ^^^•''^'''''^'^(X; R) provide a cohomological decom- 
position for I3 but not for some of its small deformations. Theorem 12.491 We prove the following result, [ATI 11 
Theorem 3.2]. 

Theorem (see Theorem l2.48p . The properties of being C°° -pure-and-full is not stable under small deformations 
of the complex structure. 

More in general, one could try to study directions along which the curves of almost-complex structures on a 
differentiable manifold preserve the property of being C°°-pure-and-full. Using a procedure by J. Lee, |Lee041 §1], 
to construct curves of almost-complex structures through an almost-complex structure J, by means of J-anti- 
invariant real 2-forms, we provide the following result, |AT11[ Theorem 4.1]. 

Theorem (see Theorem I2.53p . There exists a compact manifold N^{c) endowed with an almost-complex 
structure J and a J -Hermitian metric g such that: 

(i) J is C°° -pure-and-full; 

(ii) each J -anti- inv ariant g -harmonic form gives rise to a curve {Jt\l^^^_^ of C°° -pure-and-full almost- complex 
structures on N^[c) (where e > is small enough); 

(Hi) furthermore, the function 

(-£,£) 3 t^ dimMH^,^^-°^^^°-'^\N^{c);R) e N 

is upper-semi-continuous at 0. 

Another problem in deformation theory is the study of semi-continuity properties for the dimensions of the 
subgroups Hj{X) and Hj{X). As a consequence of the Hodge theory for compact 4-dimcnsional manifolds, T. 
Draghici, T.-J. Li, and W. Zhang proved in [DLZlll Theorem 2.6] that, given a curve { Jt}tg/cR of (C°°-pure- 
and-fuU) almost-complex structures on a compact 4-dimcnsional manifold A, the functions 

/ 3 t ^ dimRi/7^(A) G N and I 3 t dimR i7+ (A) G N 

are, respectively, upper-semi-continuous and lower-semi-continuous. 

In higher dimension this fails to be true, as we show in explicit examples. We provide hence the following 
result, [AT12a[ Proposition 4.1, Proposition 4.3]. 

Proposition (see Proposition 12 . 55l and Proposition 12 . 56|) . In dimension higher than A, there exist compact 
manifolds X endowed with families {Jt\t^j of almost- complex structures such that either the function I 3 t t-^ 
dimaiJj^ (A) 6 N is not upper- semi- continuous, or the function I 3 t dimRifj^ (A) G N is not lower-semi- 
continuous. 

Motivated by such counterexamples, we study a stronger semi-continuity property on almost-complex mani- 
folds (namely, that, for every d-closed J-invariant real 2-form a, there exists a d-closed J^-invariant real 2-form 
T^i = a + 0(1), depending real-analytically in t, for t G (— £, e) with e > small enough): we give a formal 
characterization of the curves of almost-complex structures satisfying such a property, see Proposition 12. 571 and 
wc provide also a counterexample to such a stronger semi-continuity property, see Proposition 12. 6(J1 

In the third chapter, motivated by the problem to study cohomological obstructions induced by special struc- 
tures on differentiable manifolds, we investigate cohomological properties of symplectic manifolds, D-complex 
manifolds, and strictly p-convex domains. 

We recall that compact Kahler manifolds have special cohomological properties not just in the complex frame- 
work, but also from the symplectic viewpoint. More precisely, another important result, other than the Hodge 
decomposition theorem, |Wei58[ Theoremc IV. 3], is the Lefschetz decomposition theorem, jWei58[ Theoreme 
IV. 5], which states a decomposition in terms of primitive subgroups of the cohomology, namely, 

H'r{X;C) ^ 0L^(kcr(A:i/--2'"(^;C)->^dV"'(^;C))) ^ 
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where A is the adjoint operator of the Lefschetz operator L := w A • : A* X ^ A'^'^X with respect to the pairing 
induced by uj. Hence, after having investigated cohomological properties of almost-complex manifolds, wc turn 
our attention to cohomological properties of symplcctic manifolds. 

In particular, in Wi.li wc provide a symplectic counterpart of T.-J. Li and W. Zhang's cohomological theory for 
almost-complex-manifolds, studying compact symplectic manifolds {X, uj) for which the Lefschetz decomposition 
on differential forms, 

reti 

(where PA' X :~ ker A is the space of primitive forms,) gives rise to a decomposition of the de Rham cohomology 
by means of the subgroups 

Hi'-''\X;R) {[l'^/J^^^] e H^'j+'{X;R) : /S^'^^ £ PA^x} C H^'+'{X;R). 

In particular, we provide the following result, [AT12c[ Theorem 2.6], which gives a symplectic counterpart 
to T. Draghici, T.-J. Li, and W. Zhang's decomposition theorem |DLZ101 Theorem 2.3] in the almost-complex 
setting (in fact, without the restriction to dimension 4). 

Theorem (see Theorem I3.14[ ). Let X be a compact manifold endowed with a symplectic structure uj. Then 

Hjji{X;R) - Hi'^"\X;R)(BH!,°'^\X;R) . 



A Nomizu-type theorem for the subgroups hIi!'''' {X;R) of a completely-solvable solvmanifold X ~ T\G 
endowed with a G- left-invariant symplectic structure lo is provided, see Proposition 13 . l81 giving an useful tool in 
order to investigate explicit examples. 

In a sense, D-complex Geometry provides a "hyperbolic analogue" of Complex Geometry. An almost-D- 
complex structure is, by definition, the datum of an endomorphism K G End(rX) of the tangent bundle of a 
differentiable manifold X such that = idrx and with the additional property that the eigen-bundles T^X and 
T~ X have the same rank; a natural notion of integrability can be defined by requiring that the two distributions 
T'^X and T~ X are involutive. Many connections between D-complex Geometry and other problems both in 
Mathematics and Physics (in particular, concerning product structures, bi-Lagrangian geometry, and optimal 
transport theory) have been investigated in the last years: see, e.g., jHL83[ IHlTOQl ICMMS041 ICMMSOSl ICM09[ 
ICFAG96[ IKMWIOI IABDMO051 RSOSl IKralOl IRosl2al IRosl2bj and the references therein for further details on 
D-complex structures and motivations for their study. 

We study cohomological decomposition for compact manifolds X endowed with (almost-)D-complex structures 
K. Note that the elliptic theory in the complex setting has not a D-complex counterpart: for example, a D- 
complex counterpart of the Dolbeault cohomology is possibly infinite-dimensional, even if the manifold is compact. 
This fact makes natural to consider the D-complex counterpart ijj^''^'' {X; R) of T.-J. Li and W. Zhang's subgroups 
iJj'''^-''^'^'^' (AT; M) as a possible substitute of the D-Dolbeault cohomology, and hence to study the subgroups 

Hj + {X-R) := {[a] e HIj^{X]R) : Ka^a] C Hlp{X;R) 

and 

Hl-{X-R) ■= {\o\eElj^{X-R) : Ka = -a] C El^{X-R) . 

Nevertheless, several important differences arise between the complex and the D-complex cases. For example, 
after having stated and proved a Nomizu-type result for the subgroups H^^''^^ {X\R) of a completely-solvable 
solvmanifold X = T\G endowed with a G-left-invariant D-complcx structure K, we are able to prove the 
following result, |AR12[ Proposition 3.3], which turns out to be very different from the complex case, see |LZ09I 
Proposition 2.1], or |DLZ10[ Lemma 2.15, Theorem 2.16]. (Recall that a D-Kdhler structure on a D-complex 
manifold is the datum of an anti-invariant symplectic form with respect to the D-complcx structure.) 

Proposition (see Proposition [3^34p . Admitting a D-Kdhler structure is not a sufficient condition for either 
the sum 

H],+ {X;R) + Hl-{X;R) C Hjj,{X;R) 

being direct, or the equality holding. 

A partial D-complcx counterpart of T. Draghici, T.-J. Li, and W. Zhang's decomposition theorem |DLZ10I 
Theorem 2.3] is provided by the following result, |AR12l Theorem 3.17]. 



Introduction 



xiii 



Theorem (see Theorem I3.47p . Every left-invariant D-complex structure on a 4- dimensional nilmanifold 
satisfies the cohomological decomposition 

Hjj,(X;R) = H] + iX;R)®Hl-iX;R) . 

Note that the hypothesis in Theorem [237] can not be weakened, as Example 1 3 . 3 2 1 and Example l3.33L Example 
I3.49L and Example l3.35l show . 

Concerning deformations of the D-complex structure, we provide another strong difference with the complex 
case: in contrast with the stability theorem of K. Kodaira and D. C. Spencer, |KS60[ Theorem 15], we prove the 
following result in the D-complcx context, |AR121 Theorem 4.2]. 

Theorem (see Theorem I3.50|) . The property of being D-Kdhler is not stable under small deformations of the 
D-complex structure. 

Analogously to Theorem 12.481 for almost-complex structures, we provide also the following instability result, 
jAR12[ Proposition 4.3]. 

Proposition (see Proposition [3751]) . The properties of either the sum 

H] + {X;R) + Hl-{X;R) C Hj^{X;m) 

being direct, or the equality holding are not stable under small deformations of the D-complex structure. 

Finally, we prove that, even in the D-complex case, no general result on semi-continuity holds for the dimen- 
sions of the /•C-(anti-)invariant subgroups of the de Rham cohomology, [AR121 Proposition 4.6]. 

Proposition (see Proposition [3754]). Let X be a compact manifold and let {-f^tj^g/cR ^ curve of D-complex 
structures on X . Then, in general, the functions 

I 3t^ dimR Hj + {X; M) G N and I 3t^ diniK H'^£{X; M) e N 

are not upper-semi-continuous or lower-semi- continuous. 

Finally, motivated by A. Andreotti and H. Grauert's vanishing result for the higher Dolbeault cohomology 
groups of a q-complete domain in C" (that is, a domain in C" admitting a smooth proper exhaustion function 
whose Levi form has at least n — q-\-l positive eigen- values) , we turn our interest to study cohomological properties 
of Riemannian manifolds endowed with exhaustion functions whose Hessian satisfies positivity conditions. 

In particular, a first case to be considered is the case of strictly p-convex domains in R" in the sense of F. R. 
Harvey and H. B. Lawson, [HL12l[HLllj . that is, domains in R" admitting a smooth proper exhaustion function 
u such that, at every point, every sum of p different eigenvalues of the Hessian of u is positive. Adapting the L^- 
techniqucs developed by L. Hormander, [Hor65| . and used also by A. Andreotti and E. Vcsentini, [AV65a[ [AV65b| . 
(and which could be hopefully applied in a wider context,) we give a different proof of a vanishing result following 
from J. -P. Sim's theorem [Sha86[ Theorem 1], and from H. Wu's theorem |Wu87l Theorem 1], for the de Rham 
cohomology of strictly p-convex domains in R" in the sense of F. R. Harvey and H. B. Lawson; more precisely, 
the following resuff holds, [AC 121 Theorem 3.1], see |Sha86[ Theorem 1], j Wu87l Theorem 1], |HL11[ Proposition 
5.7]. 

Theorem (see Theorem 13 . 671 and Theorem I3.68p . Let X be a strictly p-convex domain in R", and fix fc £ N 

such that k > p. Then, every d-closed k-form is d-exact, that is, 

i/^-^(X;R) = {0} 

for every k > p. 

The plan of the thesis is as follows. 

In Chapter [D] which contains no original material, we collect the basic notions concerning almost-complex, 
complex, and symplectic structures, we recall the main results on Hodge theory for Kahler manifolds, and we 
summarize the classical results on deformations of complex structures, on currents and de Rham homology, and 
on solvmanifolds. 

In Chapter [TJ we study cohomological properties of compact complex manifolds, and in particular the Bott- 
Chern cohomology, |AT12b[ lAngll| . By using exact sequences introduced by J. Varouchas, |Var86], we prove a 
Frolicher-type inequality for the Bott-Chern cohomology. Theorem 11.221 which also provides a characterization 
of the validity of the dd-hemma in terms of the dimensions of the Bott-Chern cohomology groups, Theorem ll.251 
We then prove a Nomizu-type result for the Bott-Chern cohomology, showing that, for certain classes of complex 
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structures on nilmanifolds, the Bott-Chern cohomology is completely determined by the associated Lie algebra 
endowed with the induced linear complex structure, Theorem 11.371 Theorem 11.391 and Theorem 11.421 As an 
application, in jjl.41 we explicitly study the Bott-Chern and Acppli cohomologics of the Iwasawa manifold and 
of its small deformations. Finally, we study the Bott-Chern cohomology of complex orbifolds of the type X / 
where X is a compact complex manifold and G a finite group of biholomorphisms of X , Theorem 11.551 

In Chapter[51 we study cohomological properties of almost-complex manifolds, [ATll[[AT12a[[XTZ12j . Firstly, 
in t|2.11 we recall the notion of C°°-pure-and-full almost-complex structure, which has been introduced by T.- 
J. Li and W. Zhang in |LZ09j in order to investigate the relations between the compatible and the tamed 
symplectic cones on a compact almost-complex manifold and with the aim to throw light on a question by S. K. 
Donaldson, [Don06[ Question 2]. In particular, we are interested in studying when certain subgroups, related 
to the almost-complex structure, let a splitting of the de Rham cohomology of an almost-complex manifold, 
and their relations with cones of metric structures. In ^2.21 we focus on C°°-pure-and-fullness on several classes 
of (almost-)complex manifolds, e.g., solvmanifolds endowed with left-invariant almost-complex structures, semi- 
Kahlcr manifolds, almost-Kahlcr manifolds. In jj2.3l we study the behaviour of C°°-pure-and-fullncss under small 
deformations of the complex structure and along curves of almost-complex structures, investigating properties 
of stability. Theorem 12.481 Theorem 12.531 and of semi-continuity for the dimensions of the invariant and anti- 
invariant subgroups of the dc Rham cohomology with respect to the almost-complex structure. Proposition 12 . 551 
Proposition 12.561 Proposition 12.571 Proposition 12.601 In jj2.41 we consider the cone of semi-Kahler structures 
on a compact almost-complex manifold and, in particular, by adapting the results by D. P. Sullivan on cone 
structures, [Sul76j . we compare the cones of balanced metrics and of strongly-Gauduchon metrics on a compact 
complex manifold. Theorem 12.741 

In Chapter [31 we study the cohomological properties of (differentiable) manifolds endowed with special struc- 
tures, other than (almost-) complex structures, |AT12c[ IAR121 [AC12| . More precisely, in Section [3.11 we in- 
vestigate the cohomology of symplectic manifolds; in Section 13.21 we study cohomological decompositions on 
D-complex manifolds in the sense of F. R. Harvey and H. B. Lawson; finally, in Section [3.31 we consider domains 
in R" endowed with a smooth proper strictly p-convex exhaustion function, and, using L^-techniques, we give 
another proof of a consequence of J. -P. Sha's theorem [Sha86[ Theorem 1], and of H. Wu's theorem |Wu87[ 
Theorem 1], on the vanishing of the higher degree de Rham cohomology groups. 
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Preliminaries on (almost-) complex manifolds 



In this preliminary chapter (which contains no original material) , we summarize the basic notions and the classical 
results concerning (almost-)complex and symplectic structures. In particular, we start by setting some definitions 
and notation concerning (almost-)complex structures, tlO.ll and symplectic structures, t|0.21 then we recall the 
main results in the Hodge theory for Kahler manifolds, 90. 3L and in the Kodaira, Spencer, Nirenberg, and 
Kuranishi theory of deformations of complex structures, tl0.4l furthermore, we summarize the basic definitions 
and some useful facts about currents and dc Rham homology, tj0.5[ and about solvmanifolds, ^UM in order to 
set the notation for the following chapters. (As a matter of notation, unless otherwise stated, by "manifold" we 
mean "connected differcntiable manifold", and by "compact manifold" we mean "closed manifold".) 

0.1 Almost-complex structures and integrability 

The tangent bundle of a complex manifold X is naturally endowed with an endomorphism J S End(TX) such 
that = — idrx , satisfying a further integrability property. It is hence natural to study differcntiable manifolds 
endowed with such an endomorphism, the so-called almost- complex manifolds. It turns out that the vanishing of 
the Nijenhuis tensor Nijj characterizes the almost-complex structures J on X naturally induced by a structure 
of complex manifold, [NN57[ Theorem 1.1]. 

In this section, we recall the notions of almost-complex structure, complex manifold, and Dolbcault cohomol- 
ogy, and some of their properties. 

0.1.1 Almost-complex structures 

Let X be a (differcntiable) manifold endowed with an almost- complex structure J, namely, an endomorphism 
J e End(TX) such that = - idr.Y- 

Extending J by C-linearity to TX (E) C, we get the decomposition 

TX^C = T^'°X©T°'^X , 

where T^'°X (respectively, T'^'^X) is the sub-bundle of TX ® C given by the i-cigcn-spaces (respectively, the 
(— i)-eigen-spaces) of J G End {TX (E) C): that is, for every x £ X, 

(Ti'°X)^^ = {v,-i J^v, : V, e T^X} , (rO'iX)^, = {v,+i J^v^ : e T^X} . 

Considering the dual of J, again denoted by J G End {T*X), we get analogously a decomposition at the level of 
the cotangent bundle: 

T*x®c = {T^'°xy ® {T°-^xy , 

where {T^-°X)* (respectively, (rO-^X)*) is the sub-bundle of T*X (g) C given by the i-cigcn-spaces (respectively, 
the (— i)-eigen-spaces) of the C-linear extension J G End{T*X E)C). Extending the endomorphism J to the 
bundle A* {T*X) (g) C of complex-valued differential forms, we get, for every /c G N, the bundle decomposition 

A'=(r*x)®c = AP(Ti-Ox)* ® A«(rO'iX)* . 

p+q=k 

As a matter of notation, we will denote by C°° {X; F) the space of smooth sections of a vector bundle F over X, 
and, for every /c G N and p, 9 G N, we will denote by a'^X := C°° {X; a'^ {T*X)) the space of smooth sections of 

A*-' {T*X) over X and by AP'''X hFfX := C°° [x; AP{T^'^X)* ® A'i{T°'^X)*^ the space of smooth sections 

of AP{T^'°Xy ® A9(T0'1a:)* over X. 
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Since d (A^X 0m C) C A^'°X A^'^X and d {A^X ®r C) C a'^'^X A^^^X © A^'^X, since every differential 
form is locally a finite sum of decomposable differential forms, and by the Leibniz rule, the C-linear extension of 
the exterior differential, d: A* X ® C — )■ A'+^X C, splits into four components: 

d = A + d + d + A 

where 

A: A'-'X ^ A'+^^'-^X , d: A'^' X A'+^-'X , d: A'^' X ^ A'''+^X , A: A''' X A'-^''+^X ; 

in terms of these components, the condition d^ = is written as 

A^ = 
Ad+dA = 
Ad + d^ + dA = 
AA + dd + dd + AA = . 
dA + d^ + Ad = 
Ad+dA = 
A^ = 

0.1.2 Complex structures, and Dolbeault cohomology 

If X is a complex manifold, then there is a natural almost-complex structure on X: locally, in a holomorphic 
coordinate chart (u, {z" ==: + i x^"} ^^^^^ ^^.^^^^^^ with (u, {a;"}„e{i,...,2dimcX}) a (differential) coor- 

dinate chart, one defines, for every a e {!,..., dime 

J . d \ loc d J f d \ loc d 



note that this local definition does not depend on the coordinate chart, by the Cauchy and Ricmann equations. 

Conversely, an almost-complex structure on a manifold X is called integrable if it is the natural almost- 
complex structure induced by a structure of complex manifold on X . The following theorem by A. Newlander 
and L. Nirenberg characterizes the integrable almost-complex structures on a manifold X in terms of the Nijenhuis 
tensor Nijj, defined as 

Nijj(-, ••) [•, ••] + J[J-, ■■] + J[, J-]-[J-, J-] . 

Theorem 0.1 f |NN57[ Theorem 1.1]). Let X he a manifold. An almost- complex structure J on X is integrable 
if and only if Nij j = 0. 

By a straightforward computation, the integrability of an almost-complex structure J turns out to be equiva- 
lent to the vanishing of the components A and A of the exterior differential, cquivalcntly, to (a*'*X, 9, 9) being 
a double complex of C°° (X; C)-modules (see, e.g., jWelOSi §2.6], |Mor07[ Proposition 8.2]). 

Therefore, for a complex manifold X, one can consider, for every p £ N, the differential complex (a^'^X, 9) 
and its cohomology, defining the Dolbeault cohomology^ as the bi-graded C-vector space 

H^iX) :^ ^ . 
" im o 

For every p, g S N, denote by the (fine) sheaf of germs of {p, q)-ioYms on X. For every p £ N, denote by 
the sheaf of germs of holomorphic p-forms on X, that is, the kernel sheaf of the map d: A^*^ — > A^^. By 
the Dolbeault and Grothendieck Lemma, see, e.g., |Deml2[ 1.3.29], one has that 

is a fine resolution of il^; hence, one gets the following result. 

Theorem 0.2 (Dolbeault theorem, [Dol53p . Let X be a complex manifold. For every p, q G N, 

HP-^iX) ~ H^x-^np) . 
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This gives a sheaf-theoretic interpretation of the Dolbeault cohomology. On the other hand, also an analytic 
interpretation can be provided. 

Suppose X is a compact complex manifold of complex dimension n, and fix g a Hermitian metric on X and vol 
the induced volume form on X (recall that every complex manifold is orientable, see, e.g., [GH94[ pages 17-18]); 
denote by oj := g{J-, ••) G /\^'^X n A^X the associated (1, l)-form to g. Recall that g induces a Hermitian inner 
product (•, ••) on the space A*-*X of global differential forms on X, and that the Hodge-*-operator associated to 
g is the C-lincar map 

defined requiring that, for every a,/3 S A^-'^X, 

a A*f3 = {a, /3) vol . 

Define 

d* := -*d*: A''' X ^ A'^'-'^X ■ 
the operator d* : A*'* X A'-*^^X is the adjoint of d: A*'* X — > A'''^^X with respect to (•, ••). Define 



□ 



d, d 



dd +d d: A'-'X^A'-'X 



□ being a 2"*^ order self-adjoint elliptic differential operator, (see, e.g., |Kod05[ Theorem 3.16]), one gets the 
following result. 

Theorem 0.3 (Hodge theorem, |Hod89j ). Let X be a compact complex manifold endowed with a Hermitian 
metric. There is an orthogonal decomposition 

A'''X = kerD © 9 A*'*" ^ X ® d* A'''+^ X , 



and hence an isomorphism 



In particular, dimc-H^'*(^) < -l-oo. 



Hl-'(X) kerD . 

a 



Note that, for any p, g S N, the Hodge-*-operator *: A^'' X — > a"^'?^"^^X sends a D-harmonic (p, (7)-form 
if) (that is, i> G A^^''X is such that Uifj = 0) to a D-harmonic {n — q,n ~ p)-form where □ :— [d, d*] := 
dd* + d*d G End(A*'*X) is the conjugate operator to □, and hence, by conjugating, one gets a D-harmonic 
(n — p, n — (7)-form *ip. Hence, one gets the following result. 

Theorem 0.4 (Serrc duality, |Ser55[ Theoreme 4]). Let X be a compact complex manifold of complex dimension 
n, endowed with a Hermitian metric. For every p, q G N, the Hodge-*-operator induces an isomorphism 



*: HP-\X) ^ H^-P'^'-VX) . 

a a 

Since a 5-closed form is not necessarily d-closed, Dolbeault cohomology classes do not define, in general, de 
Rham cohomology classes, that is, in general, on a compact complex manifold, there is no natural map between 
the Dolbeault cohomology and the dc Rham cohomology (as we will see, in the special case of compact Kahlcr 
manifolds, or more in general of compact complex manifolds satisfying the 9i9-Lemma, the de Rham cohomology 
actually can be decomposed by means of the Dolbeault cohomology groups, |Wei58l Theoreme IV. 3], |DGMS75l 
Lemma 5.15, Remark 5.16, 5.21]). Nevertheless, the Frolicher inequality provides a relation between the dimension 
of the Dolbeault cohomology and the dimension of the de Rham cohomology; it follows by considering the Hodge 
and Frolicher spectral sequence, which we recall here. 

The structure of double complex of [a*'* X, d, d) gives rise to two natural filtrations of A'X C, namely, 
(for p,q & N and for k G N,) 

'PP {a'^X (E)C) := A''''X and "F« (a'^X ® C) := A''-'X ; 

r-\-s—k r-\-s — k 

r~>p s~>q 

these filtrations induce two spectral sequences (see, e.g., [McCQli §2.4], |GH94[ §3.5]), 

{{Ey^dr) (Ey/dr)},^^ and, respectively, {{!' E^ , " dr)},^^, , 
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called Hodge and Frdlicher spectral sequences (or Hodge to de Rham spectral sequences): one has 
'E',' ^ H^''iX) ^ H',^{X;C) and " E',^' H'g' (X) ^ H',j,{X;C) . 

An explicit description of {{Er, <i-r)}ren given in |CFUG97] : for any p, g G N and r G N, its terms are 

where, for r = 1, 
and, for r > 2, 

XP''i := {aP''i G AP'«X : ^a^'^ and, for any i G {1, . . . , r - 1}, there exists aP+''9-* g ap+''«-'X 
such that = 0} , 

:= {a/3P-^'« + dpP-"-^ G AP'«X : for any i G {2, . . . , r - 1}, there exists /JP-^.^+^-i e aP^^'^+^-^X 

such that ^^^p-<+l.,+,-2 ^ Q ^j^j Qf^p-r + l.,q+r-2 ^ q| ^ 

see |CFUG97[ Theorem 1], and, for any r > 1, the map d,. : E^^* ^*+r,,-r+i ^^^^^ 

see }CFUG97l Theorem 3]. 

As a consequence of '£'*'* ~ H^''{X) H*j^{X; C), one gets the following inequality by A. Frolicher. 

Theorem 0.5 (Frolicher inequality, [Fro55l Theorem 2]). Let X be a compact complex manifold. Then, for every 

dimci/rf^j^(X;C) < dimci/f''(X). 

p+q=k 

As a matter of notation, for fc G N and p,q G N, we will denote by bk '■= dimu i/|^(A'; R), respectively 
h^'^ := dime H^'"^ {X), the fc*'' Betti number, respectively the {p,qY^ Hodge number of X. 

In the next chapter, we will provide a Frolicher- type inequality also for the Bott-Chern cohomology. Theorem 
11.221 showing that it allows to characterize the compact complex manifolds satisfying the 59-Lemma just in terms 
of the dimensions of the Bott-Chern cohomology and of the de Rham cohomology, Thcorcm ll.251 

Remark 0.6. Other than the Dolbeault cohomology, other cohomologies can be defined for a complex manifold 
X; more precisely, since, for every p, q G N, 

;^v-i-q-ix ^ ^P'''X %^ AP+^-'^X © AP'-^+^X and AP^^^" X © A^'^-^X ^ A ' A^'^X ^ ap+^'^+^X 
are complexes, one can define the Bott-Chern cohomology Hg^,{X) and the Aeppli cohomology H^*(X) of X as 

keranker9 rr'.'rv\ keidd 

Hsci^) - and {X) ; 

im oo im a + im a 

we refer to tjl.H for further details. 



0.2 Symplectic structures 

In this section, we recall some definitions and results concerning symplectic manifolds, that is, differentiable 
manifolds endowed with a non-degenerate d-closed 2-form. An interesting class of examples of symplectic man- 
ifolds is provided by the Kahler manifolds. Moreover, given a differentiable manifold X, its cotangent bundle 
T*X is endowed with a natural symplectic structure (see, e.g., [CdSOli §2]): in fact, Symplectic Geometry has 
applications and motivations in the study of Hamiltonian Mechanics, see, e.g., |CdS01[ Part VII]. 

Let X be a compact 2ri,-dimensional manifold endowed with a symplectic form, namely, a non-degenerate 
d-closed 2-form uj G A^X. 

The main difference between Symplectic Geometry and Ricmannian Geometry is provided by G. Darboux's 
theorem. 
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Theorem 0.7 (Darboux theorem, [Dar82| ). Let X be a 2n- dimensional manifold endowed with a symplectic 
form Lo. Then, for every x ^ X, there exists a coordinate chart (^U, {x^}j^^^ 2n})' '^^'^^ x ^ U, such that 



loc 



By exploiting the parallehsm with Ricmannian Geometry, one can try to develop a Hodge theory also for 
compact symplectic manifolds, |Bry88| . The first tool that can be introduced is an analogue of the Hodge-*- 
operator. 

Note that every symplectic manifold is orientable, ^ giving a canonical orientation. 

Denote by /: TX — > T*X the natural isomorphism of vector bundles induced by w, namely, /(«)(•) := 
ijj{v, ■) G Hom (TajX; M), for every v € T^X and x € X. Then, for every fc G N, the form lu gives rise to a bi- 

C°°(X; R)-lincar form on X denoted by (w"^)*^, which is skew-symmetric, respectively symmetric, according 
that k is odd, respectively even, and defined on the simple elements A . . . /\ ^ (3^ /\ . . . A (3^ S A^X as 



{Lo"^f A . . . A a^ A . . . A := det {uj-^ {a\ r)) ^ 



,m£{l,...,k} ' 



where w ^ (a^, := w (/ ^ (a^) , / ^ (/?'")) f^i' every £, m S {1, . . . , fc}. In a Darboux coordinate chart 

[U, {x^ \ . r, oil, the canonical Poisson bi-vector IT := uj^^ G A^TX associated to w is written as cj^^ '= 
V J je{i,...,2n}y' 

The symplectic-k- operator 

A' X ^ A^'"-'X , 

introduced by J.-L. BryUnski, [Bry88[ §2], is defined requiring that, for every k E N, and for every a, /3 e a'^X, 

k w" 

n! 

As for (almost-)complcx manifolds, on a symplectic manifold X one has a decomposition of differential forms in 
symplectic-typc components, the so-called Lcfschctz decomposition; it is a consequence of a s[(2; R)-representation 
on a'^X by means of operators related to the symplectic structure. 

More precisely, define the operators L, A, H E End* {A*X) as 

L: A' X ^ A'+^X , a^LU Aa , 

A: A' X ^ A'^'^X , a^-Lua, 
H : A' X A'X , a ^'^{n ~ k) TT^kxCt 

k 

(where : A* X ^ A'^^X denotes the interior product with ^ G A^ (TX), and, for k G N, the map n^^kx : A*X — > 
a''X denotes the natural projection onto A^X). Note that, using the symplectic-*-opcrator -k^j, one can write, 
jYan96[ Lemma 1.5], 

A = - *^ i . 

The following result holds. 
Theorem 0.8 ( |Yan96[ Corollary 1.6]). Let X be a manifold endowed with a symplectic structure. Then 

[L, H] = 2L, [A, H] = -2A, [L, A] = H , 



and hence 

s[(2;M) ~ (i. A, i/} ^ End* (A'A) 
gives a sl{2;M.) -representation on A* X . 

(See, e.g., |Hum78l §7] for general results concerning s[(2; R)-representations.) 

The above s[(2; M)-representation, having finite _ff-spectrum, induces a decomposition of the space of the 
differential forms. 
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Theorem 0.9 ( |Yan96l Corollary 2.6]). Let X be a manifold endowed with a symplectic structure. Then one has 
the Lefschetz decomposition on differential forms, 

A'X = L'' PA'-^^'X , 

where 

PA'X -.^ kcrA 

is the space of primitive forms. 

Note (see, e.g., |Huy05[ Proposition 1.2.30(v)]) that, for every fc € N, 

Pa'^X = kerL"-'^+i[A'=Jf • 
In general, see, e.g., [TY12b[ pages 7-8], the Lefschetz decomposition of A^'^^ G a'^X reads as 



Z-^ r! 

r>max{A;— n, 0} 

where, for r > max {k — n, 0}, 

Xiei'i ' ) 

and, for r > max {k — n, 0} and £ G N, 

^ I ^ 



. n - fc + 2r + 1 + 7 



We recall that 

n-2 



fc=-i 



is injective, [Yan96l Corollary 2.8], and that, for every /c G N, 



is an isomorphism, |Yan96[ Corollary 2.7]. 

Since [L, d] = 0, for any k € N, the map L'' : A""*^' X -> A"+'=X induces a map L*^ : 

in cohomology. One says that X satisfies the Hard Lefschetz Condition, shortly hlc, if 



for every keN , L'' : H'^^j ^iX; M) 4 H'^+''{X; M) . (HLC) 



By continuing in the parallelism between Ricmannian Geometry and Symplectic Geometry, one can introduce 
the d^ operator with respect to a symplectic structure uj as 

d^L^x (-!)'■+' *c.d*^ 

for any fc G N, and interpret it as the symplectic counterpart of the Riemannian d* operator with respect to a 
Riemannian metric. In light of this, J.-L. Brylinski proposed in |Bry88| a Hodge theory for compact symplectic 
manifolds, conjecturing that, on a compact manifold endowed with a symplectic structure w, every de Rham 
cohomology class admits a (possibly non-unique) cu-symplectically-harmonic representative, namely, a d-closed 
d'^-closed representative, |Bry88[ Conjecture 2.2.7]. (Note that dd'^ + d'^d = 0, |Bry88[ Theorem 1.3.1], |Kos85[ 
page 265] , provides a strong difference in the parallelism between Symplectic Geometry and Riemannian geometry; 
in particular, it follows that a w-symplectically-harmonic representative, whenever it exists, is not unique.) 

For an almost-Kahlcr structure (J, w, g) on a compact manifold X (that is, ui G A^X is a symplectic form on 
X, J G End (TX) is an almost-complex structure on X, and g is a J-Hermitian metric on X such that lu is the 
associated (1, l)-form to g), the symplectic-*-operator *^ and the Hodge-*-operator *g are related by 
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and hence 

where d'^ := J^^ d J and (d"^)*" (—1)''^^ *g d *g for every A: G N (note that, when J is intcgrablc, then 

d"^ = — i (9 — 9)). Moreover, on a compact manifold X endowed with a Kahler structure (J, w, g), by the Hodge 
decomposition theorem, |Wei58[ Theoreme IV. 3], the pure-type components with respect to J of the harmonic 
representatives of the de Rham cohomology classes are themselves harmonic. Hence, it follows that Brylinski's 
conjecture holds true for compact Kahler manifolds, |Bry88| Corollary 2.4.3]. 

O. Mathieu in [Mat 95] . and D. Yan in |Yan96j . provided counterexamples to Brylinski's conjecture, charac- 
terizing the compact symplectic manifolds satisfying Brylinski's conjecture in terms of the validity of the Hard 
Lefschetz Condition. Furthermore, S. A. Merkulov in [Mer98| . see also jCav05| . and V. Guillemin in [GuiOlj . 
proved that the Hard Lefschetz Condition on compact symplectic manifolds is equivalent to satisfying the d d^- 
Lemma, namely, to every d-exact d^-closed form being dd^-exact. Summarizing, we recall the following result. 

Theorem 0.10 (; |Mat95[ Corollary 2], [Yan96[ Theorem 0.1], |Mer98[ Proposition 1.4], [GuiOlj . |Cav05[ Theo- 
rem 5.4]). Let X he a compact manifold endowed with a symplectic structure uj. The following conditions are 
equivalent: 

(i) every de Rham cohomology class admits a representative being both d-closed and d^-closed (i.e., Brylinski's 
conjecture \Bry88[ Conjecture 2.2.7] holds true on X); 

(a) X satisfies the Hard Lefschetz Condition; 

(Hi) X satisfies the dd^-Lemma. 

Note that, by the Lefschetz decomposition theorem, |Wei58[ Theoreme IV. 5] (see j40.3p , compact Kahler 
manifolds satisfy the Hard Lefschetz Condition. 

Remark 0.11. The Complex Generalized Geometry, introduced by N. J. Hitchin in [Hit03j and developed, 
among others, by M. Gualtieri, [Gua04[rGuall| . and G. R. Cavalcanti, |Cav05| . see also |Hitl0[[Cav07j . allows to 
frame symplectic structures and complex structures in the same context (in a sense, this add more significance 
to the term "symplectic", which was invented by H. Weyl, |Wey97[ §VI], substituting the Greek root in the term 
"complex" with the corresponding Latin root). In such a framework, the d^ operator associated to a symplectic 
structure should be interpreted as the symplectic counterpart of the operator d*^ := — i (5 — 9) associated to a 
complex structure, [Cav05| . 

0.3 Kahler structures and cohomological decomposition 

Note that, given a manifold X endowed with a symplectic form to, there is always a (possibly non-integrable) 
almost-complex structure J on X such that g :— uj{-, J--) is a Hermitian metric on X with uj as the associated 
(1, l)-form, see, e.g., jCdSOli Corollary 12.7] (in fact, the set of such almost-complex structures is contractible, 
see, e.g., |AL941 Corollary II.1.1.7], |CdS01[ Proposition 13.1]; sec also |Gro85[ Corollary 2.3.C2], which proves 
that the space of almost-complex structures on X tamed by a given 2-form on X is contractible). Instead, the 
datum of an integrable almost-complex structure with the above property yields a Kahler structure on X. The 
notion of Kahler manifold has been studied for the first time by J. A. Schouten and D. van Dantzig [SvD30| . see 
also |Sch29| . and by E. Kahler [Kah33| . and the terminology has been fixed by A. Weil |Wei58j . 

Kahler structures can be defined in different ways, according to the point of view which is stressed, t|0.3.1l 
The presence of three different structures (complex, symplectic, and Ricmannian) allows to make use of the 
tools available for any of them; in addition, the relations between such structures make available further tools, 
which yield many interesting results on Hodge theory, 90.3.21 Finally, we will study a cohomological property 
of compact Kahler manifolds, namely, the 99-Lemma, 90.3.31 other than being a very useful tool in Kahler 
Geometry (compare, e.g., its role in S.-T. Yau's proof |Yau77[ IYau78| of E. Calabi's conjecture [Cal57p . it 
provides obstructions to the existence of Kahler structures on differentiable manifolds, by means of the notion of 
formality introduced by D. P. Sullivan, [Sul77[ §12]. 

0.3.1 Kahler metrics 

Let A" be a compact complex manifold of complex dimension n, and denote by J its natural integrable almost- 
complex structure. 

A Kahler metric on AT is a Hermitian metric g such that the associated (1, l)-form u := g{J-, ■■) is d-closed 
(that is, w is a symplectic form on X). 
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Remark 0.12. Let X be a complex manifold endowed with a Kahler metric g, and denote the associated (1, 1)- 
form to g by uj. By the Poincare lemma, see, e.g., jDeml21 1.1.22, Theorem 1.2.24], and the Dolbcault and 
Grothendicck lemma, see, e.g., |Deml21 1.3.29], the property that dw = is equivalent to ask that, for every 
X G X, there exist an open neighbourhood U in X with x € U and a smooth function u S C°°(C/;M) such that 

Lu iddu in U, that is, the metric has a local potential, |Kah33j (see, e.g., jMor07[ Proposition 8.8]). 

Remark 0.13. For every n £ N, the complex projective space CP" admits a Kahlcr metric, the so-called Fuhini 
and Study metric, [Fub04[ [StuOSj . which is induced by the fibration §^ ^ — > CP"; more precisely, by using 
the homogeneous coordinates [zq : • • • : z„], one has that the associated (1, l)-form wps to the Fubini and Study 
metric is 

It follows that complex projective manifolds provide examples of Kahler manifolds. Conversely, by the Kodaira 
embedding theorem |Kod541 Theorem 4], if X is a compact complex manifold endowed with a Kahler metric uj 
such that [lj] G H^^{X] M) n im {H^{X] Z) — !> H^^{X; R)) , then there exists a complex- analytic embedding of X 
into a complex projective space CP^ for some G N. In a sense, this suggest that projective manifolds are to 
Kahlcr manifolds as Q is to M. Hence, it is natural to ask if every compact Kahler manifold is a deformation 
of a projective manifold (which is known as the Kodaira problem). Since Riemann surfaces are projective, this 
is trivially true in complex dimension 1. Furthermore, K. Kodaira proved in [Kod63[ Theorem 16.1] that every 
compact Kahler surface is a deformation of an algebraic surface, as conjectured by W. Hodge; another proof, 
which does not make use of the classification of elliptic surfaces, has been given by N. Buchdahl, |Buc08[ Theorem]. 
In higher dimension, a negative answer to the Kodaira problem has been given by C. Voisin, who constructed 
examples of compact Kahler manifolds, of any complex dimension greater than or equal to 4, which do not have 
the homotopy type of a complex projective manifold, [Voi04l Theorem 2] (indeed, recall that, by Ehresmann's 
theorem, if two compact complex manifolds can be obtained by deformation, then they arc homcomorphic, and 
hence they have the same homotopy type). The examples in [Voi04| being, by construction, bimeromorphic to 
manifolds that can be deformed to projective manifolds, one could ask (as done by N. Buchdahl, F. Campana, 
S.-T. Yau) whether, in higher dimension, a birational version of the Kodaira problem may hold true; in |Voi06[ 
Theorem 3], C. Voisin provided a negative answer to the birational version of the Kodaira problem, proving that, 
in any even complex dimension greater that or equal to 10, there exist compact Kahlcr manifolds X such that, 
for any compact Kahlcr manifold X' bimeromorphic to X, X' does not have the homotopy type of a projective 
complex manifold. 



In the definition of a Kahlcr manifold, three different structures are involved: a complex structure, a sym- 
plectic structure, and a metric structure. Therefore, changing the point of view allows to give several equivalent 
definitions of Kahler structure (see, e.g., |Bal06[ Theorem 4.17]): we review here two of these characterizations. 

Firstly, it is straightforward to prove that a Hermitian metric g on a compact complex manifold X is a Kahlcr 
metric if and only if, for every point x G X, there exists a holomorphic coordinate chart [u, {z"'}^g|-^ ^^j^, 
with X £ U, such that 

n 

9 = ^ ((5„/3 + o(|z|)) dz" Odz'^ at x , 

a, 13=1 

that is, g osculates to order 2 the standard Hermitian metric of C" (see, e.g., jGH94l pages 107-108], |Huy05[ 
Proposition 1.3.12], |Mor07[ Theorem 11.6]). 

As regards the second characterization, we recall that, on a compact complex manifold X endowed with a 
Hermitian metric g, there is a unique connection V*^ such that 

(i) V^g = 0, 

(a) J = 0, and 

(Hi) 7r^o,iA'V'^[c~(X;C)= d[c«={X;C)', 

such a connection is called the Chern connection of X (see, e.g., |Huy05[ Proposition 4.2.14], |Bal06[ Theorem 
3.18], |Mor07[ Theorem 10.3]). Let 5 be a Hermitian metric on a compact complex manifold X, and set w := 
g{J-, ■■) its associated (1, l)-form, where J is the natural integrable almost-complex structure on X; consider the 
Levi Civita connection V^"-^. One can prove that, for every x,y,z £ C°° {X; TX), 

du;ix,y,z) = g{{V^''j)y, z) + g {{V^'' j) z, x) + g {{W^'' j) x, y) , 
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and 

2g{{V^^j)y, z) = duj {x, y, z) ^ duj {x, Jy, Jz) - g (mjj (y, Jz) , x) ; 

(see, e.g., |Bal06l Theorem 4.16], |TiaOOI Proposition 1.5]); in particular, it follows that g is a Kahler metric if and 
only if V^'^ J = if and only if the Chcrn connection is the Levi Civita connection (see, e.g., |Bal06[ Theorem 
4.17], |Mor07[ Proposition 11.8]). 

0.3.2 Hodge theory for Kahler manifolds 

The complex, symplectic, and metric structures being related on a Kahler manifold, one gets the following 
identities concerning the corresponding operators (see, e.g., |Huy05[ Proposition 3.1.12]); see also [Hod35[|Hod89| . 
(In |Dem86[ Theorem 1.1, Theorem 2.12], commutation relations on arbitrary Hermitian manifolds are provided; 
see also |(M66| . |Deml2l §VI.6.2].) 

Theorem 0.14 (Kahler identities, [Wei58[ Theoreme II. 1, Theoreme II. 2, CoroUaire II. 1])- Let X be a compact 
Kahler manifold. Consider the differential operators d and d associated to the complex structure, the symplectic 
operators L and A associated to the symplectic structure, and the Hodge-* -operator associated to the Hermitian 
metric. Then, these operators are related as follows: 

(i) [a, L] = [d, L] = and [a, d*] = [A, d*] = 0; 

(a) d , L = i d and [d* , L] = — i d, and [A, 9] = —i d* and [A, 9] = i 9 . 

Therefore, considering the 2"'' order self-adjoint elliptic differential operators □ := [9, d*], □ := 9, 9 , and 
A := [d, d*], one gets that 

(Hi) □ = □ = iA, and A commutes with d, d, d* , d , L, A. 

The previous identities can be proven either using the si (2; C) representation {L, A, H) — > End* {/\'X C), 
or reducing to prove the corresponding identities on C" with the standard Kahler structure (which are known as 
Y. Akizuki and S. Nakano's identities, |AN54l §3]) and hence using that every Kahler metric osculates to order 
2 the standard Hermitian metric on C". 

As a consequence, one gets the following theorems, stating a decomposition of the de Rham cohomology of a 
Kahler manifold related to the complex, respectively symplectic, structure (see, e.g., |Huy05[ Corollary 3.2.12], 
respectively |Huy05[ Proposition 3.2.13]). 

Theorem 0.15 (Hodge decomposition theorem, |Wei58l Theoreme IV. 3]). Let X be a compact complex manifold 
endowed with a Kahler structure. Then there exist a decomposition 

Hl„{X-X) ^ H!^\X), 

p+q=» 

and, for every p,q ^N, an isomorphism 



H^'^iX) ^ Hf{X) . 

Theorem 0.16 (Lefschetz decomposition theorem, |Wei58l Theoreme IV.5]). Let X be a compact complex man- 
ifold, of complex dimension n, endowed with a Kahler structure. Then there exist a decomposition 

H',niX;C) = ^ L^kcr {A: H',],'^{X;C) ^ H',],'^-\X;C))) , 

and, for every fc € N, an isomorphism 

L^:H-^^{X-C)^H-^^{X-€). 
0.3.3 (9(9-Lemma and formality for compact Kahler manifolds 

The Hodge decomposition theorem and the Lefschetz decomposition theorem provide obstructions to the existence 
of Kahler structures on a compact complex manifold. In this section, we study another property of compact Kahler 
manifolds, namely, formality, which provides an obstruction to the existence of a Kahler structure on a compact 
(differentiable) manifold. Such a property turns out to be a consequence of the validity of the 99-Lemma on 
compact complex manifolds. 
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Firstly, we need to recall some general notions regarding homotopy theory of differential algebras; we will 
then summarize some results concerning the homotopy type of Kahler manifolds: by the classical result by P. 
Dcligne, Ph. A. Griffiths, J. Morgan, and D. P. Sullivan, |DGMS75l Main Theorem], the real homotopy type of 
a Kahler manifold X is a formal consequence of its cohomology ring ff*jj,(X;M). 

We recall that a differential graded algebra (shortly, dga) over a field K is a graded K-algebra A* (where the 
structure of K-algebra is induced by an inclusion K C A*^) being graded-commutativc (that is, for every x S 
and y £ A'^'^^^ , it holds x ■ y ~ (_i)'^°s-r dog;/ ^ _ endowed with a differential d: A* — > A*^^ satisfying the 

graded-Leibniz rule (that is, for every x e A^cgx y g ^dogy^ holds d{x ■ y) = dx ■ y + (—1) '^^^ x ■ dy). A 
morphism of differential graded algebras F: {A*, d^i.) — >■ (B* , ds") is a morphism A* — >■ B* of K-algebras such 
that F o dA' = ds' °F. 

Given a dga {A* , d) over K, the cohomology H* {A' , d) := endowed with the zero differential has a natu- 
ral structure of dga over K; furthermore, every morphism F: {A* , d^i. ) — )■ {B*, ds*) of dgas induces a morphism 
F*: {H* (A*, dA'), 0) ^ [H' (B*, ds') , 0) of dgas in cohomology; a morphism F: [A' , d^.) ^ {B' , ds.) 
of dgas is called a quasi-isomorphism (shortly, qis) if the corresponding morphism F* : {H* {A* , d^.), 0) — > 
{H* {B* , ds*) , 0) is an isomorphism. 

The de Rham complex {A'X, d) of a compact (differentiable) manifold X has a structure of dga over R, whose 
cohomology is the dga (i7*^(X;M), 0). 

Given a dga {A*, d^i. ) over K, the differential dy^. is called decomposable if 

d^. {A') c I . ( A'^ 

Given a dga (A* , d^i. ) over K, an elementary extension of {A* , d^i. ) is a dga (B* , ds* ) over IK such that 

(i) B* ~ A* A'Vfc for Vk a finite-dimensional K- vector space and fc > 0, where A* 14 is the free graded 
K-algebra generated by Vk, the elements of Vk having degree fc, and 

(a) dfi. [a'^ dA- and d^. (Vk) C A'. 

A dga {M* , dM' ) over K is called minimal if it can be written as an increasing union of sub-dga, 

(K, 0) = (A/o*,dM-) C (A/*,dM-) C (M2*,dM-) C ... , (A/*, d*/.) = [j {^J , dn; 

such that 

(i) for any j £ N, the dga ^Af*^]^, dji/«^^^ is an elementary extension of the dga ^Af*, dA/«^ , and 
(ii) dA/« is decomposable. 

A minimal model for a dga {A*, dA') over K is the datum of a minimal dga {M* , dM») over K and a 
quasi-isomorphism p: (A/*, d^/*) ^ {A', dA') of dgas. 

Two dgas (A* , dA') and (-B*, d^.) over K are equivalent if there exist an integer n £ N \ {0}, a family 
[(C', dc')| . 2 } ^^^^ ^ ^^^'^ '^'^*'' ^ '^^'^ '^'^'"^ = (B', ds'), and a family 

of quasi-isomorphisms. A dga {A' , dA') over K is called formal if it is equivalent to a dga {B* , 0) over K with 
zero differential, that is, if it is equivalent to {H* {A', d^. ) , 0). 

A compact manifold X is called formal if its de Rham complex {A*X, d) is a formal dga over M. 

Let {A* , dA' ) be a dga over K. Given 

[ai2] e «i2 ^ ) , [a23] e H'^-s (A* , dA. ) , and [034] G iJ'^'^^ (A* , d^. ) 
such that 

[0:12] ■ ["23] = and [a23] • [034] = , 

let ai3 e Adcgai2+dcga23-l ^nd a24 G "3-1-1 i-l^j^i- 

(-1)'^"^"''' Q;i2 ■ 0:23 = dA. Q:i3 and (-1)''°®"^^ 0:23 ' 0134 = d^. ^24 ; 
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one can then define the triple Massey product ([ai2] , [0^23] , [0^34]) as 
([ai2] , [^23] , [a34]> := [{-if^^"^' a,2 ■ a24 + (-l)'^^^"" ai3 • a34 

^dogai2+dcgQ23+dogQ!34-l cIa*) 



J^dcgai2 (^•^ (J^.) . ^dega23+dega34-l (^A* , dA') + Hdega34 (^A* , d-A') ' iJdogQi2+doga23-l (^A* , cIa* ) 

One can define the higher order Massey product by induction. Fixed m G N such that m > 4, and given 

[ai2] e {A', dA.) , ... , [a,n,,n+l] e + i {A', dA') 

such that all the Massey products of order lower than or equal to m — 1 vanish, let {Q!rs}i<r<s<m+i — ^* 
such that 

E/ -1 \dcg at. ^ 1 
(-1) ^ aw ■ aik = da,ifc , 

/i<f<fe 

for any h, k E {1, . . . ,m + 1} with k — h < m. Then define the m*'' order Massey product as 



([012] , . . . , [am,„i+i]) := 



\ dcg ai 



(-1)' " aik ■ ak,m+i 

.i<e<m+i 



belonging to a quotient of H* {A*, d^.). 

As a direct consequence of the definitions, the Massey products (of any order) on a formal dga are zero. 

Now, let X be a compact manifold endowed with a Kahler structure. 

The Kahler identities allow to prove the following result, known as dd-Lemma (see, e.g., |Huy05( Corollary 
3.2.10]), which, in a sense, summarizes many of the cohomological properties of compact Kahler manifolds. 

Theorem 0.17 (99-Lemma for compact Kahler manifolds, [DGMS751 Lemma 5.11]). Let X be a compact Kahler 
manifold. Then every d-closed, d-closed, d-exact form is also dd-exact. 

Using the differential operator d^ := J^^ d J = —\{d — d) (where J is the integrable almost-complex 
structure naturally associated to the structure of complex manifold on X), and noting that ker9 fl ker9 = 
kerdnkerd*^ and ivadd = imdd*^, the following equivalent formulation can be provided. 

Theorem 0.18 (dd'^-Lemma for compact Kahler manifolds, [DGMS751 Lemma 5.11]). Let X he a compact 
Kahler manifold. Then every d-closed, d'^ -closed, d-exact form is also dd"^ -exact. 

Actually, the 99-Lcmma holds true for a larger class of compact complex manifolds than the compact Kahler 
manifolds: indeed, it holds, for examples, for any compact complex manifold that can be blown up to a Kahler 
manifold, |DGMS75l Theorem 5.22], e.g., for compact complex manifolds in class C of Fujiki, or for Moisezon 
manifolds; we refer to jjl.l.^l for further results concerning the 99-Lemma for compact complex manifolds. 

If A" is a compact Kahler manifold (or, more in general, any compact complex manifold for which the dd- 
Lemma, cquivalcntly the dd'^-Lemma, holds), then one has the following quasi-isomorphisms of dgas: 



(kerd'', d[kcrd<=) 



qis 



qis 



(A'X, d) 



'kord^ 
^ im d^ 



in particular, the dga {f\* X, d) is equivalent to a dga with zero differential, and hence it is formal. This proves 
the following result by P. Deligne, Ph. A. Griffiths, J. Morgan, and D. P. Sullivan. 

Theorem 0.19 f |DGMS75[ Main Theorem]). Let X be a compact complex manifold for which the dd-Lemma 
holds (e.g., a compact Kahler manifold, or a manifold in class C of Fujiki). Then the differentiable manifold 
underlying X is formal (that is, the differential graded algebra (A* A", d) is formal). 

In particular, all Massey products (of any order) on a compact complex manifold satisfying the 99-Lemma 
are zero, |DGMS75[ Corollary 1]. This provide an obstruction to the existence of Kahler structures on compact 
differentiable manifolds. 
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0.4 Deformations of complex structures 

A natural way to construct new complex structures on a manifold is by "deforming" a given complex structure. 
Natural questions arise naturally from this construction, concerning, for example, what properties (e.g., the 
existence of some special metric) remain still valid after such a small deformation. 

We recall in this section the basic notions and the classical results concerning the K. Kodaira, D. C. Spencer, 
L. Nirenberg, and M. Kuranishi theory of deformations of complex manifolds, [KS58[ IKS60[ IKNS581 IKur62| . 
referring to |Huy05| , see also, e.g., |Kod05l[MK06) . 

Let i? be a complex (respectively, differentiable) manifold. A family {Xt}^^g of compact complex manifolds 
is said to be a complex- analytic (respectively, differentiable) family of compact complex manifolds if there exist 
a complex (respectively, differentiable) manifold X and a surjective holomorphic (respectively, smooth) map 
tt: X B such that (i) TT~^{t) = Xt for any t e B, and (ii) tt is a proper holomorphic (respectively, smooth) 
submersion. A compact complex manifold X is said to be a deformation of a compact complex manifold Y if 
there exist a complex-analytic family {Xt}f.^g of compact complex manifolds, and bo, bi £ B such that Xb^ — Xs 
and A"bj = Xf. 

A complex-analytic (respectively, differentiable) family A" A i? of compact complex manifolds is said to be 
trivial if X is bi-holomorphic (respectively, diffeomorphic) to BxXb-^ B for some b £ B (where nB-BxXt^B 
denotes the natural projection onto B); it is said to be locally trivial if, for any b G B, there exists an open 

neighbourhood U of 6 in _B such that Tr^^{U) U is trivial. The following theorem by C. Ehresmann 

states the local triviality of a differentiable family of compact complex manifolds (see, e.g., jKodOSi Theorem 2.3, 
Theorem 2.5], |MK06[ Theorem 1.4.1]). 

Theorem 0.20 (Ehresmann theorem, |Ehr47p . Let {Xt}^^g be a differentiable family of compact complex man- 
ifolds. For any s, t G B, the manifolds Xs and Xt are diffeomorphic. 

As a consequence of Ehresmann's theorem, a complex-analytic family {Xt}^^^ of compact complex manifolds 
with B contractible can be viewed as a family of complex structures on a compact differentiable manifold. 

We recall some other useful definitions, see, e.g., |Huy05[ §6.2]. Let tt: X B he a complex-analytic family 
of compact complex manifolds, deformations of X := 7r~^(0). We recall that, given /: {B' , 0') — > {B, 0) a 
morphism of germs with a distinguished point, the pull-back f* X := X x b B' gives a complex-analytic family 
of deformations of X. The complex-analytic family n: X ^ B of deformations of X is called complete if, for 
any complex-analytic family tt' : X' ^ B' of deformations of X, there exists a morphism f : B' ^ B oi germs 
with a distinguished point such that X' = f*X. The complex-analytic family tt: X ^ B of deformations of X 
is called universal if, for any complex-analytic family tt' : X' B' of deformations of X, there exists a unique 
morphism f : B' — > i? of germs with a distinguished point such that X' = f*X. The complex-analytic family 
tt: X ^ B oi deformations of X is called versal if, for any complex-analytic family tt' : X' ^ B' of deformations 
of X, there exists a morphism /: B' B oi germs with a distinguished point such that X' = f*X and such that 
df: TqiB' — > TqS is uniquely determined. 

The theory of complex-analytic deformations of compact complex manifolds has been introduced by K. 
Kodaira and D. C. Spencer, [.KS58', ' KS60j . and developed also by L. Nirenberg, |KNS58j . and M. Kuranishi, 
[Kur62[ IKur65j , see also |Kod05. 1MKO6] . In recalling the main results of this theory, we follow the approach in 
|Huy05 , based on the construction of a differential graded Lie algebra structure on C°° {X; T^'^X ® A^'' X), see 



also |Man04j 

Let X he & compact manifold endowed with an integrable almost-complex structure J. Every section s G 
C°° [X]T]'°X ® aYx^ near to the zero section determines an almost-complex structure J', defined in such a 

way that A is the graph of — s: Aj° X A j'^A; it turns out that J' is integrable if and only if the Maurer 
and Cartan equation 

9s + i [s, s] = (MC) 

holds (see, e.g., |Huy05| Lemma 6.1.2]), where 

. [•, ••] : C°° [X; r]'°A ® A^fX^ x (a; T]^°A (g) A°'«a) ^ C°° (A; r]'°A (g A°'''+«a) is defined as 

[A (g d, y (g /3] := A (g (/3 A Cya) +Y(g){aA CxP) + [A, F] eg (a A /3) , 

where Cw^ '■= I'W dip + d {iw'fi) is the Lie derivative of ip along W; locally, in a chart with holomorphic 
coordinates jz-' }^., one has 

[w(E)dzJ' A-'-AdzJ", w' d z^^ A • • • A d z™' a] [w, w'] (g) dz'^' A ■ ■ ■ A dz'^" A dz""' A ■ ■ ■ A dz""" ; 



0.4 Deformations of complex structures 



13 



. d:C°" l^X; Ty°X ® A°/Xj (X; T]'°X ® A°/+^Xj is defined as 

dip{Z,W) [Z,^{W)]''" ~[W,^{Z)]'-' ~ip{[Z,W]) , 

where X^ '^ -.^ X — i J X is the (1, 0)-coinponent of X; locally, in a chart with holomorphic coordinates 
one has 

Hence, to study complex-analytic families of infinitesimal deformations of a compact complex manifold X, it 
suffices to study complex-analytic families {s(t)}tgA(o e)cC'" — 7^^'°-'^ ® (where e > is small 

enough) with s(0) — 0. Consider the power series expansion in t of s(t), 

s{t) ^s,(t) , 

fc6N 

where Sfe(t) e C°° [X; T^'^X A°'^X) is homogeneous of degree k in t, and so(t) = 0. Then the Maurer and 
Cartan equation (jMCp can be rewritten, for every t £ A(0, e), as the system 

r dsi{t) = 

\ asfe(t) = -Ei<,<fc-ih(t), s,_,(t)] for k>2 

in particular, si (t) defines a class in H'^-^ {X; Qx), where Qx denotes the sheaf of the germs of holomorphic vector 
fields on X; up to the action of Diff(X), one has that si(t) is uniquely determined by its class in H'^-^ {X; Qx) 
(see, e.g., |Huy05[ Lemma 6.14]). 

Fix now a Hermitian metric g on X. Consider the decomposition 

ri'°X (g) A^'^X = (Ti'°X«)kern[^o.ix) ® {T^'°X (E)d a"^° X) © (t^'°X (g)d* a"''^ x'^ , 
and the corresponding projections 

Hg-. T^'^X A°'^X ^ T^^^X ® ker □ [;\o,i^ , : T^'^X ® A^'^X T^-'^X ® d a"'° X . 

In order that s(t) satisfies (jMCp . for every t G A(0, e), one should have 

\l<j<k-l 

Hence, one gets 

as(t) + [5(t), s{t)] = Hg{[s{t), s{t)]) . 

Therefore, define the map 

obs: H°^^ {X- Qx) ^ H^'^ (X; Bx) 
as follows. Let {Xj ® d)'^} ...^„} be a basis of H°'^ {X; Qx)- Given ^ :=: je{i. ■■■,"} ^i-^j ® '^'^i denote 

fe6{l,...,m} A:e{l,...,Tn} 

,^fc) jG{i,...,n} ' a-^d define si(t) := fi and .Sfc(t) such that dsk(t) := -P]) (j2i<j<k~i ^^^-^(t)]^ for 

feG{l,...,m} 

fc > 2; hence, define the formal power series s(t) := X^fceN Define 

obs(M) Hg{[s{t),s{t)]) . 

Hence, one has then that {s(t)}t£A(o e)cC'" — (^X-jTy'^X (g) Aj^X^ (where e > is small enough) defines 
an infinitesimal family of compact complex manifolds if obs(si (t)) = for every t G A(0,e) (indeed, for e > 
small enough, the formal power series converges, see, e.g., |Kod05[ §5.3], [MK06[ §2.3]). 

One gets the following result by M. Kuranishi. 

Theorem 0.21 f |Kur621 Theorem 2]). Let X be a compact complex manifold. Then X admits a versal complex- 
analytic family of deform,ations. 
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Fixed a Hermitian metric on X, such a family of deformations, which is called the Kuranishi space Kur(X) 
of X, is parametrized by 

Kur(X) - G H"^^ (X; Ox) ■ IImII < 1, ohs{fi) ^ 0} . 

Remark 0.22. A compact complex manifold X is called non-obstructed if Kur(X) is non-singular. In particular, 
if i?"-^ {X; Qx) = {0}, then X is non-obstructed. There are other interesting cases in which the Kuranishi space 
turns out to be non-singular: as announced by F. A. Bogomolov, |Bog78| , and proven by G. Tian, [Tia87| . and, 
independently, by A. N. Todorov, |Tod89[ Theorem 1], this happens for Calabi-Yau manifolds (that is, compact 
complex manifolds X of complex dimension n endowed with a Kahler structure (J, w, g) and with a nowhere 
vanishing e G A"'°Ar such that (i) V^'~'e = 0,where V^'-^ denotes the Levi Civita connection associated to g, and 

(a) eAe ~ (—1) ^ i" ^ ). In [dBT12| . P. de Bartolomeis and A. Tomassini introduced the notion of quantum 
inner state manifold, [dBT121 Definition 2.2], as a possible generalization of Calabi-Yau manifolds, proving that, 
under a suitable hypothesis, the moduli space of quantum inner state deformations of a compact Calabi-Yau 
manifold is totally unobstructed, [dBT121 Theorem 3.6]. On the other hand, in |Rolllb| . S. RoUenske studied 
the Kuranishi space of holomorphically parallelizable nilmanifolds, proving that it is cut out by polynomial 
equations of degree at most equal to the step of nilpotency of the nilmanifold, |Rolllb[ Theorem 4.5], and it is 
smooth if and only if the associated Lie algebra is a free 2-step nilpotent Lie algebra, [RoUlbi Corollary 4.9]. 



It could be interesting to study what properties are, in a sense, compatible with the construction of small 
deformations of the complex structure. In such a context, a property V concerning compact complex manifolds 
is called open under (holomorphic) deformations of the complex structure (or stable under small deformations 
of the complex structure) if, for every complex-analytic family {Xt\^^g of compact complex manifolds, and for 
every 6o G S, if ATh,-, has the property V , then X^ has the property V for every b in an open neighbourhood of 
6o; it is called closed under (holomorphic) deformations of the complex structure if, for every complex-analytic 
family {Xt\^^g of compact complex manifolds, and for every converging sequence {6fe}j.gi^ C B with boo '■= 
lim^^+oo bk G B, if X^^^ has the property V for every fc G N, then has the property V. 

We recall here the following classical result by K. Kodaira and D. C. Spencer, stating that admitting a Kahler 
metric is a stable property under deformations of the complex structure. 

Theorem 0.23 ( |KS60[ Theorem 15]). Let {Xt]^^^ be a differentiate family of compact complex manifolds. If 
Xf admits a Kahler metric for some t €z B, then Xg admits a Kahler metric for every s in an open neighbourhood 
oft in B. Moreover, given any Kahler metric uj on Xt, one can choose an open neighbourhood U of t in B and 
a Kahler metric uig on Xg for any s G U such that uj^ depends differ entiably in s and Wt = w. 

Remark 0.24. In |Hir62| . it is proven that admitting a Kahler structure is not a closed property under de- 
formations of the complex structure: in fact, H. Hironaka provided an explicit example of a complex-analytic 
family of compact complex manifolds of complex dimension 3 such that (i) one of the complex manifold is 
non-Kahler (indeed, it carries a positive 1-cycle algebraically equivalent to zero), and (ii) the others are Kahler 
and, in fact, bi-regularly embedded in a projective space (and hence projective, [Moi66[ Theorem 11]), |Hir621 
Theorem]. (Note that, in complex dimension 2, the Kahler property is also closed under small deformations of 
the complex structure, since a compact complex surface is Kahler if and only if its 1**' Betti number is even, by 
jKod64[[Mi7f4llSiu83| . or |Lam99[ Corollaire 5.7], or [Buc99[ Theorem 11].) It is not known whether the limit of 
compact Kahler manifolds admits some special structure; J. -P. Demailly and M. Paun conjectured that, given a 
complex-analytic family {Xt\^^g of compact complex manifolds such that one of the fibers, Xt^, is endowed with 
a Kahler structure, then there exists a countable union 5" C 5* of analytic subsets in the base such that Xt admits 
a Kahler structure for t £ S\S' , |DP04[ Conjecture 5.1]; they also guessed that a "natural expectation" is that 
the remaining fibres, Xt for t G S", are in class C of Fujiki, |DP04[ page 1272]. In Pop09 PoplO , D. Popovici 



studied limits of projective, respectively Moisezon manifolds under holomorphic deformations of complex struc- 
tures, stating, in particular, (by means of a class of Hermitian metrics called strongly-Gauduchon metrics,) that 
the limit of Moisezon manifolds is still Moisezon. C. LeBrun and Y. S. Poon [LP92j . and F. Campana |Cam91| 
showed that being in class C of Fujiki is not a stable property under small deformations of the complex structures, 
[LP921 Theorem 1], [Cam91[ Corollary 3.13], studying twistor spaces. It is conjectured that being in class C of 
Fujiki is a closed property under deformations of the complex structure, see, e.g., |Popll[ Standard Conjecture 
1.17]. 

We refer to |Popll| for a review on the behaviour under holomorphic deformations of properties concerning, 
e.g., the existence of various types of Hermitian metrics on compact complex manifolds. See also Corollarv ll.28l 
Theorem 12.481 for some results concerning stability or instability of special properties of complex manifolds, and 
Theorem 12.471 Theorem 13.501 for other instability results for almost-complex or D-complex manifolds. 
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0.5 Currents and de Rham homology 

In this section, wc recall the basic notions and results concerning currents on (differentiable) manifolds and de 
Rham homology: they turn out to be a useful tool to study the geometry of complex manifolds (as an example, 
we recall F. R. Harvey and H. B. Lawson's intrinsic characterization of Kahler manifolds by means of currents, 
[HL83[ Proposition 12, Theorem 14], or M. L. Michelsohn's intrinsic characterization of balanced manifolds by 
means of currents [Mic82l Theorem 4.7], see also Theorem 12. 731 or J. P. Demailly and M. Paun's characterization 
of compact complex manifolds in class C of Fujiki by means of Kahler currents [DP041 Theorem 3.4]). We refer, 
e.g., to |dR84[ Chapter 3], |Deml2[ §1.2], and |Fed69| (see also jAle98[ [XleTO] ) for further details. 

Let X be a m-dimcnsional oriented differentiable manifold. 

For every compact set L C X and for every s G N, define the semi-norm p£ on h' X as follows: chosen 
{u, {x^^ .^j^^ a coordinate chart with U Z) L, and given 

if :=: ipi Ax'^ S--- Adx'" G A*X , 

{ii,...,ifc}C{l,...,rn} 

n<---<ifc 

set 

pH'P) •= sup sup sup 

L {ii,...,ifc}C{l,...,rn} (ai ,. . . )6N" 
il<---<ifc QiH |-Qm<s 

Consider A*X endowed with the topology induced by the family of semi-norms /o£, varying L among the compact 
sets in X, and s S N: the manifold X being second-countable, A*X has a structure of a Frcchet space. Let A*X 
be the topological subspace of A*X consisting of differential forms with compact support in X. 

For any k £ N, the space of currents of dimension k (or degree m ~ k), denoted by 

VkX ■=: V"'-^X , 

is defined as the topological dual space of A^X; the space V^X is endowed with the weak-* topology. 
Two basic examples of currents are the following. 

• If Z is a (possibly non-closed) /c-dimensional oriented compact submanifold of X , then 

[z] ■■= I ■ e VkX 

Jz 

is a current of dimension k. 

• If e A'^X, then 

:= / ipA - e V^X 

is a current of degree k. 

The exterior differential d: A* X — > A'^'^X induces a differential on V^X by duality: 

d: V,X V,^iX 

is defined, for every T E T)^ X , as 

dT := (-l)''+^r(d-) . 

In particular, if Z is a fc-dimensional oriented closed submanifold of X, then d [Z] = (—1)™"'^+^ [bZ], where 
b is the boundary operator; if 93 S A^X^ then AT^p = T^^. 

By definition, the de Rham homology H^^{X;M.) of X is the homology of the differential complex {V^X, d). 
By means of a regularization process, [dR84l Theorem 12], (see also [Deml2[ §2.D.3, §2.D.4],) one can prove, 
[dR84[ Theorem 14], that 

Hdui^',^) - H2n_,{X;R) . 

Since, for every A: e N, the sheaf is a sheaf of C^-module over a paracompact space (where denotes 
the sheaf of germs of smooth functions over X), and by the Poincarc lemma for forms, see, e.g., [Deml21 1.1.22], 
one has that 

0->lx {A'x, d) 



{dx 



l\ai 



(ax") 



16 



Preliminaries on (almost-)complex manifolds 



is a fine (and hence acyclic, see, e.g., jDeml2l Corollary IV. 4. 19]) resolution of the constant sheaf IRj^, and hence 

ker(d: A' X ^ A'+'^X) 

H [X-^x) ^ ini(d: A-^X^A'X) =■ ^'^^^^'^^ ' 

see, e.g., jDeml2i IV.6.4]. 

Analogously, the regularization process |dR84i Theorem 12] allows to prove the analogue of the Poincare 
lemma for currents, see, e.g., jDeml2[ Theorem 1.2.24], and hence, the sheaf T)'^ being fine for every fc e N since 
it is a sheaf of C^-module over a paracompact space, one has that 

^Ix ^ (^.Y. d) 

is a fine (and hence acyclic, see, e.g., |Deml21 Corollary IV. 4. 19]) resolution of the constant sheaf over X, 
and hence 

kcT{d:V'X^V+^X) 
H {X-Mx) ^ in,(d:P-iX^P-X) =■ ^2„-.(^;K) , 

see, e.g., iDeml2[ IV.6.4]. 

If X is compact, then it follows that the map T. : A' X ^ V X is injectivc and a quasi-isomorphism of 
differential complexes: indeed, fixed a Riemannian metric on X, if a is a A- harmonic form (i.e., a d-closed 
d*-closcd form), then Ta{*a) ~ \\a\\ . 

Suppose now that X is a 2n-dimcnsional manifold endowed with an almost-complex structure J £ End(rX). 
Considering the induced endomorphisms J G End {A* X) and J G End (A*X), one can define J G End {V X) by 
duality. In the same way as J G End(A*X) defines a bi-graduation on A'X ® C, one has that J G End(2?*X) 
defines the splitting 

V,X (g) C = Vp^qX ■ 
note that V^^^X :=: p^-p."-?^ is the topological dual of A^-^X n (A'X ®r C), for every p, g G N. 



0.6 Solvmanifolds 

Nilmanifolds and solvmanifolds provide an important class of examples in non-Kahler geometry. Indeed, on the 
one hand, in studying their properties, one often can reduce to study left-invariant objects on them, which is 
the same to study linear objects on the corresponding Lie algebra (this allows, for example, to reduce the study 
of the de Rham cohomology of a nilmanifold to the study of the cohomology of a complex of finite-dimensional 
vector spaces, |Nom541 Theorem 1]); on the other hand, they do not admit too strong structures, e.g., they do 
not admit any Kahler structure. 

In this section, we recall the main definitions and results concerning the theory of nilmanifolds and solvman- 
ifolds, setting also the notation for the following chapters. 

A nilmanifold, respectively solvmanifold, X = r\ G is a compact quotient of a connected simply-connected 
nilpotent, respectively solvable, Lie group G by a co-compact discrete subgroup F. A solvmanifold X = r\G is 
called completely-solvable if, for any g G G, all the eigenvalues of Adg G End(0) are real, equivalently, if, for any 
X G 0, all the eigenvalues of a.dX G End(g) are real. 

Given a 2n-dimensional solvmanifold X = T\G, consider (g, [•,•■]) the Lie algebra naturally associated to 
the Lie group G; given a basis {ei, . . . , e2n} of g, the Lie algebra structure of g is characterized by the structure 
constants {4m} e^jn.ke{i....,2n} ^ namely, for any fc G {1, . . . ,2n}, 

d,e'=:J2cLe'Ae"^ , 

where {e^, . . . , e^"} is the dual basis of g* of {ei, . . . , e2n} and dj, : g* — ;> A^g* is defined by 

g* 9 a dBa(-, ••):=-«([•, ■•]) G A^g* . 

To shorten the notation, as in [SalOlj . we will refer to a given solvmanifold AT = r\G writing the structure 
equations of its Lie algebra: for example, writing 



X := (0^, 12, 13) , (org := (O^, 12, 13) ,) 
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we mean that X ~ T\G and there exists a basis of the Lie algebra g naturaUy associated to G, let us say 
{ei, . . . , eg}, whose dual will be denoted by {e-^, . . . , e^}, such that the structure equations with respect to such 
basis are 

' de^ = de2 = de^ = de"* = 

< de^ = A =: e^^ , 

^ de^ = A -. e^^ 

where wc also shorten e^^ := /\ . 

The following theorem by A. I. Mal'tsev characterizes the nilpotcnt Lie algebras g for which the naturally 
associated connected simply-connected Lie group admits a co-compact discrete subgroup, and hence such that 
there exists a nilmanifold with g as Lie algebra. 

Theorem 0.25 { |Mal49[ Theorem 7]). In order that a simply- connected connected nilpotent Lie group contain 
a discrete co- compact Lie group it is necessary and sufficient that the Lie algebra of this group have rational 
constant structures with respect to an appropriate basis. 

Dealing with G -left-invariant objects on X, we mean objects induced by objects on G being invariant under 
the left-action of G on itself given by left-translations. By means of left-translations, G-lcft-invariant objects will 
be identified with objects on the Lie algebra g. 

For example, a G-left-invariant complex structure J G End(TX) on X is uniquely determined by a linear 
complex structure J G End(g) on g satisfying the integrability condition Nijj = 0, [NN57[ Theorem 1.1], where 

Nijj(-, ••) := [■,-]+J[J;-] + J[;J-]-[J;J-] e A2g*®Kg; 

we will denote the set of G-left-invariant complex structures on X by 

C (g) := {J e End (g) : = - idg and Nij j = 0} . 

By the Leibniz rule, the map dj, : A^ g* — ^ A^g* induces a differential operator d: A* g* — >■ A*"'""'^g* giving a 
graded differential algebra (A*g*, d), and hence a differential complex (A*g*, d); we will denote by iJ*^ (g;K) := 
H' (A*g*, d) the cohomology of such a differential complex. 

In general, on a solvmanifold, the inclusion (A*g*, d) ^ (A*X, d) induces an injective map in cohomology, 
i: ff*^(g;M) ^ H'j^{X;M.) (compare |CF01I Lemma 9] and Lemma [1.361 for the Dolbeault, respectively Bott- 
Chern, cohomology), which is not always an isomorphism, as the example in |dBT06[ Corollary 4.2, Remark 
4.3] shows. On the other hand, the following theorem by K. Nomizu says that the de Rham cohomology of a 
nilmanifold can be computed as the cohomology of the subcomplex of left-invariant forms (some results in this 
direction have been provided also by Y. Matsushima in [Mat51[ Theorem 5, Theorem 6]). 

Theorem 0.26 ( |Nom54l Theorem 1]). Let X = T\G be a nilmanifold and denote the Lie algebra naturally 
associated to G by g. The complex (A*g*, d) is a minimal model for {A*X, d). In particular, the map (A*g*, d) — !■ 
(a* X, d) of differential complexes is a quasi- isomorphism: 

i: Hl^{Q-R) ^ Hl^{X-R) . 

The proof rests on an inductive argument, which can be performed since every nilmanifold can be seen as a 
principal torus-bundle over a lower dimensional nilmanifold, see |Mal49[ Lemma 4], |Mat51[ Theorem 3]. 

A similar result holds also in the case of completely-solvable solvmanifolds, as proven by A. Hattori, as a 
consequence of the Mostow structure theorem, jMos54[ IMos57[ Theorem 2] . 

Theorem 0.27 ( }Hat60[ Corollary 4.2]). Let X — T\G be a completely-solvable solvmanifold and denote the 
Lie algebra naturally associated to G by g. The map (A*g*, d) — > (A*X, d) of differential complexes is a quasi- 
isomorphism: 

*:H,*^(g;R)4i?,*^(X;M). 

(For some results concerning the dc Rham cohomology of (non-ncccssarily completely-solvable) solvmanifolds, 
see |Gua07l[CFTT] .) 

In some cases, we will see that the study of (properties of) geometric structures on a solvmanifold is reduced 
to the study of the corresponding (properties of) geometric structures on the associated Lie algebra (see, e.g.. 
Theorem 12.671 Proposition 12.191 Proposition 13.181 Proposition 13.31)1 Theorem I2.47p . To this aim, we need the 
following lemma by J. Milnor. (Recall that a Lie group G, with associated Lie algebra g, is called unimodular if, 
for aU X 6 g, it holds tradX = 0.) 
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Lemma 0.28 f |Mil76l Lemma 6.2]). Any connected Lie group that admits a discrete subgroup with compact 
quotient is unimodular and in particular admits a bi-invariant volume form r/. 

We will also need the following trick by F. A. Belgun (see also |FG041 Theorem 2.1]). 

Lemma 0.29 (F. A. Bclgmi's symmetrization trick, |BelOO[ Theorem 7]). Let X = T\G be a solvmanifold, and 
denote the Lie algebra naturally associated to G by q. Let rj be a G -bi-invariant volume form on G such that 
J-^r] = 1, whose existence follows from J. Milnor's lemma \Mil76[ Lemma 6.2]. Up to identifying G -left-invariant 
forms on X and linear forms over q* through left-translations, define the F. A. Belgun's symmetrization map 

fi: A*X-^A*g*, /i(a) := / a[™ 77(771). 

Jx 

One has that 
and that 

d o/i = /i o d . 

In particular, the symmetrization map fi induces a map fi: (A*X, d) (A*g*, d) of differential complexes, 
and hence a map /i: H'j^{X;M.) H'j^ (s;^) in cohomology. Since /i[A«B'= idU'g*, if the inclusion (A*g*, d) 
(A*X, d) is a quasi-isomorphism (for example, if X is a nilmanifold, by |Nom54i Theorem 1], or a completely- 
solvable solvmanifold, by [Hat60[ Corollary 4.2]), then the map /i: (A*X, d) (A*fl*, d) turns out to be a 
quasi-isomorphism. 

K. Nomizu's theorem |Nom54[ Theorem 1], A. Hattori's theorem |Hat60[ Corollary 4.2], and F. A. Belgun's 
theorem jBelOOl Theorem 7] suggest that nilmanifolds, and, more in general, solvmanifolds, may provide a very 
useful and interesting class of examples in non-Kahler geometry. On the other hand, another reason for this 
statement is given by the following results by Ch. Benson and C. S. Gordon, and by K. Hasegawa. 

Theorem 0.30 ( jBG88[ Theorem A]). Let X be a nilmanifold endowed with a symplectic structure lj such that 
the Hard Lefschetz Condition holds. Then X is difjeomorphic to a torus. 

(Actually, one can prove that any 27i-dimensional nilmanifold X endowed with a symplectic structure lo such 
that the map [w]"^ : iJ^^(X; M) H^^^^{X; R) is an isomorphism is diffeomorphic to a torus, [L094| . see, e.g., 
jFOTOSi Theorem 4.98]. A minimal model proof of Ch. Benson and C. S. Gordon's theorem |BG88[ Theorem 
A] is due to G. Lupton and J. Oprea, [L094[ Theorem 3.5].) 

Theorem 0.31 ( |Has89[ Theorem 1, Corollary]). Let X be a nilmanifold. If X is formal, then X is diffeomorphic 
to a torus. 

In particular, since compact Kahler manifolds satisfy the Hard Lefschetz Condition, |Wei58[ Thcorcmc IV. 5], 
and are formal, |DGMS75l Main Theorem], it follows that a nilmanifold admits a Kahler structure if and only 
if it is diffeomorphic to a torus (compare also [IIan57[ Theorem II, Footnote 1]). More in general, compact 
completely-solvable Kahler solvmanifolds are tori, as proven by A. Tralle and J. Kedra in [TK97[ Theorem 1], 
solving a conjecture by Ch. Benson and C. S. Gordon, [BG90[ page 972]. In fact, the following result by K. 
Hasegawa gives a complete characterization of Kahler solvmanifolds. 

Theorem 0.32 f |Has06l Main Theorem]). Let X be a compact homogeneous space of solvable Lie group, that 
is, a compact differentiate manifold on which a connected solvable Lie group acts transitively. Then X admits 
a Kahler structure if and only if it is a finite quotient of a complex torus which has a structure of a complex 
torus-bundle over a complex torus. In particular, a completely- solvable solvmanifold has a Kahler structure if and 
only if it is a complex torus. 



Chapter 1 



Cohomology of complex manifolds 



In this chapter, we study cohomological properties of compact complex manifolds. In particular, we are con- 
cerned with studying the Bott-Chern cohomology, which, in a sense, constitutes a bridge between the de Rham 
cohomology and the Dolbeault cohomology of a complex manifold. 

In (jl.ll we recall some definitions and results on the Bott-Chern and Aeppli cohomologies, see, e.g., |Sch07j . 
and on the dd-Lemma, referring to [DGMSTS] . In jjl.21 we provide a Frolicher-type inequality for the Bott- 
Chern cohomology. Theorem 1 1.221 which also allows to characterize the validity of the dd-Lemma in terms of the 
dimensions of the Bott-Chern cohomology groups. Theorem 11.251 the proof of such inequality is based on two 
exact sequences, firstly considered by J. Varouchas in [Var86| . In tJ1.31 we show that, for certain classes of complex 
structures on nilmanijolds (that is, compact quotients of connected simply-connected nilpotent Lie groups by co- 
compact discrete subgroups) , the Bott-Chern cohomology is completely determined by the associated Lie algebra 
endowed with the induced linear complex structure, Theorem I 1.391 giving a sort of Nomizu-typc result for the Bott- 
Chern cohomology. This will allow us to explicitly study the Bott-Chern and Aeppli cohomologies of the Iwasawa 
manifold and of its small deformations, in !41.41 In tJ1.51 we investigate the Bott-Chern cohomology of complex 
orbifolds of the type X / G, where AT is a compact complex manifold and G a finite group of biholomorphisms of 
X, Theorem [133 

Some of the original results of this chapter have been obtained in |Angll| , and jointly with A. Tomassini in 
[AT12bj : tjl. 51 contains some original results that have not yet been submitted for publication. 



1.1 Cohomologies of complex manifolds 

The Bott-Chern cohomology and the Aeppli cohomology provide important invariants for the study of the geometry 
of compact (especially, non-Kahler) complex manifolds. These cohomology groups have been introduced by R. 
Bott and S. S. Chern in |BC65| . and by A. AeppH in | Aep65| , and hence studied by many authors, e.g., B. Bigolin 
|Big70| (both from the sheaf-theoretic and from the analytic viewpoints), A. Andreotti and F. Norguet 
(to study cycles of algebraic manifolds), J. Varouchas jVar86j (to study the cohomological properties of a 



Big69 



certain class of compact complex manifolds), M. Abate |Aba88| (to study annular bundles), L. Alessandrini and 
G. Bassanelli |AB96| (to investigate the properties of balanced metrics), S. Ofman [Ofm85a[ IOfm85bl IOfm88] (in 
view of applications to integration on analytic cycles), S. Boucksom |Bou04| (in order to extend divisorial Zariski 
decompositions to compact complex manifolds), J. -P. Dcmailly [Deml2| (as a tool in Complex Geometry), M. 
Schweitzer jSch07| (in the context of cohomology theories), L. Lussardi |LuslOj (in the non-compact Kahler case), 
R. Kooistra |Kooll| (in the framework of cohomology theories), J.-M. Bismut [Bisllbl |Bislla| (in the context 
of Chern characters), L.-S. Tseng and S.-T. Yau [TYllj (in the framework of Generalized Geometry and type II 
String Theory). 

In this preliminary section, we recall the basic notions and classical results concerning cohomologies of complex 
manifolds. More precisely, we recall the definitions of the Bott-Chern and Aeppli cohomologies, and some results 
on Hodge theory, referring to |Sch07j : then, we recall the notion of (99-Lcmma, referring to |DGMS75] . 

1.1.1 The Bott-Chern cohomology 

Let X be a complex manifold. The Bott-Chern cohomology oi X is the bi-gradcd algebra 

ker d D kcr d 



Unlike in the case of the Dolbeault cohomology groups, for every p,q G N, the conjugation induces an 
isomorphism 

H^^^X) ^ ffl'g(X) . 
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Furthermore, since herd Cl kerd C kerd and imdd C imd, one has the natural map of graded C- vector spaces 

and, smcc ker9 fl kcri9 C kcid and imdd C imd, one has the natural map of bi-graded C- vector spaces 

In general, even for compact complex manifolds, these maps are neither injective nor surjective: see, e.g., the 
examples in |Sch07l §l.c] or in tll.4.41 A case of special interest is when X is a compact complex manifold satisfying 
the 99-Lemma, namely, the property that every 9-closcd 9-closed d-exact form is also 99-exact, |DGMS75] . that 
is, the natural map H^^{X) H*j^{X;C) is injective (we recall that compact Kahler manifolds and, more in 
general, manifolds in class C of Fujiki, |Fuj78| , that is, compact complex manifolds admitting a proper modification 
from a Kahler manifold, satisfy the (39-Lemma, |DGMS75l Lemma 5.11, Corollary 5.23]; we refer to tll.1.31 for 
further details). In fact, we recall the following result. 

Theorem 1.1 f |DGMS75l Lemma 5.15, Remark 5.16, 5.21]). Let X be a compact complex manifold. If X 

satisfies the dd-Lemma, then the natural maps 

i?§^(X) ^ HIj^{X- C) and H'^'ciX) ^ iJ*'*(X) 

p+q=» 

induced by the identity are isomorphisms. 



As for the de Rham and the Dolbeault cohomologies, a Hodge theory can be developed also for the Bott-Chern 
cohomology for compact complex manifolds: we recall here some results, referring to [Sch07[ §2] (see also Big69 
§5], and ILuslOQ . 

Suppose that X is a compact complex manifold. Fix a Hcrmitian metric on X, and define the differential 
operator 

Abc ■■= (59) (dd)* + {dd)* (dd) + (d*d^ (s*^)* + (s*^)* (d*d^ +d*d + d*d , 

see |KS601 Proposition 5] (where it is used to prove the stability of the Kahler property under small deformations 
of the complex structure), and also [Sch07[ §2.b], |Big69[ §5.1]. One has the following result. 

Theorem 1.2 ( [KS60[ Proposition 5], see also [Sch07[ §2.b]). Let X be a compact complex manifold endowed 
with a Hcrmitian metric. The operator Abc is a 4*'' order self-adjoint elliptic differential operator, and 

ker Abc — ker d n ker d n ker d d* . 

Therefore, as a consequence of the general theory of self-adjoint elliptic differential operators, see, e.g., |Kod05[ 
page 450], the following result holds. 

Theorem 1.3 f [Sch07[ Theoreme 2.2], |Sch07[ CoroUaire 2.3]). Let X be a compact complex manifold, endowed 
with a Hcrmitian metric. Then there exist an orthogonal decomposition 



A'^'X = ker Abc © i-^idd [imd* + imd 
and an isomorphism 

JT*'*(X) ker Abc ■ 

In particular, the Bott-Chern cohomology groups of X are finite- dimensional <C-vector spaces. 



Another consequence of general results in spectral theory, see, e.g., [KS601 Theorem 4], |Kod05[ Theorem 7.3], 
is the semi-continuity property for the dimensions of the Bott-Chern cohomology. 

Theorem 1.4 f [Sch07[ Lemme 3.2]). Let {Xt}f^B complex- analytic family of compact complex manifolds. 
Then, for every p,q £ N, the function 

B 3t^ dime H^^c i^t) £ ^ 

is upper-semi- continuous. 
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By using the Kahler identities (in particular, the fact that □ = □ and that d*d + dd* =0 = 9 d + dd ), one 
can prove that, on a compact Kahler manifold, 

Abc = tf + 9*9 + 9*9, 

[KS60[ Proposition 6], [Sch07[ Proposition 2.4], and hence kcT Abc = kerD = kerA; in particular, it follows 
that, on a compact Kahler manifold, the de Rham cohomology, the Dolbeault cohomology, and the Bott-Chern 
cohomology are isomorphic (actually, since the 99-Lemma holds on every compact Kahler manifold, one gets an 
isomorphism that does not depend on the choice of the Hermitian metric). 



1.1.2 The Aeppli cohomology 

Let X be a complex manifold. Dualizing the definition of the Bott-Chern cohomology, one can define another 
cohomology on X, the Aeppli cohomology: it is the bi-graded _ff^p(X)-module 

H'/iX) := . 

im 9 + im 9 



As for the Bott-Chern cohomology, the conjugation induces, for every p, g e N, the isomorphism 
Furthermore, since kerd C ker 99 and imd C im9 + im9, one has the natural map of graded C- vector spaces 

p+q=* 

and, since ker 9 C ker 99 and im9 C im9 + im9, one has the natural map of bi-graded C- vector spaces 

H-'iX)^H'/{X); 

as we have noted for the Bott-Chern cohomology, such maps are, in general, neither injective nor surjective, but 
they are isomorphisms whenever X is compact and satisfies the 99-Lemma, |DGMS75l Lemma 5.15, Remark 
5.16, 5.21], and hence, in particular, if X is a compact complex manifold admitting a Kahler structure, |DGMS75l 
Lemma 5.11], or if X is a compact complex manifold in class C of Fujiki, [DGMS751 Corollary 5.23]. 

Remark 1.5. On a compact Kahler manifold X, the associated (1, l)-form uj of the Kahler metric defines a 
non-zero class in i7j^(X;M). For general Hermitian manifolds, special classes of metrics are often defined in 
terms of closedness of powers of w, so they define classes in the Bott-Chern or Aeppli cohomology groups (e.g., a 
Hermitian metric on a complex manifold of complex dimension n is said balanced if doj""^ = Mic82] . pluriclosed 
if 99w = |Bis89| . astheno- Kahler if 99w"-2 ^ g [JY931 [JY94) . Gauduchon if 99w"-i = |Gau77j '). (Note that, 
they define possibly the zero class in the Bott-Chern or Aeppli cohomologies: for the balanced case, see jFLY12l 
Corollary 1.3], where it is shown that, for k > 2, the complex structures on '^j^^ (E>^ x S"^) constructed from the 
conifold transitions admit balanced metrics.) 



We refer to |Sch07[ §2.c] for the following results, concerning Hodge theory for the Aeppli cohomology on 
compact complex manifolds. 

Suppose that X is a compact complex manifold. Once fixed a Hermitian metric on X, one defines the 
differential operator 

Aa := dd* + dd* + (99)* (99) + (99) (99)* + (99*)* (99*) + (99*) (99*)* , 

which turns out to be a 4"^ order self-adjoint elliptic differential operator such that 

ker = ker 99 n ker 9* n ker 9 . 

Hence one has an orthogonal decomposition 

A'^'X = kerA^ © (im9 + im9) © im (99)* 

from which one gets an isomorphism 

H'^'iX) ~ ker Aa ; 
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in particular, this proves that the Aeppli cohomology groups of a compact complex manifold are finite-dimensional 
C- vector spaces. 

Furthermore, as for the Bott-Chern cohomology, if {Xt}^^g is a complex-analytic family of compact complex 
manifolds, with B a complex manifold, then, for every p, g G N, the function B 3 t i-¥ dime -ff^''^ (Xt) £ N is 
upper-semi-continuous. 

Once again, whenever X is a compact Kahler manifold, by using the Kahler identities, one has 

A A = + dd* + W* ; 

indeed, recall that □ = □ and that d*d = i [A, 9] 9=— ii9Ai9 = — ii9 [A, 9] = —dd* , and hence d d = —dd ; 
therefore 

tf = □□ = dd*dd* + dd*d*d + d*ddd* + d*dd*d 
= —ddd d* — dd*d d — d ddd* — d d*dd 
ddd* d* + dd* dd* + dd*dd* + d* d* dd 
= Aa- dd* - dd* . 

In particular, it follows that, on a compact Kahler manifold, ker A^i = kerD = ker A, and hence the de Rham 
cohomology, the Dolbeault cohomology, and the Aeppli cohomology are isomorphic (actually, since the 93-Lemma 
holds on every compact Kahler manifold, one gets an isomorphism that does not depend on the choice of the 
Hermitian metric). 

In fact, since ker Abc = ker d fl ker d fl ker d d* and ker = ker dd Pi ker d* Pi ker d , one has the following 
isomorphism between the Bott-Chern cohomology and the Aeppli cohomology. 

Theorem 1.6 ( |Sch07[ §2.c]). Let X be a compact complex manifold of complex dimension n. For any p,q ^N, 
the Hodge-*-operator associated to a Hermitian metric on X induces an isomorphism, 

*:H"^l{X):^HT''^-^{X), 

between the Bott-Chern and the Aeppli cohomologies. 

Remark 1.7. We refer to jDeml21 §VI.12], |Sch07[ §4], |Kooll[ §3.2, §3.5] for a sheaf cohomology interpretation 
of the Bott-Chern and Aeppli cohomologies (see also Remark ll.Stip . 



1.1.3 The 55-Lemma 

Let AT be a compact complex manifold, and consider its complex de Rham H*j^{X;C), Dolbeault H^'*{X), 
conjugate Dolbeault Hq'*{X), Bott-Chern Hg^{X), and Aeppli H^'{X) cohomologies. 
The identity map induces the following natural maps of (bi-)graded C-vector spaces: 




In general, these maps are neither injective nor surjective: see, e.g., the examples in |Sch07[ §l.c] or in ijl.4.41 

By [DGMSTSl Lemma 5.15, Proposition 5.17], it turns out that, if one of the above map is an isomorphism, 
then all the maps are isomorphisms, [DGMS751 Remark 5.16]; this is encoded in the notion of dd-Lemma, which 
can be introduced in the more general setting of bounded double complexes of vector spaces. We start by recalling 
the following general result by P. Deligne, Ph. A. Griffiths, J. Morgan, and D. P. Sullivan, |DGMS75| . 

Proposition 1.8 f |DGMS75l Lemma 5.15]). Let (A'*'*, d', d") be a bounded double complex of vector spaces 
(or, more in general, of objects of any Abelian category), and let (A'*, d) be the associated simple complex, where 
d :— d'-|-d". For each h gN, the following conditions are equivalent: 
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{a)h ker d' n ker d" n im d = im d' d" in : 

{b)h ker d" H im d' = im d' d" and ker d' fl im d" = im d' d" in ; 
{c)h ker d' fl ker d" fl (im d' + im d") = im d' d" in A'''; 
ia*)h-i imd' + imd" + kerd = kerd'd" in K^-^ ; 

{b*)h-i imd" + kcrd' = kcrd' d" and imd' + kerd" = kcrd' d" in K^~^ ; 

(c* im d' + im d" + (ker d' n ker d") = ker d' d" in K^~^ . 

The above equivalent conditions define the validity of the d' d"-Lemma for a double complex. 

Definition 1.9 ( |DGMS75] ). Let (A'*^*, d', d") be a bounded double complex of vector spaces (or, more in 
general, of objects of any Abelian category), and let (AT*, d) be the associated simple complex, where d := d' + d". 
One says that (A'*'*, d', d") satisfies the d' d" -Lemma if, for every /i G N, the equivalent conditions in |DGMS75l 
Lemma 5.15] hold. 

The following result by P. Deligne, Ph. A. Griffiths, J. Morgan, and D. P. Sullivan, |DGMS75j . gives a 
characterization for the validity of the d' d"-Lemma. 

Theorem 1.10 f [DGMS75l Proposition 5.17]). Let (AT*'*, d', d") be a bounded double complex of vector spaces, 
and let (K* , d) be the associated simple complex, where d := d +d. The following conditions are equivalent: 

(i) i^K*'*, d', d") satisfies the d' d" -Lemma; 

(a) K*'* is a sum of double complexes of the following two types: 

(dots) complexes which have only a single component, with d' = and d" — 0; 
(squares) complexes which are a square of isomorphisms. 



d" 



d" 



(Hi) the spectral sequence defined by the filtration associated to either degree (denoted by 'F or " F) degenerates 
at El (namely, Ei = Eao) and, for every h e N, the two induced filtrations are h-opposite on H^j^{X;C), 
i.e., 'FP © "F' 4 H^r{X; C) for p + q - 1 = h. 

In particular, we are interested in dealing with compact complex manifolds X, where one considers the double 
complex (a*'*X, d, d). 

Definition 1.11 ([DGMS75]). A compact complex manifold X is said to satisfy the dd-Lemma if (a*'*X, d, d) 

satisfies the (?(9-Lemma, namely, if 

ker d n ker d D im d = im dd , 

that is, in other words, if the natural map Hg^{X) H*j^{X;C) of graded C-vector spaces induced by the 
identity is injective. 

Remark 1.12. Let AT be a compact complex manifold. By considering the differential operator 

d" := - i (9 - a) , 
one can say that X satisfies the dd"^, by definition, if 

im d n ker d"^ = im d d'^ . 
Since dd'^ = 2 i dd, and 9 = ^ (d + id"^) and d — i (d — id^), one has 

ker d fl ker d^ = ker d fl ker d and im d d*^ = im dd ; 
and hence X satisfies the d d'^-Lemma if and only if X satisfies the 9i9-Lemma. 
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For compact complex manifolds, P. Deligne, Ph. A. Griffiths, J. Morgan, and D. P. Sullivan's characterization 
[DGMS751 Proposition 5.17] is rewritten as follows. 

Theorem 1.13 f |DGMS75[ 5.21]). A compact complex manifold X satisfies the dd-Lemma if and only if (i) the 
Hodge and Frolicher spectral sequence degenerates at the first step (that is, Ei ~ Eao), and (ii) the natural 
filtration on (a*'*X, d, 9) induces, for every fc G N, a Hodge structure of weight k on H^j^{X;C) (that is, 
H^j^{X;C) = Q,^^^^,^FPH^p,{X-C)r\Fm^p,{X-C), where F'H'j^{X;C) is the filtration induced by F' A*i'*= 
X := ®py,^ q AP'iX on H*j^{X; C) and C) is the conjugated filtration to C) ). 

Another characterization for the validity of the dd-Lemma, in terms of the dimensions of the Bott-Chern 
cohomology, will be given in Theorem ll.251 

Actually, as already mentioned, if a compact complex manifold satisfies the 99-Lemma, then all the natural 
maps between cohomologies induced by the identity turn out to be isomorphisms. 

Theorem 1.14 ([DGMSTU Lemma 5.15, Remark 5.16, 5.21]). A compact complex manifold X satisfies the 
dd-Lemma if and only if all the natural maps 



Ha'iX) H',^{X;C) H'-'(X) 



H'/iX) 



induced by the identity are isomorphisms. 



We recall that if X is a compact complex manifold endowed with a Kahler structure, then X satisfies the 
i99-Lemma, |DGMS75l Lemma 5.11]. Moreover, one has the following result. 

Theorem 1.15 f [DGMS75[ Theorem 5.22]). Let X and Y be compact complex manifolds of the same dimension, 
and let f : X ^ Y be a holomorphic birational map. Lf X satisfies the dd-Lemma, then also Y satisfies the 
dd-Lemma. 

Indeed, one has that, if X and Y are complex manifolds of the same dimension, and tt: AT — )■ y is a proper 
surjective holomorphic map, then the maps 

TT* : Hl^ {Y- C) ^ {X- C) and ^* : H'/ [Y) ^ H'-' (X) 

induced hy tt: X ^ Y are injective, see, e.g., jWel74[ Theorem 3.1]; then one can use the characterization in 
IDGMS751 5.21]. 

In particular, it follows that Moisezon manifolds (that is, compact complex manifolds X such that the degree 
of transcendence over C of the field of meromorphic functions over X is equal to the complex dimension of X, 
jMoi66| . equivalently, compact complex manifolds admitting a proper modification from a projective manifold, 
|Moi66[ Theorem 1]), and, more in general, manifolds in class C of Fujiki (that is, compact complex manifolds 
admitting a proper modification from a Kahler manifold, |Fuj78| ) satisfy the dd-Lemma.. (We recall that a proper 
holomorphic map f : X ~^ Y from the complex manifold X to the complex manifold Y is called a modification 
if there exists a nowhere dense closed analytic subset B C Y such that f[x\f-^{B) ■ ^ \ I^^{B) ^ Y \ B is a 
biholomorphism. ) 

Corollary 1.16 f [DGMS75l Lemma 5.11, Corollary 5.23]). The dd-Lemma holds for compact Kahler manifolds, 
for Moisezon manifolds, and for manifolds in class C of Fujiki. 

Remark 1.17. In |Hir62| . H. Hironaka provided an example of a non-Kahler Moisezon manifold of complex 
dimension 3 with arbitrary small deformations being projective (in fact, as stated by D. Popovici, the limit of 
projective manifolds under holomorphic deformations is Moisezon, |Pop09[ Theorem 1.1], and, more in general, the 
limit of Moisezon manifolds under holomorphic deformations is Moisezon, [PoplO Theorem 1.1]); in particular, H. 



Hironaka's manifold provides an example of a non-Kahlcr manifold satisfying the dd-Lemma. Studying twistor 
spaces, C. LeBrun and Y. S. Poon, and F. Campana, showed that being in class C of Fujiki is not a stable 
property under small deformations of the complex structures, |LP921 Theorem 1], [Cam91i Corollary 3.13]; since 
the property of satisfying the i99-Lemma is stable under small deformations of the complex structure. Corollary 
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[TM or |Voi02[ Proposition 9.21], or |Wu06l Theorem 5.12], or |Tom08[ §B], C. Le_Brun and Y. S. Poon's, and F. 
Campana's, result yields examples of compact complex manifolds satisfying the dd-hcmuia and not belonging to 
class C of Fujiki. 

Finally, wc recall the following obstructions to the existence of complex structures satisfying the dd-Lcmma 
on a compact (differentiable) manifold. 

Theorem 1.18 f [DGMS75l Main Theorem, Corollary 1]). Let X be a compact manifold. If X admits a complex 
structure such that the dd-Lemma holds, then the differential graded algebra {/\* X, d) is formal. In particular, 
all the Massey products of any order are zero. 

Indeed, if X satisfies the 99-Lemma, equivalently, the dd'^-Lemma, then the inclusion kerd"^ A'X and the 
projection kerd'^ — > ^md" i'^duce the quasi-isomorphisms 



(kerd^ d) 




(A-X, d) 0) 

of differential graded algebras, proving that {A*X, d) is equivalent to (^^jr, O), and hence formal. 

I. 2 Cohomological properties of compact complex manifolds and the 

55-Lemma 

In this section, we study some cohomological properties of compact complex manifolds, especially in relation with 
the 99-Lemma. More precisely, we prove a Frolicher-type inequality for the Bott-Chern cohomology. Theorem 

II. 221 and we characterize the validity of the 99-Lemma in terms of the dimensions of the Bott-Chern cohomology 
groups, Theorem II. 251 This has been the matter of a joint work with A. Tomassini, |AT12b| . 

Let X be a compact complex manifold of complex dimension n. 

As a matter of notation, for every p,q eN, for every A: e N, and for jj S {d, d, BC, A}, we will denote 
:= dimcHl''{X) < +oo and /if := ^ hf^ < +oo , 

p+q=k 

while recall that the Betti numbers are denoted by 

bk := dimc-ffdj^(X;C) < +oo . 

Recall that, for every p,q £ N, the conjugation induces the isomorphisms IIg^{X) ^ Hg^{X), H^''{X) ^ 
H'^^{X), and II^''^{X) ^ iJg'^(Ar), and the Hodge-*-operator associated to any given Hermitian metric induces 

the isomorphisms Hg^{X) H^^''""'^'^{X) and H^''^(X) Hg^'''"'^'' (X); hence, for every p,q £ N, one has 
the equalities 

hP^l = h%l = h^-P'''-'' = h'^-'^'^'-P and = hl'P = = , 

and therefore, for every fc e N, one has the equalities 

hsc = f^A and = kg = h- = kg ; 

Finally, recall that the Hodge-H<-operator (of any given Riemannian metric and volume form on X) yields, for 
every fc G N, the isomor phism H^^(X;K) 4 M), and hence the equality 



bk — &2n-fc 
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1.2.1 J. Varouchas' exact sequences 

In order to prove a Frolicher-type inequality for the Bott-Chern and Aeppli cohomologies and to give therefore 
a characterization of compact complex manifolds satisfying the (99-Lemma in terms of the dimensions of their 
Bott-Chern cohomology groups, we need to recall two exact sequences from |Var86| . 

Following J. Varouchas, one defines the (finite-dimensional) bi-gradcd C- vector spaces 

, . . im 9 n im 9 . kcr d n im d ^, , kcr dd 

A*'* := = — , S*'* := = — , C 



mi dd im dd ker 9 -f im 9 

and _ _ _ 

, im 9 n ker d , ker dd , ker dd 

D ' := -= — , h ' ■ = , b ' 



im dd ker d + \in.d ker d + ker d 

For every p, g G N and fc G N, we will denote their dimensions by 

flP'" := dimcAP'«, := dimc^f'^ cP'" := dime C^'"? , 

dime DP^" , eP^" dime E^^" , := dime PP'" , 



and 



p-\-q—k p^q—k p-\-q—k 

^p.g ^ ^"'^ ' /' •= E • 

p+g— fc p+q—k p^q—k 

The previous vector spaces give the following exact sequences, by J. Varouchas. 
Theorem 1.19 f jVar86[ §3.1]). The sequences 

^ A*'* ^ S*'* ^ i?|'*(X) ^ -ff*'*(X) ^ C - (1.2.1) 

and 

^ £>•'• H^ci^) ^ HL-'{X) E''' F''' ^ (1.2.2) 

are exact sequences of finite- dimensional bi-graded C-vector spaces. 

Proof. We first prove the exactness of (|1.2.ip . Since im9 C ker 9, the map A*'* — )■ B*'* is injective. The kernel 

of the map B' * H-'(X) is kcranimgnima ^ imlnim9 ■ ^j^g ^.j^p _^ rpj^g j^g^^gj 

a im qa im do 

of the map H-' (X) H'/(X) is kerantoa ^^lat is, the image of the map B' ' HL''{X). The kernel of the 

o ^_ _ima_ a 

map H'/(X) C'^' is ker anker gg ^ kcr a _ ^Yiai is, the image of the map HL''(X) -> H',''(X). Finally 

^ im o-f im o im a+im a ^ v / yi x / 

since im9 + im9 C ker 9 + im9, the map H^'{X) — !> C* * is surjective. In particular, since H^'{X) — >■ C* * 
is surjective, then C ' has finite dimension; since the identity induces an injective map B' * — >■ H^^(X), then 
B*'* has finite dimension; hence, since A*'' B* ' is injective, then also A*'* has finite dimension. 

We prove now the exactness of ()1.2.2p . Since im9 C ker 9, the map D' * — > H^^{X) is injective. The kernel 

of the map Hg^{X) -> H^''{X) is '""frad^^^ ^ ^^^^ ™^SC of the map D' ' H^ci^)- 

The kernel of the map H^''{X) ^ E''' is k"-Qn(kera+ima) ^ kcr anker a ^ ^j^^^^ ^j^^ j^^^^^g^ ^^^^ ^^^^p H'g^{X) 
H^'(X). The kernel of the map E' " F' " is keraan(kera+kera) ^ keraankci_a ^^vAt is, the image of the map 

d ^ ' ^ _ _ kera+ima ker a+im a ' ' o ^ 

H^''(X) E*'' . Finally, since ker9 + im9 C ker9 + kcr9, the map E'' F*' is surjective. In particular, 
since D* * — >■ H^^{X) is injective, then D' * has finite dimension; since the identity induces a surjective map 
H^'(X) E''*, then E'-* has finite dimension; hence, since E*'' F*'* is surjective, then also F* ' has finite 
dimension. 

□ 

Note, jVar86[ §3.1], that the conjugation yields, for every p, 5 S N, the equalities 

= a«'P , = , , eP^" ^ c'I'P , (1.2.3) 

and the isomorphisms 9: C* * ^ and 9: i?*'* ^ yield the equalities 
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hence, for every /c S N, one gets the equahties 

d'' = b'' , e'^ = c'= , and c'' = d^^^ , e*= = b^+^ . 

Remark 1.20. Following the same argument used in [Sch07| to prove the duality between Bott-Chern and 
Acppli cohomology groups, we can prove the duality between A*'* and F*'* , and, similarly, between C*'* and 

Indeed, note that the pairing 

Jx 

is non-degenerate: choose a Hermitian metric g on X; if [a] G A*'* C Hg^{X), then there exists a Asc-harmonic 
representative a in [a] € A*'*, by |Sch07[ CoroUaire 2.3], that is, da ~ da ~ dd * a = 0; hence, [*a] € F*'*, and 
{[a] , [*a\) = a A *d is zero if and only if a is zero if and only if [a] £ A*'* is zero. 
Analogously, the pairing 

C ' X C , (H , [13]) ^ jaA^, 

is non-degenerate: indeed, choose a Hermitian metric g on X; if [a] e Z?*'* C H^^{X), then there exists a 
Asc-harmonic representative d in [a] £ D' *, by [Sch07[ CoroUaire 2.3], that is, da = da = 59 * a = 0; hence, 
[*a] € C*'*, and {[a] , [*a]) = ci A *a is zero if and only if a is zero if and only if [a] e D* * is zero. 

1.2.2 A Prolicher-type inequality for the Bott-Chern cohomology 

We can now state and prove a Frolicher-type inequality for the Bott-Chern and Aeppli cohomologies. Theorem 

Firstly, we recall that, on a compact complex manifold X, the Frdlicher inequality [Fro55[ Theorem 2] relates 
the Hodge numbers and the Betti numbers. 

Theorem 1.21 f [Fro55[ Theorem 2]). Let X be a compact complex manifold. Then, for every A: G N, the 
following inequality holds: 

J2 dime iff > dimci?,^«(X;C). 

p+q=k 

The equality J2p+q=k '^^^'^c H^'"^ {X) = dime C) holds for every fc G N if and only if the Hodge and 

Frolicher spectral sequence {(-Er, dr)}^^!^ degenerates at the first step. 

It is in general not true that /i^^ (respectively, h\) is higher than the fc"' Betti number of X for every /c G N: 
an example is provided by the small deformations of the Iwasawa manifold I3 ;= H (3; Z [i])\ H(3; C) (see t}l.4.l|) . 
In the following table, we summarize the dimensions of the Bott-Chern and Aeppli cohomology groups for I3 
(which have been computed in SchOfi Proposition 1.2]) and for the small deformations of I3 (see ^1.4.4p . We 
recall that the small deformations of the Iwasawa manifold, according to I. Nakamura's classification, [Nak75[ 
§3], are divided into three classes, (i), (ii), and (Hi), in terms of their Hodge numbers; it turns out that the 
Bott-Chern cohomology yields a finer classification of the Kuranishi space of II3, allowing a further subdivision 
of class (ii), respectively class (Hi), into subclasses (ii.a), (ii.b), respectively (Hi. a), (iii.b), see ^1.4.11 
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hi 
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(iii.b) 
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6 
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10 


10 


14 


14 


8 


10 


6 
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4 


II hi =4 


b2 = 8 


bs = 10 


b4 = 8 


b5=4 II 



The following result, [AT12b[ Theorem A], gives a Frolicher-type inequality for the Bott-Chern cohomol- 
ogy. (We recall that, on a compact complex manifold X of complex dimension n, for any p,q G N, one has 
the equality dime H^q{X) = dime i?^~'''"~^(X), and, for any fc G N, the equafity J2p+q=k'^^^^C H^^{X) = 
Er+s=2n-k<ii^cHY{X), [SdlOTl §2.c].) 
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Theorem 1.22. Let X he a compact complex manifold. Then, for every p,q Cz N, the following inequality holds: 
dime HPg'ci^) + dime H^X^X) > dime H^'^X) + dime H^'^iX) . (1.2.4) 
In particular, for every k G N, the following inequality holds: 

(dime + dime HP/{X)) > 2 dime H^r{X; C) . (1.2.5) 

p+q=k 

Proof. Fix p, g e N. The exact sequences (|1.2.1|) . respectively (|1.2.2p . yield the equality 
respectively 

using also the symmetries /i^''^ — h'^^ and hl^'^ = and the equalities p.2.3p . we get 

= hP-'^ + hS-P + fP-1 + a?'P + dP'? - - eP'« + c«'P 

a a 

= h^i + hPg'' + fP^'i + aP^" 

> hJ^'+hp^ 

which proves (|1.2.4p . 

Now, fix /c G N; summing over {p,q) G N x N such that p + q = k, we get 

h'hc + h'X = E (f^BC + hT) 

p+q=k 



p+q=fe 



from which we get (|1.2.5p . □ 

Remark 1.23. Note that small deformations of the Iwasawa manifold show that both the inequalities (jl.2.4p 
and p.2.5p can be strict. 

For example, for small deformations of I3 in class (i), one has, 

hhc + h\ = 10 > 8 = 2-bi , h%c + /li = 22 > 16 = 2 • &2 , h%c + /i^ = 28 > 20 = 2 • 63 , 

showing that (|1.2.5p is strict for every k G {1, 2, 3, 4, 5}. 

On the other hand, for small deformations of I3 in class (ii) or in class (Hi), one has 



1.0 I 1,1.0 ^ /, 1 , \ c ^ /I },i ;.i-0 I 1.0,1 ,1,0 , ,1,0 

IsC + =0 y'^BC + ^a) = 5 > 4 = h-g = h- + h- ^ h- +hg , 



showing that (|1.2.4p is strict, for example, for {p,q) = (1,0). 

(For further examples among the small deformations of the Iwasawa manifold, compare the computations in 
til.4.41 which are summarized in ^1.4.51 ) 

Remark 1.24. Note that, in the proof of Theorem 11.221 we have actually shown that, for every A: G N, 
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1.2.3 A characterization of the dd-hemma. in terms of the Bott-Chern cohomology 

This section is devoted to give a characterization of the vahdity of the 99-Lemma in terms of the Bott-Chern 
cohomology. 

Note that, if a compact complex manifold X satisfies the 99-Lemma, then, for every k € N, it holds h%(^ = 
h\ = = hJg = and hence p.2.5p is actually an equality. In fact, we prove now that also the converse holds 
true: more precisely, the equality in (|1.2.5p holds for every fc G N if and only if the 99-Lemma holds; in particular, 
this gives a characterization of the validity of the 99-Lemma just in terms of {^sclfegN' I^T12b[ Theorem B]. 

Theorem 1.25. Let X be a compact complex manifold. The equality 

(dime dime = 2 Aiuic H'^r{X-€) 

p+q=k 

holds for every k £ N if and only if X satisfies the dd-Lemma. 

Proof. If X satisfies the i99-Lemma, then the natural maps Hg^{X) H*j^{X;C), H*^^{X) H^''(X), and 
HL''{X) H'x'{X), H'^r{X- C) ^ H'x'iX) induced by the identity are isomorphisms, |DGMS75[ Remark 5.16], 
and hence, for every fe g N, one has 

h'hc = h\ = = bk 

and hence, in particular, 

hsc + h\ = 2bk. 
We split the proof of the converse into the following claims. 

Claim 1 - If + h\ — 2 bk holds for every k G N, then the Hodge and Frdlicher spectral sequences degenerate 
at the first step ( namely, Ei Eoo , that is, = bk for every k £ N) and a*^ = = J*' for every fc G N. 
Since, for every fc £ N, we have 

2bk = h%c + h\ = 2/i|+a^ + /^ > 2bk , 
then = bk and = = f^ for every fc e N. 

Claim 2 - Fix A: e N. If a''+^ T,p+q=k+i dime Ap^*? = 0, then the natural map 

p+q=k 

is surjective. 

Let o = [a] S i?^^(X;C). We have to prove that o admits a representative whose pure-type components are 
d-closed. Consider the pure-type decomposition of a: 

k 

a ^(-1)^' a'^-" , 

where a''~^'^ G A^~^'^ X. Since da = 0, we get that 

da^^^ = , da^-^'^ - da^-^-^'^+^ = for j £ {0, . . . , fc - 1} , da^-^ = ; 
by the hypothesis a^^^ = 0, for every j G {0, . . . , k — 1}, we get that, 

da''-^-^ = da''-^^^^^+^ e (imdnimd) DA'^-^'^+^X = im99 n a''""+^X 
and hence there exists jy'^^J^i'-' g a'^^^^^'-'X such that 

Define 

k-l 

T] := 51 (-1)' e a'=-1X0rC. 
j=o 
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The claim follows noting that 
a = [a] = [a + d r;] 



.k.O 



drj 



fc-l,0\ 



fc-i 



k-l 



that is, each of the pure- type components of a + d 77 is both 9-closed and 9-closed. 

Claim 3 - If h^^ > bk and h%(j + h\ — 2hk for every A: G N, then hg(j = bk for every k GN. 
If n is the complex dimension of X, then, for every fc G N, we have 



bk < hi 



2 6 



2n-k 



h 



2n-k 
BC 



< b 



2n-k 



and hence h'^^ — bk for every fc G N. 

Now, by Claim 1, we get that a'^ — for each fc G N; hence, by Claim 2, for every /c G N the natm'al map 

p+q=k 

induced by the identity is surjective, and hence, in particular, /i^p > bk- By Claim 3 we get therefore that 
^BC ~ ^'-'^ every fc G N. Hence, the natural map Hg^{X) H*p{X; C) is actually an isomorphism, which is 
equivalent to say that X satisfies the 99-Lemma. □ 



Remark 1.26. We note that, using the exact sequences (|1.2.2|) and p.2.1|) . one can prove that, on a compact 
complex manifold X and for every fc G N, 



- ( 

= {"i 



/ 



k , ^k-l 



h'' 
"-BC 



htr' 

a 



uk-1 



Remark 1.27. Note that Ei ~ Eoo is not sufficient to have the equality h^^c + = 2 6fc for every fc G N (and 
hence the 9(9-Lcmma): a counterexample is provided by small deformations of the Iwasawa manifold. 
Indeed, for small deformations of I3 in class (in), since 



4 = 61 , /i| = 8 = 62 , /4 = 10 = 63 



the Hodge and Frolichcr spectral sequences degenerate at the first step, but 
10 > 8 = 26i, h].c + h\ = 16 = 262, 



I^BC + '^^4 



28 > 20 



2 b. 



Using Theorem 11.251 we get another proof of the stability of the 9c)-Lemma under small deformations of the 
complex structure, |AT12b[ Corollary 2.7]; for different proofs of the same result by means of other techniques 
see, e.g., |Voi02[ Proposition 9.21], |Wu06[ Theorem 5.12], |Tom08l §B]. 

Corollary 1.28. Satisfying the dd-Lemma is a stable property under small deformations of the complex structure. 

Proof. Let {^tltg^ ^® ^ complex-analytic family of compact complex manifolds. Since, for every fc G N, 
the dimensions hgQ,{Xt) and h\{Xt) are upper-semi-continuous functions in t, |Sch07l Lemme 3.2], while 
the dimensions bk{Xt) are constant in t by Ehresmann's theorem, one gets that, if Xt^ satisfies the equality 
h^g(j {Xto) + h\ {Xta) = 2 6fc [Xiq) for every fc G N, the same holds true for Xt with t near t^. □ 



We recall that [DGMS75[ 5.21] by P. Dcligne, Ph. A. Griffiths, J. Morgan, and D. P. Sullivan characterizes 
the validity of the i99-Lemma on a compact complex manifold in terms of the degeneracy of the Hodge and 
Frolicher spectral sequence and of the existence of Hodge structures in cohomology. In particular, if follows 
that, on a compact complex manifold satisfying the 9i9-Lemma, one has the equality bk — Tlip+q=k ^'^^ every 
fc G N (which is equivalent to the degeneracy of the Hodge and Frolicher spectral sequence) and the symmetry 
hJ^'' = h^^ for every p, g G N. 



1.3 Cohomology computations for special nilmanifolds 



31 



Note that, on a compact complex surface X, since the Hodge and Frolicher spectral sequence degenerates 
at the first step (see, e.g., jBHPVdV04l Theorem IV.2.8]) if = th en bi = 2/ii'° is even, and hence X 
is Kahler, by |Kod64l plyTil ISiu83| . or |Lam99l CoroUaire 5.7], or |Buc99l Theorem 11]. As aheady remarked, 
the small deformations of I3 in class (in) satisfy the degeneracy condition of the Hodge and Frolicher spectral 
sequence, but they do not satisfy either the 9i9-Lemma, or the symmetry of the Hodge numbers. 

It could hence be interesting to construct a compact complex manifold (of any complex dimension greater 
than or equal to 3) such that Ei ~ E^o and = hg''' for every p,q €N but for which the 9i9-Lemma does not 

hold. A compact complex manifold X whose double complex (a*'*X, d, d) has the form in Figure 11.11 (where 
dots denote generators of the C°°(X; R)-modulc A''*X, horizontal arrows are meant as d, vertical ones as d and 
zero arrows are not depicted) provides such an example. 



Figure 1.1: An abstract example 



Remark 1.29. L. Ugarte informed us that M. Ceballos, A. Otal, he himself, and R. Villacampa have found such 
an example among the 6-dimensional nilmanifolds endowed with left-invariant complex structures: they provided 
a complete classification, up to equivalence, of the linear integrable complex structures on 6-dimensional nilpotcnt 
Lie algebras in [C0UV12] , where they also studied some applications of their classification. 



1.3 Cohomology computations for special nilmanifolds 

We are now interested in studying the Bott-Chern and Aeppli cohomologies in the special case of left-invariant 
complex structures on nilmanifolds and solvmanifolds. 

In this section, we firstly recall some results concerning the computation of the de Rham cohomology and of the 
Dolbcault cohomology, for nilmanifolds and solvmanifolds, endowed with left-invariant complex structures, (jl.3.2l 
referring to [Nom54[ lHat60] , respectively |Sak76l ICFGUOOl ICFOli IRol09al IRollla] : then, we state and prove the 



results obtained in Angll about the computation of the Bott-Chern and Aeppli cohomologies. Theorem 11.371 
Theorem ll.421 Using these tools, one can compute the do Rham, Dolbcault, Bott-Chern and Aeppli cohomologies 
for the Iwasawa manifold and for its small deformations, t|1.4.21 91.4.31 91.4.41 



1.3.1 Left-invariant complex structures on solvmanifolds 

We start by recalling some facts and notations concerning left-invariant complex structures on solvmanifolds. 

Let X = r\ G be a solvmanifold, that is, a compact quotient of a connected simply-connected solvable Lie 
group G by a discrete and co-compact subgroup F; the Lie algebra naturally associated to G will be denoted by 
Q and its complexification by qc := g (K)r C. We recall that, dealing with G-lcft-invariant objects on X, we mean 
objects on X obtained by objects on G that are invariant under the action of G on itself given by left-translations; 
note that G-left-invariant objects on X are uniquely determined by objects on q. In particular, a G-left-invariant 
complex structure J on X is uniquely determined by a linear complex structure J on g satisfying the integrability 
condition Ni j j = 0, [NN57[ Theorem 1.1]; the set of G-left-invariant complex structures on X is denoted by 

C (g) := { J e End (g) : = - idg and Nijj = 0} . 



Recall that the exterior differential d on X can be written using only the action of T{X; TX) on C°°{X) 
and the Lie bracket of the Lie algebra of vector fields on X: more precisely, recall that, if £ f\^X and 
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Xo, . . . , Xfe e {X; TX), then 



d^(Xo,...,Xfc) = ^ (-!)■'■ X,^(Xo,...,X,_i,X,+i,...,Xfe) 



0<j<h<fc 



Hence one has a differential complex (A'g*, d), which is isomorphic, as a differential complex, to the differential 
subcomplex (Af„^X, d[A«^^x) of (A*X, d) given by the G-left-invariant forms on X. 

If a G-left-invariant complex structure on X is given, then one also has the double complex (A'^'gJ^, d, d), 
which is isomorphic, as a double complex, to the double subcomplex (^a'^'X^ ^^La'-'X; ^La'-'.y) of (a*'*X, 9, d) 

given by the G-lcft-invariant forms on X . 

Finally, given a G-left-invariant complex structure on G and fixed p, g € N, one also has the following 
complexes and the following maps of complexes: 



-^^—^ AP-iX 1 /\P+i+\X; C) 



AP+«+i0£ 



p~l,q-l Y dd ^ p,q y d p+g+1 



/^X ^Af+r^(X;C) : 



(1.3.1) 



and 



AP-l'^g* © AP^9-lg* 2±1^ AP^9g* AP+l'«+l£ 



AL''«X©Af:;r'X 



9+9 



9+9 



Ainv^ 



99 



-l.q+1 



X 



99 



AP+i'«+iX 



(1.3.2) 



For tt G {9, 9, BC, A} and K e {M,C}, we will write i/*^(fl;IK) :=: H'j^{q;K) and iJ*'* (gc) to denote 
the cohomology groups of the corresponding complexes of forms on g, which are isomorphic to the cohomology 
groups of the corresponding complexes of G-left-invariant forms on X. The rest of this section is devoted to the 
problem whether these cohomologies are isomorphic to the corresponding cohomologies on X. 



1.3.2 Classical results on computations of the de Rham and Dolbeault cohomolo- 
gies 

In this section, we collect some results, by K. Nomizu |Nom54j . A. Hattori [Hat60j . S. Console and A. Fino 
ICFOlj, Y. Saka nc [Sak76J, L. A. Cordero, M. Fernandez, A. Gray and L. Ugarte |CFGUOO| . S. RoUenske 
|Rol09a[ IRoUlal iRolOQbJ , concerning the computation of the de Rham cohomology and the Dolbeault cohomology 
for nilmanifolds and solvmanifolds, endowed with left-invariant complex structures. 

First of all, we recall the following result, concerning the de Rham cohomology: it was firstly proven by K. 
Nomizu for nilmanifolds, and then generalized by A. Hattori to the case of completely-solvable solvmanifolds. 

Theorem 1.30 f [Nom54[ Theorem 1], }Hat60[ Corollary 4.2]). Let X = r\G be a nilmanifold, or, more m 
general, a completely-solvable solvmanifold, and denote the Lie algebra naturally associated to G by Q. The map 
of differential complexes (A'g*, d) — >■ (A* A", d) is a quasi- isomorphism: 

A counterexample in the non-completely-solvable case was provided by P. de Bartolomeis and A. Tomassini 
in |dBT06l Corollary 4.2, Remark 4.3], studying the Nakamura manifold, |Nak75[ §2]. 
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Similar results hold for the Dolbeault cohomology of nilmanifolds endowed with certain left-invariant complex 
structures; |Con06| and [Rollla] are recent surveys on the known results. (Some results about the Dolbeault 
cohomology of solvmanifolds have been recently proven by H. Kasuya, see |Kasl2j .) 

First of all, we recall the following lemma by S. Console and A. Fino, |CF01| : the argument used in the proof 
can be generalized to Bott-Chern and Aeppli cohomologies, see Lemma [1.361 

Lemma 1.31 f |CF01[ Lemma 9]). Let X = T\G be a nilmanifold endowed with a G -left-invariant complex 
structure J, and denote the Lie algebra naturally associated to G by g. For any p E N, the map of complexes 
(A'''*0£, 9) ^ (A^'*X, 9) induces an injective homomorphism i in cohomology: 

For an arbitrary G-lcft-invariant complex structure on a nilmanifold X = T\G, it is not known whether 
i: H^'' (gc) ^ actually is an isomorphism, but some results are known for certain classes of G-left- 

invariant complex structures. 

Theorem 1.32 (; [Sak76[ Theorem 1], [CFGUOOi Main Theorem], [CFOll Theorem 2, Remark 4], |Rol09al The- 
orem 1.10], [RoUlai Corollary 3.10]). Let X = T\G be a nilmanifold endowed with a G -left-invariant complex 
structure J, and denote the Lie algebra naturally associated to G by g. Then, for every p E N, the map of 
complexes 

{AP^'g*C, d) ^ (AP'*X, d) (1.3.3) 

is a quasi-isomorphism, namely, 

i:H'-' {gc)^H'-\X), 

provided one of the following conditions holds: 

• X is holomorphically parallelizable; 

• J is an Abelian complex structure; 

• J is a nilpotent complex structure; 

• J is a rational complex structure; 

• admits a torus-bundle series compatible with J and with the rational structure induced by T ; 

• dimRg = 6 and g is not isomorphic to \)^ (O'^, 12, 13, 23). 

We recall, (see, e.g., |Rol09a[ Definition 1.5],) that, given a nilpotent Lie algebra g, a rational structure for g 
is a Q- vector space 0q such that 0q®qM = g. A sub-algebra f) of g is said to be rational with respect to a rational 
structure 0q if the Q- vector space f) flflQ of f) is a rational structure for {). If G is the connected simply-connected 
Lie group associated to g, then any discrete co-compact subgroup F of G induces a rational structure for g, given 
by QlogF. 

Consider a G-left-invariant complex structure on a nilmanifold X = r\G with associated Lie algebra g; we 
recall that: 

• J is called holomorphically parallelizable if the the holomorphic tangent bundle is holomorphically trivial, 
see, e.g., jWan54[ [NaTfS] : 

• J is called Abelian if [Jx, Jy] = [x, y] for any x, y g g, see, e.g., |BDMM95[ lABDMllj : 

• J is called nilpotent if there exists a G-left-invariant co-frame {w^, . . . ,a; "} for {T^^^Xy with respect to 
which the structure equations of X are of the form 

h<k<j h,k<j 

with \Aif^, BlA c C, see, e.g, jCFdUnn) : 

• J is called rational if J (^q) C where is the rational structure for q induced by F, see, e.g., |CFQ1| . 



34 



Cohomology of complex manifolds 



We recall also the following definitions, [Rol09a[ Definition 1.8]. An ascending filtration {iS^gj^.^^g on g is 
called a torus-bundle series compatible with a linear complex structure J on q and a rational structure gq for g if, 
for every j e {1, . . . , fc}, it holds that (i) g is rational with respect to qq and an ideal in S^~^^q, (ii) JS^q = S^g, 
and (Hi) S^^^g/ g is Abelian. If, in addition, it holds that (iv) S^^^g/ S^g is contained in the center of g/ S^g, 
then {iS-'gl^.g^p is called a principal torus-bundle series compatible with J and gq. Finally, an ascending 
filtration {<S-' g} ^^^^^ on g is called a stable (principal) torus-bundle series if it is a (principal) torus-bundle 
series compatible with J and gq for any complex structure J and for any rational structure gq. By S. RoUenske's 
theorem |Rol09a[ Theorem B], every 6-dimensional nilpotent Lie algebra except t)j := (O^, 12, 13, 23) admits a 
stable torus-bundle series. 

The property of computing the Dolbeault cohomology using just left-invariant forms turns out to be open 
along curves of left-invariant complex structures: this was proven by S. Console and A. Fino, |CF01| . 

Theorem 1.33 f |CF011 Theorem 1]). Let X ~ T\G be a nilmanifold endowed with a G -left-invariant complex 
structure J , and denote the Lie algebra naturally associated to G by g. Let U C C{g) be the subset containing the 
G -left- invariant complex structures J on X such that the inclusion i is an isomorphism: 

U := {jeC(0) : i:H'-'{gc)^H'-'{X)] <ZC{g). 

Then lA is an open set in C (g). 

The strategy of the proof consists in proving that the dimension of the orthogonal of H^'* (gq) in H^'*{X) 
with respect to a given J-Hermitian G-lcft-invariant metric on A" = r\ G is an uppcr-scmi-continuous function 
in J G C (g) and thus, if it is zero for a given J £ C (g), then it remains equal to zero in an open neighbourhood 
of J in C(g). Wc will use the same argument in proving Theorem 11.421 which is a slight modification of the 
previous result in the case of the Bott-Chern cohomology. 

The aforementioned results suggest the following conjecture. 

Conjecture 1.34 f [Rollla[ Conjecture 1]; sec also jCFGUOOi page 5406], jCFOli page 112]). Let X ^ r\G be a 

nilmanifold endowed with a G -left-invariant complex structure J , and denote the Lie algebra naturally associated 
to G by g. Then, for any p G N, the map of complexes (jl.3.3p is a quasi- isomorphisms, that is, 

z:H^'' (0c)4i/-'-(A). 

Note that, since i is always injective by [CFOli Lemma 9], this is equivalent to asking that 

dime (gc))^ = 0, 

where the orthogonality is meant with respect to the inner product induced by a given J-Hcrmitian G-left- 
invariant metric g on X . 

Finally, as an application of the previous results, we recall the following theorem by S. RoUenske, concerning 
the deformations of left-invariant complex structures on nilmanifolds. 

Theorem 1.35 ( |Rol09bl Theorem 2.6]). Let X = T\G be a nilmanifold endowed with a G -left-invariant complex 
structure J , and denote the Lie algebra naturally associated to G by g. Suppose that, for p = 1, the map of 
complexes (jl.3.3p is a quasi-isomorphism: i: -ff^'* (flc) ^ H^'^{X) for every q G N. Then all small deformations 
of the complex structure J are again G -left-invariant complex structures. More precisely, the Kuranishi family of 
X contains only G -left-invariant complex structures. 

1.3.3 The Bott-Chern cohomology on solvmanifolds 

We recall here the results obtained in |Angll| , concerning the computation of the Bott-Chern cohomology for 
nilmanifolds and solvmanifolds. 

Firstly, we prove a slight modification of [CFOll Lemma 9] proven by S. Console and A. Fino for the Dolbeault 
cohomology: we repeat here their argument for the case of the Bott-Chern cohomology, |Angll[ Lemma 3.6]. 

Lemma 1.36. Let X ~ T\G be a solvmanifold endowed with a G -left-invariant complex structure J, and denote 
the Lie algebra naturally associated to G by g. The map of complexes (jl.3.ip induces an injective homomorphism 
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Proof. Fix p,q gN. Let g be a J-Hermitian G-left-invariant metric on X and consider the induced inner product 
( 'I •■) on A*'*X. Hence, both d, d, and their adjoints d*, d preserve the G-left-invariant forms on X and therefore 
also Asc* does. In such a way, we get a Hodge decomposition also at the level of G-left-invariant forms: 

A'^'^flc = ker AbcLaP'-jb* ® im99[AP-i,9-igj© (im 9* [ap+I'-jj,* + im 9* LAP-f+igj) • 

Now, take [w] e H^'^ (gc) such that i [w] = in H^'^,{X), that is, cj is a G-left-invariant (p, g)-form on X and 
there exists a (possibly non-G-left-invariant) (p — 1, g — l)-form on X such that w = ddrj. Up to zero terms in 
-^BC (Oc), we may assume that r/ G (i (AP''?gJ))^ C A^'^X. Therefore, since 9 d*ddri is a G-left-invariant form 
(being ddi] a G-left-invariant form), we have that 

= (d*d*ddrj 77 J) = ||9a?/f = ||a;f 

and therefore a; = 0. □ 

The second general result says that, if the Dolbeault and de Rham cohomologies of a solvmanifold are 
computed using just left-invariant forms, then also the Bott-Chern cohomology is computed using just left- 
invariant forms, [Angll Theorem 3.7]. The idea of the proof is inspired by |Sch07l §l.c], where M. Schweitzer 



used a similar argument to explicitly compute the Bott-Chern cohomology in the special case of the Iwasawa 
manifold. 

Theorem 1.37. Let X = T\G be a solvmanifold endowed with a G-left-invariant complex structure J, and 
denote the Lie algebra naturally associated to G by q. Suppose that 

i: Hl^{Q-<C) 4 Hl^{X-(C) and i: H^' (gc) 4 H^\X) . 

Then also 

*:i?*'*(0c)4iJ*'*(X). 

Proof. Fix p, g S N. We prove the theorem as a consequence of the following claims. 

Claim 1 - It suffices to prove that ""dnA^'''X computed using just G-left-invariant forms. 

Indeed, we have the exact sequence 

imdn AP'«X 
l99 



^ ^ H^shiX) ^ mPiX; C) 



and, by hypothesis, H*j^{X; C) can be computed using just G-left-invariant forms. 

Claim 2 - Under the hypothesis that the Dolbeault cohomology is computed using just G-left-invariant forms, if 
ip is a G-left-invariant d-closed form, then every solution (j) of d(j) = ip is G-left-invariant up to d-exact terms. 
Indeed, since [tj}] = in H^''{X), there is a G-left-invariant form a such that t/j = da. Hence, (j) — a defines a 

class in H^''{X) and hence — a is G-left-invariant up to a 9-exact form, and so (j) is. 

Claim 3 - Under the hypothesis that the Dolbeault cohomology is computed using just G-left-invariant forms, the 

space ™dnA_ x computed using just G-left-invariant forms. 

Consider 

PI A A ■ n-^ ^ imdn AP'^X 

ujP'^ = dr] mod imoo G = . (1.3.4) 

imdd 

Decomposing rj =: J2p q '7^'^ i^i pure-type components, the equality (|1.3.4p is equivalent to the system 







= 


mod 


im dd 












= 


mod 


im dd 


for 


^ e {1,. 


.,9-1} 






= LjP-'l 


mod 


im dd 








Qj^e,p+q-e-i _ 




= 


mod 


im dd 


for 










= 


mod 


im dd 









Applying several times Claim 2, we may suppose that the forms ri^^P+i^^^^ ^ with £ £ {0, ... ,p — 1}, are G-left- 
invariant: indeed, they are G-lcft-invariant up to i9-cxact terms, but 9-exact terms give no contribution in the 
system, since it is modulo im9i9. Analogously, using the conjugate version of Claim 2, we may suppose that the 
forms 7^P+9-^-i.^^ with £ £ {0, . . . , q~l}, are G-left-invariant. Then we may suppose that ujP''^ = driP''^~^ -\-drf~^''' 
is G-left-invariant. □ 
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Remark 1.38. Let X = r\ G be a solvmanifold endowed with a G-left-invariant complex structure J, and denote 
the Lie algebra naturally associated to G by g. Note that, if the map of complexes i: (A^^'g^, 9) — > (A^^'X, 9) 
is a quasi-isomorphism for every p G N, that is, 

then also the map of complexes i: (A'g*, d) — >■ (A*X, d) is a quasi-isomorphism, that is. 

Indeed, the map of double complexes i: (A*'*g£, i9, 9) — > (A*^*X, 9, 9) induces a map between the corre- 
sponding Hodge and Frolicher spectral sequences: 

z: {(£;;'• (0c),d,.)UN^{(^rW>d.)UN ■ 
Since, see, e.g., jMcCOll Theorem 2.15], 

El' {qc) ^ H'/ {q) ^ HIM and {X) :^ H'/ {X) ^ H'^j,iX-C) . 

one gets that, if i: E\'* (gc) — ^ E^* {X) is an isomorphism, then also i: H*j^ {qc) H*j^{X;C) is an isomor- 
phism, see, e.g., jMcCOli Theorem 3.5]. 

As a corollary of |Nom54[ Theorem 1], |Sak76l Theorem 1], jCFGUOOi Main Theorem], [CFOll Theorem 2, 
Remark 4], [Rol09a[ Theorem 1.10], [Rolllal Corollary 3.10], and Theorem 11.371 we get the following result, 
lAngllj Theorem 3.8]. 

Theorem 1.39. Let X = T\G be a nilmanifold endowed with a G-left-invariant complex structure J, and denote 
the Lie algebra naturally associated to G by g. Suppose that one of the following conditions holds: 

• X is holomorphically parallelizable; 

• J is an Abelian complex structure; 

• J is a nilpotent complex structure; 

• J is a rational complex structure; 

• g admits a torus-bundle series compatible with J and with the rational structure induced by T ; 

• dimg g = 6 and g is not isomorphic to f)7 := (O'^, 12, 13, 23). 

Then the de Rham, Dolbeault, Bott-Chern and Aeppli cohomologies can be computed as the cohomologies of the 
corresponding subcomplexes given by the space of G-left-invariant forms on X ; in other words, the inclusions 
of the several subcomplexes of G-left-invariant forms on X into the corresponding complexes of forms on X are 
quasi- isomorphisms: 

f:/Jrf*^(g;M) 4 iJ,*ji(X;R) and i: H^' {qc) 4 H;'' {X) , 
for^e{d, d, BG, A}. 

Remark 1.40. Note that Theorem 11.391 and [Hat60[ Corollary 4.2], allow to straightforwardly compute the de 
Rham, Dolbeault, Bott-Chern, and Aeppli cohomologies of nilmanifolds, endowed with certain left-invariant com- 
plex structures, respectively the de Rham cohomology of completely-solvable solvmanifolds, just by computing 
the space of left-invariant (A, or □, or Abc^ or A^-)harmonic forms with respect to a left-invariant Riemannian, 
or Hermitian, metric. 

Indeed, suppose that X is a nilmanifold, endowed with a left-invariant complex structure, or a completely- 
solvable solvmanifold, satisfying i: i7*^ (g;M) H'j^{X;'R), or i: H''* (qc) H*'* {X), for some jj G 
{3, 9, BG, A}. Let g he a left-invariant Riemannian, or Hermitian, metric on X. Hence, the operators A, 
□, Asci A A send the subspace of left-invariant forms to the subspace of left-invariant forms, and induce the 
self-adjoint operators 

A e End(A*g*) , □ £ End(A*^*g|;) , Kbc S End(A*^*gy , A^ G End(A*'*g|;) , 
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with respect to the inner products (•, ••) induced by g on the space A*g* and on the space A*'*£|p. Hence, one 
gets the orthogonal decompositions 

A* 0* = kerAeimA, A*'* = kerDeimn, 

A'^'flc = kerAijc ffiimAijc , A*'* 0c = kerAA©imA^ 

(one could argue also by using the F. A. Belgun symmetrization trick |BelOO[ Theorem 7]). It follows that 
F^^(0;R) ~ kcrA, H^' {qc) - kerD, i^s'* (flc) - ker Asc , H'x' {qc) - ker A^ . 

Remark 1.41. Let X = T\G he a. 2n-dimcnsional solvmanifold endowed with a G-left-invariant complex 
structure J, and denote the Lie algebra naturally associated to G by 0. The map of complexes (jl.3.2p induces 
an injective homomorphism 

i:H'/ {qc)-^H'/{X). 

Furthermore, if i: Hg^ (gc) ^ H*^q(X), then the map of complexes p.3.2p is a quasi-isomorphism, that is, 

i:H'/ {gc)^H'/{X). 

Indeed, fix a G-left-invariant Hermitian metric g on X. Recall that 

is an isomorphism, |Sch07l §2.c]. Analogously, note that, by Remark 1 1 . 401 and since g is G-left-invariant, the map 
*: A*^'*^ 0c ^ A"~*^'"~*i0£ induces an isomorphism 



Note also that the diagram 



H\^''^ (flc) 

rrn— •2,n— •! / n ^ tr"— •2-"— •! / 

commutes, since g is G-left-invariant. Since the map i : H^^'^'" *^ (gc) ^ ^bc*^ " *^ i-^) injective by Lemma 
then also the map H\'''^ (0c) ^ iJ*''*=(X) is injective. If i: iJ^c"'""" (flc) ^ iJ^c"'"'*' (^) is actually 
an isomorphism, then also i: H^''^ (gc) H^''^{X) is an isomorphism. 

A slight modification of |CF01[ Theorem 1] by S. Console and A. Fino gives the following result, which says 
that the property of computing the Bott-Chern cohomology using just left-invariant forms is open in the space 
of left-invariant complex structures on solvmanifolds, |Angll[ Theorem 3.9]. 

Theorem 1.42. Let X — T\G be a solvmanifold endowed with a G-left-invariant complex structure J, and 
denote the Lie algebra naturally associated to G by Q. Let jj £ {9, d, BC, A}. Suppose that 

i:H;;igc) 4 h;-;{x) . 

Then there exists an open neighbourhood U of J in C (q) such that any J £U still satisfies 

i:if*;(0c) 4 Hi;{X) . 

In other words, the set 

U := [j eC{Q) : i:H;-;igc) ^ H;;' {X)} 

is open in C (g). 

Proof. As a matter of notation, for e > small enough, we consider 

{{X, Jt) : A(0,e)}^ A(0,e) 
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a complex-analytic family of G-left-invariant complex structures on X, where A(0,e) := {t G C™ : \t\ < e} for 
some m e N\ {0}; moreover, let {gt}t(zA{o ^'^ ^ family of Jj-Hermitian G-left-invariant metrics on X depending 

smoothly on t. We will denote by dt := dj^ and :~ ^*gtdj^*gt the d operator and its gj-adjoint respectively for 
the Hermitian structure (Jt, gt) and wc set At := Aj^^ one of the differential operators involved in the definition 
of the Dolbeault, conjugate Dolbeault, Bott-Chern or Aeppli cohomologies with respect to (J*, gt); we remark 
that Ai is a self-adjoint elliptic differential operator for all the considered cohomologies. 

By hypothesis, we have that {h''' (gc)^ = {0}, where the orthogonality is meant with respect to the inner 

product induced by go, and wc have to prove the same replacing with t G A(0, e). Therefore, it will suffice to 
prove that 

A(0, e)3t^ dime (^T*;* (sc))^ e N 

is an upper-semi-continuous function at 0. For any t G A(0, e), being Aj a self-adjoint elliptic differential operator, 

there exists a complete orthonormal basis {ei{t)}i^i of eigen-forms for At spanning (A*^*0c)''~j the orthogonal 
complement of the space of G-left-invariant forms, see |KS60[ Theorem 1]. For any i G / and t G A(0,£), let 
ai{t) be the eigcn-value corresponding to ei(t); Aj depending differentiably on t G A(0,e), for any i G I, the 
function A(0, e) B 1 1-^ ai{t) G C is continuous, see |KS60l Theorem 2]. Therefore, for any to G A(0,e), choosing 
a constant c > such that c ^ {diita) : i G /}, the function 

^-c: A(0,e) N , i i-^ dim span {e^ (t) : a,,{t) < c] 

is locally constant at to; moreover, for any t G A(0, e) and for any c > 0, we have 

^,{t) > dimc(i?;;;(0c))^ . 

Since the spectrum of At^ has no accumulation point for any to G A(0,e), see |KS60l Theorem 1], the theorem 
follows choosing c > small enough so that ^'c(O) — dime [Ha'' (flc)) ■ 



In particular, the left-invariant complex structures on nilmanifolds belonging to the classes of Theorem II. 391 
and their small deformations satisfy the following conjecture, |Angll[ Conjecture 3.10], which generalizes Con- 
jecture [OH 

Conjecture 1.43. Let X ~ T\G be a nilmanifold endowed with a G-left-invariant complex structure J, and 
denote the Lie algebra naturally associated to G by q. Then the de Rham, Dolbeault, Bott-Chern and Aeppli 
cohomologies can be computed as the cohomologies of the corresponding subcomplexes given by the space of G-left- 
invariant forms on X, that is, 

dimR (H"*^ (0;R))"^ = and dime (h*'* (gc)) = 0, 

where G {9, d, BC, A\, and the orthogonality is meant with respect to the inner product induced by a given 
J -Hermitian G-left-invariant metric g on X . 



1.4 The cohomologies of the Iwasawa manifold and of its small de- 
formations 

The Iwasawa manifold is one of the simplest example of non-Kahler complex manifold: as such, it has been 
studied by several authors, and it has turned out to be a fruitful source of interesting behaviours, see, e.g., 
[FCMl IM751 IXB901 iBiiMl IA(;S971 IKSMI lYeOSl MFfl [mTl |Angll[ MI] . 

In this section, we recall the construction of the Iwasawa manifold 91.4. 11 see, e.g., |FG86| . |Nak75[ §2], and 
of its Kuranishi space, tjl.4.H see |Nak75[ §3]; then we write down the dc Rham cohomology, jjl.4.21 and the 
Dolbeault cohomology jjl.4.3l (using |Nom54[ Theorem 1], and |Sak76[ Theorem 1] and [CFOll Theorem 1]), and 
we compute the Bott-Chern and Aeppli cohomologies, til. 4. 41 (using Theorem 11.391 and Theorem 11.42p . of the 
Iwasawa manifold and of its small deformations. 
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1.4.1 The Iwasawa manifold and its small deformations 
The Iwasawa manifold 

Let H(3; C) be the 3-dimensional Heisenberg group over C defined by 




H(3;C) := < 1 \ eGL(3;C) : z\ z', z-" e 



where the product is the one induced by matrix multiplication. (Equivalently, one can consider H(3;C) as 
isomorphic to (C'^, where the group structure * on is defined as 

(■zi, Z2, zs) * {wi, W2, W3) := {zi+wi, Z2 + W2, z:i + Z1W2 + wz) ■) 

It is straightforward to prove that IHI(3; C) is a connected simply-connected complex 2-step nilpotent Lie group, 
that is, the Lie algebra (()3, [•, ••]) naturally associated to IHI(3;C) satisfies [[}3, 1)3] ^ and [[}3, [f)3, = 0. 
One finds that 

' := dz^ 

(^2 := dz2 
(^•^ :— dz'^ — z^ dz^ 

is a EI(3; C)-left-invariant co-frame for the space of (1, 0)-forms on EII(3; C), and that the structure equations with 
respect to this co-frame are 

d(pi = 

Consider the action on the left of H (3; Z [i]) := H(3; C)nGL (3; Z [i]) on H (3; C) and take the compact quotient 

I3 := H(3;Z[i])\H(3;C) . 

One gets that I3 is a 3-dimcnsional complex nilmanifold, whose (H(3; C)-lcft-invariant) complex structure Jo is 
the one inherited by the standard complex structure on C'^; I3 is called the Iwasawa manifold. 

The forms (p>^, ip^ and tp"^ , being ]HI(3; C)-left-invariant, define a co-frame also for (T^'^Is)*. Note that I3 
is a holomorphically parallelizable manifold, that is, its holomorphic tangent bundle is holomorphically trivial. 
Since, for example, p'^ is a non-closed holomorphic form, it follows that I3 admits no Kahler metric. In fact, one 
can show that I3 is not formal, having a non-zero Massey triple product, see [FG86[ page 158]; therefore the 
underlying differentiable manifold of I3 has no complex structure admitting Kahler metrics, see [DGMS751 Main 
Theorem], even though all the topological obstructions concerning the Betti numbers are satisfied. Nevertheless, 



I3 admits the balanced metric uj := X]j=i ^ '^^ ■ 

We sketch in Figure \T?2\ the structure of the finite-dimensional double complex (a*'* (f)3 0r C)* , 9, 9): the 
dots denote a basis of A*'* (f)3 ®^ C)*, horizontal arrows are meant as 9, vertical ones as d and zero arrows are 
not depicted. 



Small deformations of the Iwasawa manifold 

I. Nakamura classified in [Nak75[ §2] the three-dimensional holomorphically parallelizable solvmanifolds into four 
classes by numerical invariants, giving the Iwasawa manifold I3 as an example in the second class. Moreover, he 
explicitly constructed the Kuranishi family of deformations of I3, showing that it is smooth and depends on 6 
effective parameters, jNak75l pages 94-95], compare also |Rolllb[ Corollary 4.9]. In particular, he computed the 
Hodge numbers of the small deformations of I3 proving that they have not to remain invariant along a complex- 
analytic family of complex structures, [Nak75[ Theorem 2], compare also |Ye08[ §4]; moreover, he proved in this 
way that the property of being holomorphically parallelizable is not stable under small deformations, [Nak75[ 
page 86], compare also |Rolllb[ Theorem 5.1, Corollary 5.2]. 

Firstly, we recall in the following theorem the results by I. Nakamura concerning the Kuranishi space of the 
Iwasawa manifold. 
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Figure 1.2: The double complex (a*^* ([}3 ®r C)* ,d,d). 



Theorem 1.44 (; [Nak75[ pages 94-96]). Consider the Iwasawa manifold I3 := H (3; Z [i])\EI(3; C). There ex- 
ists a locally complete complex- analytic family of complex structures {Xt ~ (I3, Jt)}teA(o s)' deformations 0/I3, 
depending on six parameters 

t = (til, ii2, t2i, i22, tsi, ^32) e A(0,£) c C^ 

where e > is small enough, A(0,e) := |s G : |s| < e}, and Xq ~ I3. 
A set of holomorphic coordinates for Xt is given by 

(3 .= c\t) := z^ + Y.l=Ahk+t2kZ^)-z'' + A{z\-z^)-^D{t)z^ 
where 



and 




For every t G A(0,e), the universal covering of Xt is C'^; more precisely, 

Xt = rt\c3 , 

where Tt is the subgroup generated by the transformations 

(c^c^c^) ^"^'^^'"^^ (c^c^c^) , 

varying (w"'", uP' , w'^) G where 

' ~e ■■= e + {^^+tu^^+ti2^^) 

C^^ + {uJ^ + tsi + t32 + 

+ {t21 + ^22 W^) (C^ +LU^)+A {Ul\ LU^) - D (t) 

Remark 1.45. Note that, by |Rolllb[ Theorem 4.5], ii X = r\ G is a holomorphically parallelizable nilmanifold 
and G is v-stcp nilpotent, then Kur(X) is cut out by polynomial equations of degree at most furthermore, by 
jRoUlbl Corollary 4.9], the Kuranishi space of X is smooth if and only if the associated Lie algebra to G is a 
free 2-step nilpotent Lie algebra, i.e., g ~ bm with m = dime H^'^{X), where bm '■= C™ © A^C"' with Lie bracket 
[oi + 61 A Ci, 02 + 62 A C2] := ai A 02 for oi, 61, Ci, 02, 62, C2 G C™. 
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According to the classification by I. Nalcamura, the small deformations of I3 are divided into three classes, 

(i), (a), and (iii)^ in terms of their Hodge numbers: such classes are explicitly described by means of polynomial 

relations in the parameters, see |Nak75[ §3]. As we will see in jjl.4.41 it turns out that the Bott-Chcrn cohomology 

2 2 

yields a finer classification of the Kuranishi space of I3; more precisely, hgfj assumes different values within class 
(a), respectively class (Hi), according to the rank of a certain matrix whose entries are related to the complex 
structure equations with respect to a suitable co-frame, whereas the numbers corresponding to class (i) coincide 
with those for I3: this allows a further subdivision of classes (ii) and (in) into subclasses (ii.a), (ii.b), and (Hi. a), 
(iii.b). 

More precisely, the classes and subclasses of this classification arc characterized by the following values of the 
parameters: 

class (i) til = ti2 = hi = h2 = 0; 

class (ii) L» (t) = and (tn, t^, t2i, ^22) ¥^ (0, 0, 0, 0): 

subclass (ii.a) D (t) = and rkS* = 1; 
subclass (ii.b) D (t) ~ and rk5 ~ 2; 

class (Hi) D{t) ^ 0: 

subclass (Hi. a) D (t) ^ and rkS* = 1; 
subclass (iii.b) D (t) ^ and rk5 = 2. 

The matrix S is defined by 

S ■= ( ^ ^ 

V ^11 ^22 cr2i '^12 J 

where CTj^j, o'2i, 0-22 ^ ^^^'^ G C are complex numbers depending only on t such that 
d ifl -. CT12 lpI Oil fl A <^t^ + 0-12 fl A <^t + <^2i A >fl + 0.22 'fl^'^l , 

being 

ifl := d Ct^ , := d Ct' , := d - zi d - (t^i + i22 z') d Ct' , 

see jjl.4.11 As we will show, see ^1.4. 1[ the first order asymptotic behaviour of (T12, ctj^j, (T12, ctjj, (T22 for t near 
is the following: 

' Ti2 = -l+0(|t|) 
Cll = ^21+0 (|t|) 

< <7i2 ~ i22+o(|t|) for tG classes (i), (ii) a.nd (Hi), (1-4-1) 

(721 = -tii+o(|t|) 

. Cr22 = -<12 + 0(|t|) 

and, more precisely, for deformations in class (ii) we actually have that 

' CT12 = -l+o(|t|) 

an = i2i (1 + 0(1)) 
< CT12 = ^22 (1 + 0(1)) for tG class (ii) . (1-4-2) 

(721 = -til (1+0(1)) 
. ^22 = -tl2 (1+0(1)) 

The complex manifold Xt is endowed with the Jt-Hcrmitian H(3; C)-left-invariant metric gt, which is defined 
as follows: 

3 

3 = 1 
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Structure equations for small deformations of the Iwasawa manifold 

In this section, wc give the structure equations for the small deformations of the Iwasawa manifold; we will use 
these computations in ^1.4.3l and ijl.4.4l to write the Bott-Chern cohomology of Xt, and in Theorem l2.49l to prove 
that the cohomological property of being C°°-pure-and-full is not stable under small deformations of the complex 
structure. 

Fix t G A(0, e) C C^, and consider the small deformation Xt of the Iwasawa manifold I3. Consider the system 
of complex coordinates on Xt given by 



1\Z 



+ El=lit3X + t2XZ^)z^ + A{z) 



Consider 



dci-z^ det~{hi-z^+h2 -z^)det 



as a co-frame of (1, 0)-forms on Xt (that is, as a Ft-invariant co-frame of (1, 0)-forms on C^). We want to write 
the structure equations for Xt with respect to this co-frame. 
A straightforward computation gives 

= 7 (Ct'+AiCt' + A2C? + A3C?) 
^2 = a (/io Ct^ + ^1 (1 + /i2 Cl + fl3 Ct ) 

where a, /3, 7, Xi (for i G {1,2, 3}), fij (for j G {0, 1, 2, 3}) are complex numbers depending just on t, and defined 
as follows: 

1 



1 ^ 1^22 I — hi tl2 
^21 til + ^22 ^21 



1 



7 
Ai 
A2 

A3 



1 - \tii I - a /3 (ill ti2 + ti2 ^22) - ti2 t21 
-hi (j- + ati2t2i + a \t22f^ 

a (hi h2 + h2 ^22) 



-h2 
Pi 

Ai /3 7 - hi 
I + A2/37 

A3 /3 7 - *22 



1 + Q:tl2 hi + OL 



\h2\) 



For the complex structures in the class (i)^ one checks that the structure equations (with respect to the 
CO- frame \}p\., tpti vX\) ^-re the same as the ones for I3, that is, 




for t G class (i) 
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for t G classes (ii) and (Hi) 



For small deformations in classes (ii) and (iii)^ we have that 

f d(pi = 
d^l = 

difil = (Tl2 V3j A 

+(711 A <^t + ^^12 "Pt A <^t 
+0-21 </5t ^ <^t + 0-22 '/'^ A (^^ 



where fTi2, ctij, (Ti2, f72i, (J22 £ C are complex numbers depending just on t. The asymptotic behaviour of 
o'i2, Cii, o'i2> ^21: '''22 G C is the following: 



f (712 = -l+0(|t|) 

(Til = i21+0(|t|) 

(^12 = i22+o(|t|) for 

cTnT = -tii+o(|t|) 



t G classes (i), (ii) and ('m^ , 



(1.4.3) 



. cr22 = -ti2 + 0(|t|) 

more precisely, for deformations in class (ii) we actually have that 



fl2 



12 



^21 



-l+0(|t|) 
^21 (1+0(1)) 
^22 (1+0(1)) 
-til (1 + 0(1)) 
-tl2 (1 + 0(1)) 



for t G class (ii) 



(1.4.4) 



The explicit values of (T12, ctii, cri2, 0-211 '^22 G C in the case of class (ii) arc the following, [ATlli page 416]: 

-7 + ^2lA37 + t22a.Jiz 



<7l2 



'11 



^21 7 1 + ^21^120+^22! a 



t22 7 ( 1 + ^21*12^ + K22I a 

|2 



for t G class (ii) . 

-hi 7 (^1 + ^21^120; + |i22r " ) 
-ti2 7 (1 + ^21^120; + |i22|^ 

Note that, for small deformations in class (ii), one has cri2 ^ and (ctii, (T12, cr2i, (J22) 7^ (0, 0, 0, 0). 



1.4.2 The de Rham cohomology of the Iwasawa manifold and of its small deforma- 
tions 

Recall that, by Ehresmann's theorem, every complex-analytic family of compact complex manifolds is locally 
trivial as a difFcrcntiable family of compact difFerentiable manifolds, see, e.g., [MK06[ Theorem 4.1]. Therefore 
the dc Rham cohomology of small deformations of the Iwasawa manifold is the same as the de Rham cohomology 
of I3, which can be computed by using K. Nomizu's theorem [Nom54[ Theorem 1]. 

In the table below, we list the harmonic representatives with respect to the metric go instead of their classes 
and, as usually, we shorten the notation writing, for example, ip^^ :~ ip^ A (p^ . 
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Tjk 


(i3;C) 


go-harmonic representatives 


dimc7?rf^j^(l3;C) 


ft. 


1 

— i 


1 2-1-2 


A 




— 9 


,.13 ,„23 ,^11 ,^12 21 22 13 ,„23 
V if :V jV' jV' j'/' 


Q 

O 


k 


= 3 


^123^ ^131, <pl32^ ,^231^ ^232^ ^113^ ^123^ ^213^ ^223^ ^123 


10 


k 


= 4 


^1231^ ^1232^ ^1313^ ^1323^ ^2313^ ^2323^ ^1123^ ^2123 


8 


k 


= 5 


(^12313 ^12323 ^13123 ^23123 


4 



Remark 1.46. Note that all the go-harmonic representatives of H^^{1^] M) are of pure type with respect to Jq, 
that is, they are in (A^'^Ia © A^-pIs) n A^+'Is for some p, g G {0, 1, 2, 3}; this is no more true for Jt with t ^ 
small enough, see Theorem 12.491 



1.4.3 The Dolbeault cohomology of the Iwasawa manifold and of its small defor- 
mations 

The Hodge numbers of the Iwasawa manifold and of its small deformations have been computed by I. Nakamura 
in [Nak75[ page 96]. The gt-harmonic representatives for H^' {Xt), for t small enough, can be computed using 
the considerations in (jl.3.21 and the structure equations given in (Jl.4.11 We collect here the results of the 
computations. 

In order to reduce the number of cases under consideration, recall that, on a compact complex Hermitian 
manifold X of complex dimension n, for any p, g 6 N, the Hodge-*-operator and the conjugation induce an 
isomorphism 



1-forms. It is straightforward to check that 

i7^'"(Xt) = £{^1, ifl vl) for t e class (i) 

and 

H^^{Xt) = C((^t, (f>1) for t g classes (i), (ii) and (in) . 

Since d Lpl ^ for Xt in class (ii) or in class (Hi), one has 

H^^{Xt) = C((y9t, ifil) for tG classes (ii) and (Hi) : 

this means in particular that Xt is not holomorphically parallclizable for t in classes (ii) and (Hi), [Nak75[ 
pages 86, 96]. 

Summarizing, 



dimci/i'°(Xt) = 
and 



3 for t G class (i) 

2 for t G classes (ii) and (Hi) 



dime -H^'"'^(Xt) = 2 for tG classes (i), (ii) a.Tid (Hi). 
2-forms. A straightforward computation yields 

i/J°(Xt) = C{^1\ ) for t G class (i) , 

H^'\Xt) = C ^l^ vf. Vl\ f?) for t G class (i) 

and 

H^^{Xt) = C/^P, ipf'\ for t G classes (i), (ii) and (Hi) . 



We now compute H^'^\Xt) for t G classes (ii) and (Hi). The H(3; C)-left-invariant (2, 0) -forms are of the 
type A ifil'^ + B + C (fl^ with A,B,C G C, so one has to solve the linear system 



\ / A\ / 
-a^i ]■[ B ] = [ 

-a,, a,-^ \ C \ 
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since the associated matrix to the system has rank for t G class (i), rank 1 for t G class (ii) and rank 2 
for t £ class (iii)^ one concludes that 

AvoYir H—'^ (Xt) —2 for t G class (ii) 

a 

(the generators being and a linear combination of tp^^ and and 

dimri^— °(Xt) = 1 for tG class (Hi) 

a 

(the generator being tfl"^). 

It remains to compute H^^{Xt) for t G classes (ii) and (Hi). For such t, one has that: three independent 

□,7^-harmonic (1, l)-forms are of the type ipi ^ + ^ ^t^ + ^ Vt^ + ^ vV' where A, B, C, D e C 
satisfy the equation 



(^11 ^12 f^99 



21 '^22 



c 



whose matrix has rank 1 for t G classes (ii) and (Hi) (while its rank is for t G class ('i^); two other 
independent Dj^ -harmonic (l,l)-forms are of the type -02 E ipl^ + F ipf^ + G(pl^ + H (pl^ where 
E, F, G, H <E C are solution of the system 



(Tl2 







~(7i2 -0'21 0'22 



F 
G 



whose matrix has rank 2 for t G classes (i)^ (ii) and (Hi)] note also that no (l,l)-form with 
component in ip^^ can be Dj^ -harmonic. Hence, one can conclude that 



a non-zero 



Summarizing, 



dime Hi' '(Xt) = 5 



dimci?|'°(Xt) = 



and 



and 



dimci?i''(Xt) 



for t G classes (ii) and (Hi) . 

3 for t G class (i) 

2 for t G class (ii) , 

1 for t G class (Hi) 

for t G class (i) 

for t G classes (ii) and (Hi) 



dime -H^'^(Xt) = 2 for tG classes (i), (ii) a,TiA (Hi). 

• 3-forms. Finally, we have to compute H^'^ i^t) and {^t)- A straightforward linear algebra compu- 
tation yields to 

H^^{Xt) = 'C{lpI^^) for tG classes (i), (ii) and (Hi) 

and 



^\^\ p\^\ pI^\ pf\ ^f^) for t G class (i) . 



It remains to compute H^^{Xt) for t G classes (ii) and (Hi). Firstly, one notes that four of the 

generators of the space of ]HI(3; C)-left-invariant (2, l)-forms that are □j^-harmonic for t G class (i) ^^^^ 
be slightly modified to get four 9 -holomorphic (2, l)-forms for t G class (ii) or class (Hi): more precisely 



SIX 

can 



one has 
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in other words, four independent □jj-harmonic (2, l)-forms are of the type ip2 C ifl'^^ + D ipl'^^ + E ipl^"^ - 
Fifl^^ + G (/?t^^, where C, D, E, F, G e C are solution of the linear system 



( cri2 



f G\ 
D 
E 
F 
V G J 



0, 



whose matrix has rank 1 for every t G classes (i), (ii) and (in). Note that one can reduce to study 
the D-harmonicity of the (2,l)-forms of the type ipi ^Vt^^ + B(pl^^: indeed, a (2, l)-form ip :=: 



2 



ipi + i'2 + H + L <Pt I where i?, L e C, is D-harmonic if and only if H ^ ~ L and both -01 and ■0: 
are D-harmonic. A (2, l)-form of the type ipi is D-harmonic if and only ii A, B C solve the linear system 



^11 '^12 

''21 ^''22 



A\ 
B I 



whose matrix has rank for t e class (i), rank 1 for t G class (ii) and rank 2 for t G class (Hi). In 
particular, one gets that 

dimciri'^(Xt) =5 for tG class (ii) 



and 

Summarizing, 
and 



dime -H^'^(^t) =4 for tG class (Hi) 



dime i?^'"(Xt) = 1 for tG classes (i), (ii) a.nd (Hi), 



for t G class (i) 



dime iJ^'"'^(Xt) = ■( 5 for t G class (ii) 

for t G class (Hi) 

1.4.4 The Bott-Chern and Aeppli cohomologies of the Iwasawa manifold and of its 
small deformations 

In this section, using Theorem 11.391 and Theorem ll.421 we explicitly compute the dimensions of H^^{Xt), for t 
small enough, |Angll[ §5.3]: such numbers are summarized in the tables in ^1.4.51 

In order to reduce the number of cases under consideration, recall that, on a compact complex Hermitian 
manifold X of complex dimension n, for every p, g G N, the conjugation induces an isomorphism H^q{X) ^ 
HgQ^X), and the Hodge-*-operator induces an isomorphism Hg^{X) ^ furthermore, note that 

HP^ci^) - ker(d: Af'° X ^ Af+i(X; C)) 

and that 

H-'"a{X) ^ H^^'iX) . 

• 1-forms It is straightforward to check that 

i/]jp(Xt) — Ci^ifil, (fil) for t G classes (i), (ii) and (Hi) . 

• 2-forms It is straightforward to compute 

i/|°(At) - C{ipl\ vl\ iff) for t G class (i) . 

The computations for Hg^,{Xt) reduce to find ip ~ Aipl'^ + B ipl^ + C ip^^ where A, B, C G C satisfy the 
linear system 














M 







:x 


B 





-0'22 


0-12 / 
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whose matrix has rank for t e class (i), rank 1 for t e class (ii) and rank 2 for t € class (in); 
particular, we get that 

dime i?^'^(^t) = 2 for t e class (ii) 

and 

dimci^^p(Xt) — 1 for te class (^m^ 
(more precisely, for t e class (Hi) we have Hg^{Xt) = C(^ipl^)). 

It remains to compute Hg^{Xt) for t G classes (i), (ii) and (^mj. First of all, it is easy to check that 

i/]j'p(Xt) 2 C(|</j", ifl'^, ipf-, ipf^ for t e classes ("ij, (ii) and ("mj , 
and equality holds if t G class (i)^ hence, in particular, if t = 0. This immediately implies that 



so, m 



Hg^{Xt) = c(^(pl^, ipl'^, ipl^, ifil'^j for t e classes (i), (ii) and (Hi) ; 

indeed, the function t i— > dime (Xt ) is upper-semi-continuous at 0, since H^g^{Xt) is isomorphic to 
the kernel of the self-adjoint elliptic differential operator Abcj^ V^^-^Xt- (One can explain this argument 
saying that the new parts appearing in the computations for t are "too small" to balance out the lack 
for the (^-closure or the 9-closure.) From another point of view, we can note that (1, l)-forms of the type 
il) = AlpI^ ^ B ipf + C ifil^ + D tfl'^ + E Lfl^ are Ascj^ -harmonic if and only if S = and A, B, C, D e<C 
satisfy the linear system 



/ -0-12 





-0'12 








] 









— 0'12 


-0'22 






B 













0'12 







C 









V 







0-12 / 




{ D 


) 




^0/ 



whose matrix has rank 4 for every t G classes (i), (ii) and (Hi). 
3-forms It is straightforward to compute 

i7^'°(Xt) = 'C{ip\'^^) for tG classes (i), (ii) and (Hi) . 



Moreover, 



in particular. 



<j 



„121 ,„122 ,„131 ^'22 ,„123 ,„132 , '^21 „123 ,„231 , "'12 „123 „232 "'ll ,„123 



0'12 



0'12 



(^12 



0^2 



for t G classes (i), (ii) and (Hi) 



H^UXt) = C for t G class (i) . 

From another point of view, one can easily check that 

H'^^iXt) 2 'C(^ipl'^\ (/?t^^^ for t G classes (i), (ii) and (Hi) , 

and that the (2, l)-forms of the type tl^ = A ^^^a ^ 5 (^i3i q _^ ^ ^231 _^ ^ ^232 _^ ^ ^133 ^ 
Abcjj -harmonic if and only if = = G and A, B, C, D, E G C satisfy the equation 



(fl^^ are 



o'i2 0-22 —0-21 "12 "11 



/ ^ \ 

B 

C 
D 
V E J 



= 



whose matrix has rank 1 for every t G classes (i), (ii) and (Hi). Note in particular that the dimensions of 
H^^{Xt) and of H^^{Xt) do not depend on t. 
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• 4-forms It is straightforward to compute 

H^ci^t) = C(^ipl^^'\ fl^^"^) for t G classes (i), (ii) and (in) 

and 

H'f^iX,) ^ C ^Y'^ for t G class (i) . 

Moreover, one can check that 

Heci^t) ^ (^t^^^ y't"^^ 'Pf for t e classes ("ij, ("mJ and (in) , 

and that no (2,2)-form with a non-zero component in </?t^^^ can be Abc j^-^sjnnomc. For H^^,{Xt) with 
t £ classes (ii) and ('m^, we get a new behaviour: there are subclasses in both class (ii) and class (Hi), 
which can be distinguished by the dimension of Hg^(Xt)- Indeed, consider (2, 2)-forms of the type tp = 
A (fil^^^+B (fil^^^+C (fil^^^+D (fl^'^^; a straightforward computation shows that such a ?A is Abc';^ -harmonic 
if and only if A, B, C, D ^ C satisfy the linear system 

V ^22 -'^21 -<^12 <^ll 

As one can straightforwardly note, the rank of the matrix involved is for t £ class (i), while it is 1 or 2 
depending on the values of the parameters within class (ii), or within class (Hi). Therefore 

dimc-ff^p(Xt) = 7 for tG subclasses (ii.a) and (Hi. a) 

and 

dm\c H^sii-^^) ~ ^ for t£ subclasses (ii.b) 'atlA (iii.b) . 

• 5-forms Finally, let us compute Hg^,{Xt). It is straightforward to check that 

F|'2(Xt) = C{J^ti23^^ (/Jt^^^^^ <y3i^^^^) for t G classes (i), (ii) and (Hi) : 
in particular, it does not depend on t G A(0, e). 



B 
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We summarize the results of the computations above in the following theorem, |Angll[ Theorem 5.1]. 

Theorem 1.47. Consider the Iwasawa manifoldl:} :~ EI (3; Z [i])\ H(3; C) and the family {Xt = (I3, >/t)}tgA(o ^) 
of its small deformations, where e > is small enough and Xq = I3. Then the dimensions h^g^j '= h^sc (^t) ■— 
dime (Xt) = dime -ff^"^'^""^ (^t) does not depend on t G A(0, e) whenever p + q is odd or {p,q) G 
{(1,1), (3,1), (1,3)}, and they are equal to 



,1.0 


1 0,1 


2, 






,2.0 


; 0,2 


{1,2, 3} , 


,1,1 


4, 


1.3.0 
'^BC 


; 0,3 
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,2,1 ,1,2 


6, 


,3.1 
'^BC 


l1,3 

^ "sc ^ 


2, 


1,2,2 


{6, 7, 8} 


,3.2 
'^BC 


1,2,3 


3 . 







Remark 1.48. As a consequence of the computations above, we notice that the Bott-Chern cohomology 
yields a finer classification of the small deformations of I3 than the Dolbeault cohomology: indeed, note that 
dime iJ^'^ (Xt ) assumes different values according to different parameters in class (ii), respectively in class (Hi); 
in a sense, this says that the Bott-Chern cohomology "carries more informations" about the complex structure 
that the Dolbeault one. Note also that most of the dimensions of Bott-Chern cohomology groups are invariant 
under small deformations: this happens for example for the odd-degree Bott-Chern cohomology groups. 



1.4.5 Dimensions of the cohomologies of the Iwasawa manifold and of its small deformations 
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(Hi) 
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,1,0 ,0,1 


.2.0 ,1.1 ,0.2 

'^BC '^BC '^BC 


.3.0 ,2.1 ,1.2 ,0.3 

'^BC '^BC '^BC '^BC 


,3,1 ,2,2 ,1,3 

•^BC "^BC "^BC 


,3,2 ,2,3 

^^BC '^BC 


I3 and (i) 
( ii. a ) 
(ii.h) 
( Hi. a ) 
( Hi. b ) 


2 2 
2 2 
2 2 
2 2 
2 2 


3 4 3 
2 4 2 
2 4 2 
1 4 1 
1 4 1 


16 6 1 

16 6 1 
16 6 1 
16 6 1 
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2 8 2 
2 7 2 
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2 7 2 
2 6 2 


3 3 
3 3 
3 3 
3 3 
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,1,0 ,0,1 


.2.0 ,1.1 ,0.2 


,3,0 ,2.1 ,1,2 ,0.3 
hA 


,3,1 ,2,2 ,1,3 

h^' h^' 


,3,2 ,2,3 
^A h^' 


I3 and (i) 
( ii. a ) 
(ii.h) 
( Hi. a ) 
( Hi. h ) 
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3 3 
3 3 
3 3 
3 3 


2 8 2 
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16 6 1 
16 6 1 
16 6 1 


3 4 3 
2 4 2 
2 4 2 
1 4 1 
1 4 1 


2 2 
2 2 
2 2 
2 2 
2 2 
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1.5 Cohomology of orbifolds 

The notion of orbifold has been introduced by I. Satake in [Sat56| . with the name of V-manifold, and has been 
studied, among others, by W. L. Baily, [Bai56[ lBai54| . 

In this section, we start by recalling the main definitions and some classical results concerning complex orb- 
ifolds and their cohomology, and we are then interested in their Bott-Chern cohomology. Compact complex 
orbifolds of the type X = X / G, where X is a compact complex manifold and G is a finite group of biholomor- 
phisms of X , constitute one of the simplest examples of singular spaces: more precisely, we study the Bott-Chern 
cohomology for such orbifolds, proving that it can be defined using either currents or forms, or also by computing 
the G-invariant Asp-harmonic forms on X, Theorem II .551 

1.5.1 Orbifolds and cohomologies 

We first recall some classical definitions and results about orbifolds and their cohomologies, referring to |Joy07[ 
IJoyOOj ISat56l IBai56l iBaiM] (see, e.g., |Joy07i Definition 7.4.3]). 

Definition 1.49 ( [Sat56l Definition 2]). A complex orbifold of complex dimension n is a singular complex space 
of complex dimension n whose singularities are locally isomorphic to quotient singularities C"/ G, for finite 
subgroups G C GL(7i; C). 

By definition, an object (e.g., a differential form, a Riemannian metric, a Hermitian metric) on a complex 
orbifold X is defined locally at x S X as a Ga;-invariant object on C", where Gx C GL(ri,;C) is such that X is 
locally isomorphic to C"/ Gx at x. 

In particular, one gets a differential complex [a'X, d), and a double complex (a*'*X, d, d). Define the de 
Rham, Dolbeault, Bott-Chern, and Aeppli cohomology groups of X respectively as 



im dd im d + imd 

The structure of double complex of (a*'*X, d, d) induces naturally a spectral sequence {(£'•'*, dr)}^g|^, called 
Hodge and Frdlicher spectral sequence of X, such that i?*'* ~ H^'' (x) (see, e.g., |McC01[ §2.4]). Hence, one 
has the Frdlicher inequality, see |Fr655[ Theorem 2], 

dimciJfM^) > dimcFrf^fl(X;C) , 

p+q=k 

for any fc e N. 

Given a Riemannian metric on a complex orbifold X of complex dimension n, one can consider the K- 
linear Hodge-*-operator *g: A* X — > A^"^*X, and hence the 2"^^ order self-adjoint elliptic differential operator 
A := [d, d*] := d d* d* d e End A'X. 

Analogously, given a Hermitian metric on a complex orbifold X of complex dimension n, one can consider the 
C-linear Hodge-*-operator *g : A*^'*^ X A"^*^'""*^^, and hence the 2"^^ order self-adjoint elliptic differential 



operator □ 



d, d 



d d*+d* d G End A*'*X. Furthermore, following |Sch07[ §2], see also |KS60[ Proposition 



5], one can define the 4"^ order self-adjoint elliptic differential operators 

Kbc := {dd) {dd)* + {dd)* {dd) + (d*d) (d*d)* + (d*d)* (d*d) +d*d + d*d e End A*'*l 



and 

Aa := dd* +dd* + {dd)* {dd) + {dd) {dd)* + {dd*)* {dd*) + (dd*) (dd*)* e EndA*-*X . 

As a matter of notation, given a compact complex orbifold X of complex dimension n, denote the constant 
sheaf with coefficients in K over X by Mj^ , the sheaf of germs of smooth functions over X by C^, the sheaf of 
germs of {p, g)-forms (for p,q gN) over X by .AJ', the sheaf of germs of fc-forms (for k G N) over X by A'j^, the 

^n—p,n — q 



sheaf of germs of bidimension-(p, (7)-currents (for p,q gN) over X by 2?xp q sheaf of germs of 

■^xk • ^x 



dimension-fc-currents (for /c G N) over X by V-^j^ and the sheaf of holomorphic p-forms (for p G N) 



over X by fi^. 

The following result, concerning the de Rham cohomology of a complex orbifold, was proven by I. Satake, 
|Sat56| . and by W. L. Baily |Bai56] . 
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Theorem 1.50 f [Sat56l Theorem 1], |Bai56l Theorem H]). Let X be a compact complex orbifold of complex 
dimension n. There is a canonical isomorphism 

where R-^ is the constant sheaf with coefficients in R over X . 

Furthermore, given a Riemannian metric on X , there is a canonical isomorphism 

H'^r{X;R) ~ kerA. 

In particular, the Hodge-* -operator induces an isomorphism 

m^{X;R) c H',--'{X;R) . 

The isomorphism H^j^ {X;M.) ~ ker A can be seen as a consequence of a more general decomposition theorem 
on orbifolds, |Bai56[ Theorem D], which holds for 2"^^ order self-adjoint elliptic differential operators. In particular, 
as regards the Dolbeault cohomology, the following result holds. 

Theorem 1.51 ( |Bai54i page 807], |Bai56[ Theorem K]). Let X be a compact complex orbifold of complex 
dimension n. There is a canonical isomorphism 

F---(l) ^ H-^[X;n'^) , 

where is the sheaf of holomorphic p-forms over X , for p £ N. 

Furthermore, given a Hermitian metric on X , there is a canonical isomorphism 

H-'' (X) ~ kerD. 

In particular, the Hodge-* -operator induces an isomorphism 

H^'''' {X) ~ 



1.5.2 Bott-Chern cohomology of orbifolds of global-quotient-type 

Now, we will reduce to study complex orbifolds of the special type 

X = X/G, 

where X is a complex manifold and G is a finite group of biholomorphisms of X. Indeed, note that, by the S. 
Bochner linearization theorem [Boc45[ Theorem 1], see, e.g., [DKOOi Theorem 2.2.1], see also |Rai06[ Theorem 
1.7.2], X = X/G is an orbifold according to the above definition. 

Orbifolds of global-quotient- type have been considered and studied by D. D. Joyce in constructing exam- 
ples of compact 7-dimensional manifolds with holonomy G2, |Joy96b and |JoyOO[ Chapters 11-12], and exam- 



ples of compact 8-dimensional manifolds with holonomy Spin(7), |joy96a| |Joy99| and |JoyOO| Chapters 13-14] 
See also jFMOSi ICFMOSj for the use of orbifolds of global-quotient-type to construct compact 8-dimensional 
simply-connected non-formal symplectic manifolds (which do not satisfy, respectively satisfy, the Hard Lefschetz 
condition), answering to a question by I. K. Babenko and I. A. Taimanov, [BTOOl Problem]. 
Since G is a finite group of biholomorphisms, the singular set of X is 

Sing (X) ~ {xG £ X/ G : x £ X and g ■ x = x iov some g E G \ {idx}} ■ 

Remark 1.52. Not all orbifolds are global quotients X / G: a counterexample is provided by considering weighted 
projective spaces, see, e.g., |Joy07[ Definition 6.5.4]. 

In particular, for the sake of completeness, we provide in this special case a straightforward proof of |Sat56[ 
Theorem 1] and |Bai56[ Theorem H] for the de Rham cohomology, and of [Bai54[ page 807] and [Bai56[ Theorem 
K] for the Dolbeault cohomology; furthermore, we extend these results to Bott-Chern and Aeppli cohomologics. 

Theorem 1.53 f |Sat56[ Theorem 1], [Bai56[ Theorem H]). Let X = X / G be a compact complex orbifold of 
complex dimension n, where X is a complex manifold and G is a finite group of biholomorphisms of X . There 
are canonical isomorphisms 



mj,{X;R) ^ H'{X;Rj,) 



ker (d: V'X V'+^X) 
im(d: V'-^X VX) 
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Furthermore, given a Riemannian metric on X , there is a canonical isomorphism 



In particular, the Hodge-* -operator induces an isomorphism 



Proof. Wc claim that 

^ Ix ^ {A\, d) and ^ ^ {V\, d) 

are fine resolutions of the constant sheaf Mj^. Indeed, take <() a germ of a d-closed fc-form on X, with fc e N \ {0}, 
that is, a germ of a G-invariant /c-form on X; by the Poincare lemma, see, e.g., [Demi 21 1.1.22], there exists ■0 a 
germ of a (fc — l)-form on X such that <j) = dtp; since (j) is G-invariant, one has 



ordG ^ ordG 

see geG 




that is, taking the germ of the G-invariant {k — l)-form 



ordG 

see 

on X, one gets a germ of a (fc — l)-form on X such that (j) = dip- As regards the case fc = 0, it follows 
straightforwardly since every (G-invariant) d-closed function on X is locally constant. The same argument 
applies for the sheaves of currents, by using the Poincare lemma for currents, see, e.g., jDeml21 Theorem 1.2.24]. 
Finally, note that, for every fc G N, the sheaves A^^ and are fine: indeed, they are sheaves of C^-modules 
over a para-compact space. 
Hence, one gets that 



ker(d: A* 1 ^ ^'+^X) 
im(d: A— i^^A'X) 



ker (d: VX V'+'^X) 
" im(d: V-^X VX) ' 

see, e.g., |Deml2l Corollary IV.4.19, IV.6.4]. 

Consider now a Riemannian metric on X, that is, a G-invariant Riemannian metric on X. Since the elements of 
G commute with both d and d* (the Riemannian metric being G-invariant), and hence with A, the decomposition 

A'X = kerAedA'-^Xed* A'+^X 

induces a decomposition of the space of G-invariant forms, namely, 

A'X = kerAedA— ^Xed* A*+^X . 

More precisely, let a be a G-invariant form on X; considering the decomposition a :=: ha -\- d/3 + d* j with 
ha,(5,"i G A'X such that A/i^ = 0, one has 

geG \ g€G / \ g€G ] \ gi^G 

where ^SggG.9*/ia: ^T.geG9*P. 7;^T.geG9*l ^ ^'^ and 



A 



\ a<iG I geG 



Finally, note that the Hodge-*-operator * : A' X ^ A^" 'X sends A-harmonic forms to A-harmonic forms, 
and hence it induces an isomorphism 

*: HIj,{X-R) ^ Hll~' {X-R) , 
concluding the proof. □ 
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A similar argument can be repeated for the Dolbeault cohomology; more precisely, the following result holds. 

Theorem 1.54 ( [Bai54[ page 807], |Bai56[ Theorem K]). Let X ^ X / G be a compact complex orbifold of 
complex dimension n, where X is a complex manifold and G is a finite group of biholomorphisms of X. There 
are canonical isomorphisms 

ker (d: V^^'^X V^^'^+'^X) 
im (9: ^ V^'*^X) ' 



H'-'^'^ {X) ~ H'- 



Furthermore, given a Hermitian metric on X , there is a canonical isomorphism 

H-'* (X) ~ kerD. 

a ^ ' 

In particular, the Hodge-^- operator induces an isomorphism 

H^'''' {X) ~ (^x) . 

Proof. We claim that, for every p E N, 

^ ^ (^J*, 9) and 0-^17^-^ (Pj*, 9) 

are fine resolutions of the constant sheaf H^. Indeed, take (j) a germ of a 9-closed (p, g)-form (respectively, 
bidimension-(p, (7)-current) on X, with g G N \ {0}, that is, a germ of a G-invariant (jj,q)-ioTm. (respectively, 
bidimension-(p, (7)-current) on X; by the Dolbeault and Grothendieck lemma, see, e.g., [Deml2[ 1.3.29], there 
exists ip a germ of a {p,q — l)-form (respectively, bidimension-(p, q — l)-current) on X such that (j) = dip; since </> 
is G-invariant, one has 

see see \ geG 

that is, taking the germ of the G-invariant {p, q — l)-form (respectively, bidimension-(p, q — l)-currcnt) 

g&G 

on X, one gets a germ of a {p,q — l)-form (respectively, bidimension-(p, q — l)-current) on X such that — dip. 
As regards the case g = 0, it follows by the fact that every (G-invariant) 9-closed bidimension-(p, 0)-current on 
X is locally a holomorphic p-form, see, e.g., jDeml2[ 1.3.29]. Finally, note that, for every q €N, the sheaves A^j^'^ 

and are fine: indeed, they are sheaves of (^C^ (8)r -modules over a para-compact space. 



Hence, one gets that 



ker (9: A^^* X AP''+^X) 
im(d: AP-*-^ X AP-'X) 

ker {d: VP'*X -> VP '+^X) 



im((9: PP.'-IX ^ VP 'X) ' 

see, e.g., |Deml2[ Corollary IV.4.19, IV.6.4]. 

Consider now a Hermitian metric on X, that is, a G-invariant Hermitian metric on X . Since the elements of 
G commute with both d and d (the Hermitian metric being G-invariant), and hence with □, the decomposition 

A'''X = kern©9A*^— ^X©a* A*'*+iX 

induces a decomposition on the space of G-invariant forms, namely, 

A'^'X = kciDQa A'''-^ X ®d* A'''+^ X . 

More precisely, let a be a G-invariant form on X; considering the decomposition a :=: ha + dj3 + d ^ with 
ha, 13, J G A'^'X such that Dha = 0, one has 



ordG^^ lordG^'' I lordG^'''^! 1 ordG 

geG \ geG / \ geG / \ geG 
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where ^ J2geG 9*K. ^ Egec 9* P. ^ EgeG 3*7 e A'-*X and 



□ 



ord G ■ ; ord G 

aeG / gea 



Finally, note that the Hodge-*-operator * : A'^^'^X— i>A" sends □-harmonic forms to □-harmonic 

forms, where □ := [d, d*] := dd* + d*d G EndA*'*X, and hence it induces an isomorphism 

*: Hi'''' (X) £>iy»-i.«-2 fx\ 
concluding the proof. □ 

Finally, as done in Theorem 11.531 and Theorem 1 1 . 541 for the de Rham cohomology and, respectively, the Dol- 
beault cohomology, we provide the following result, concerning Bott-Chern and Aeppli cohomologics of compact 
complex orbifolds of global-quotient-type. 

Theorem 1.55. Let X = X/ G he a compact complex orbifold of complex dimension n, where X is a complex 
manifold and G is a finite group of biholomorphisms of X . For any p,q gN, there are canonical isomorphisms 



ker (d: VP^''X ^ PP+I'^X) n ker {d: V^^'^X VP-'^+'^X) 
{dd: VP-^-1-^X VP^tX) 



Furthermore, given a Hermitian metric on X , there are canonical isomorphisms 

Hg^ (X) ~ ker Abc and H'/ {X) ~ ker . 

In particular, the Hodge-* -operator induces an isomorphism 

H^-' (X) ^ i/--— (X) . 

Proof. We use the same argument as in the proof of |Angll[ Theorem 3.7] to show that, since the de Rham 
cohomology and the Dolbeault cohomology of X can be computed using either differential forms or currents, the 
same holds true for the Bott-Chern and the Aeppli cohomologies. 
Indeed, note that, for any p,q G N, one has the exact sequence 

^ ^ im (d: {VP+i-^X (g)K C) ^ {VP+1X (g)^ C)) n VP'^X 
im {dd: Vp-^i-^X Vp^iX) 

ker (d: P^'^X -> VP+^^i+^X) ker (d: {VP+'^X 0k C) {pP+'i+^X (g)R C)) 
^ im {dd: Vp-^-i-KX VpiX) ^ im (d: {Vp+i-^X ®m C) ^ {Vp+iX ®r C)) ' 

where the maps are induced by the identity. By |Sat56[ Theorem 1], see Theorem ll.531 one has 

ker (d: {VP+^X 0r C) ^ {VP+'^+^X 0r C)) ^ ker (d: {ap+^X 0r C) ^ (ap+'^+^I 0r C)) 
im (d: {VP+1-^X ®R C) ^ {VP+iX ®r C)) ~ im(d: (ap+^-iX ®r C) ^ (ap+^X ®r C)) ' 

therefore it suffices to prove that the space 

im (d: ®R C) ^ {VP+1X ®r C)) n 

im {dd: Vp^^^i-^X -> VpiX) 

can be computed using just differential forms on X. 

Firstly, we note that, since, by |Bai54[ page 807], see Theorem 11.541 

ker (d: VP'^X VP'^+^X) ker (d: AP'« X AP-i+^X) 
im {d: VP'i~^X VP'IX) ~ im(5: Kp^i-^ X AP^^X) ' 

one has that, if S A^^'^X is a i9-closed differential form, then every solution (j> G V^'"^^ of 90 = V' is a differential 
form up to 9-exact terms. Indeed, since lib] = in kcrgrrp x hence in ^SL§n/^L^ there is a differential 

^ im a iin a 
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form a G A^'^-^X such that i/; da. Hence, - a G V^'-^X defines a class in '^"'^'^^1° ^ ~ kcranA'^_° x 

im a im a 

and hence — a is a differential form up to a 9-exact form, and so is. 

By conjugation, if V' G h^'^'X is a 9-closcd differential form, then every solution G V^^^''^ of 90 = i/; is a 
differential form up to 9-exact terms. 

Now, let 

P9 A A ■ ^ imdnPP'^X 

u!^'^ ^ drj mod mi aa G = . 

imdd 

Decomposing rj —: "Ylip q^f'"^ in pure-type components, where if''^ G V^^'^X, the previous equality is equivalent 
to the system 

Q^^P+q-w ^ mod ima9 
Qj^p+q-ej-i Qj^P+q-e-i,e ^ q mod im9a for ^ G {1, . . . , g - 1} 

dr]P'i-^ + d7f-^'i ^ LjP'i mod imdd 
-g^e,p+q-e-i _,_ Qj^e-i,p+q-e ^ mod im9a for £ G {1, . . . ,p - 1} 
Qj-jO.p+q-i _ Q mod im99 

By the above argument, we may suppose that, for £ G {0, . . . ,p — 1}, the currents rj^'P+i^^^^ are differential 
forms: indeed, they are differential forms up to 9-exact terms, but 9-exact terms give no contribution in the 
system, which is modulo im95. Analogously, we may suppose that, for £ G {0, . . . , g — 1}, the currents 7yP+9-^-i.^ 
are differential forms. Then we may suppose that w^'* = drf'''~^ + dr]P~^''' is a differential form. Hence (|1.5.1|) 
is proven. 

Now, we prove that, fixed a G-invariant Hermitian metric on X, the Bott-Chern cohomology of X is isomorphic 
to the space of A^c'-harmonie G-invariant forms on X. Indeed, since the elements of G commute with d, d, d* , 
and d , and hence with Abc, the following decomposition, |Sch07[ Theoreme 2.2], 

A'-'X = ker Abc ® dd A'-^-'-^ X © (d* A'+^'' X + d* A'-'+^ X 

induces a decomposition 

A'^'X = keTABc®ddA'-^^'-^X®(d* A'+^-'X + d* A'''+^X 



More precisely, let a G A*'*X, that is, a is a G-invariant form on X: if a has a decomposition a = ha + dd/3 
(9*7 + d r]^ with ha, l3,"f,r] G A*''X such that Kucha — 0, then one has 

gee \ gea J \ gee ) 



ord 



where ^^ggG.9*/ia, ^Eg6G.9*^> 7^Y.g^G9*l^ V^Egeod* e A'-'X and 

= ^Es'i^Bcha) = 0. 
V 9eG I g(iG 

As regards the Aeppli cohomology, one has the decomposition, |Sch07[ §2.c], 

A'''X = kerAA®{dA'~^^'X + dA'-'-^X)®{d'^* A'+'^-'+'^X 

and hence the decomposition 

A'-'X = keTAA®{dA'-'^-'X + dA'''-^X)®{dd)* A'+^^'+'^X 

from which one gets the isomorphism H^* (X) ~ ker A^. 
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Finally, note that the Hodge-*-operator *: A*^'*^ X A" *'^X sends Asc-harmonic forms to A^- 
harmonic forms, and hence it induces an isomorphism 

concluding the proof. □ 
Remark 1.56. We note that another proof of the isomorphism 

p ^ ker {d: VP^'^X VP+^-^X) n ker (d: VP'^X VP'1+^X) 

Han \X) ~ 



im [dd : VP-^'1-^X Vp^iX) 
and a proof of the isomorphism 

^ ^ ' ^ im {d: VP-^^iX Vp-iX) + im (d: VP'I-'^X VP'IX) 

follow from the sheaf-theoretic interpretation of the Bott-Chern and Aeppli cohomologies, developed by J. -P. 
Demailly, |Deml2l §VI.12.1] and M. Schweitzer, [Sch071 §4], see also |Koolll §3.2]. 

We recall that, for any p,q the complex [C*y , dc\ ] of sheaves is defined as 

r+s— 1 r+s—p+q—2 r+s—p+q r+s—p+q 

r<p,s<q r<p,s<q r>p,s>q r>p,s>q 

and the complex [ JVl*- , dvi* I of sheaves is defined as 

V ^P-r Xp.qJ 

r+s—l r+s—p+q~2 r+s—p+q r+s—p+q 

r<p,s<q r<p,s<q r>p,s>q r>p, s>q 

where pr denotes the projection onto the appropriate space. 

By the Poincare lemma (see, e.g., }Deml2[ 1.1.22, Theorem 1.2.24]) and the Dolbeault and Grothendieck 
lemma (see, e.g., |Deml2[ 1.3.29]), one gets M. Schweitzer's lemma jSch07[ Lemme 4.1], which can be extended 
also to the context of orbifolds by using the same trick as in the proof of Theorem 11.531 and Theorem 11.541 this 
allows to prove that the map 

(C% , d£. ) ^ {m\ , dM' ) 

\ Xp,q' ''Xp.qJ V ^ 'xp,,/ 

of complexes of sheaves is a quasi-isomorphism, and hence, see, e.g., jDeml2l Corollary IV. 12. 6], for every £ G N, 

i^'xp.q^'^C.p.q)) - ^'{^' K..'d^-pj) ■ 

Since, for every k gN, the sheaves £^ and are fine (indeed, they are sheaves of (C^ (X)E -modules 

over a para-compact space), one has, see, e.g., |Deml2l Corollary IV. 4. 19, (IV. 12. 9)], 

^p+q-i (c d . "l") ^ ker (9: A^-^ X ^ A_^+i-^X) n ker (g: A^-^ X ^ A^.^+^l) 

V ' V -^P'?' '^'xp.q)) im(aa; AP-1^9-1 X ^ AP^9X) 

and _ 

ker [d: VP^^X -+ PP+^'^X) n ker [d: VP^'^X -+ Vp^i+^X) 



im [dd: VP-^^t-^X -+ VP'^X) 
and 

ker {dd: AP-i^^-i x ^ AP^^X) 



V 'V ^P^'i' ~ im(5: AP-'^-i-^ X ^ Ap-^^i-^X) +]jn(d: AP-^^i-"^ X ^ AP-^^i-^X) 

and 

ker {dd: r>P-i'9-iX -+ Vp^^X) 



proving the stated isomorphisms. 



(9: x>P-2,«-ix ^ pp-i:<?-iX) + im (9: VP-^^^~'^X -+ VP-^'i-^X) 
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Cohomology of almost-complex manifolds 



Let X be a 2n-dimensional (differentiable) manifold endowed with an almost-complex structure J. Note that if J 
is not integrable, then the Dolbeault cohomology is not defined. In this section, we are concerned with studying 
some subgroups of the de Rham cohomology related to the almost-complex structure: these subgroups have been 
introduced by T.-J. Li and W. Zhang in |LZ09| . in order to study the relation between the compatible and the 
tamed symplectic cones on a compact almost-complex manifold, with the aim to throw light on a question by 
S. K. Donaldson, |Don061 Question 2] (see tj2.4.2|) . and it would be interesting to consider them as a sort of 
counterpart of the Dolbeault cohomology groups in the non-integrable (or at least in the non-Kahler) case, see 
[DLZlOl Lemma 2.15, Theorem 2.16]. In particular, we are interested in studying when they let a splitting of 
the de Rham cohomology, and their relations with cones of metric structures. 

More precisely, in ^2.11 we introduce the notions of C°°-pure-and-full and pure-and-fuU almost-complex struc- 
tures, setting the notation and proving some useful relations between them. In ^2.21 we study C°°-pure-and- 
fuUness on several classes of (almost-)complex manifolds, e.g., solvmanifolds, semi-Kahler manifolds, almost- 
Kahler manifolds. In (J2.31 we study the behaviour of C°°-pure-and-fullness under small deformations of the 
complex structure and along curves of almost-complex structures, investigating properties of stability, and of 
semi-continuity for the dimensions of the invariant, and anti- invariant subgroups of the de Rham cohomology 
with respect to the almost-complex structure. In j42.41 we study the cone of semi-Kahler structures on a compact 
almost-complex manifold and, in particular, we compare the cones of balanced metrics and of strongly-Gauduchon 
metrics on a compact complex manifold. 

The results of this chapter have been obtained jointly with A. Tomassini, in [ATI 11 IAT12a| . and with A. 
Tomassini and W. Zhang, in |ATZ12| . 



2.1 Subgroups of the de Rham (co) homology of an almost-complex 
manifold 

In this section, we set the notation concerning C°°-pure-and-full and pure-and-fuU almost-complex structures, as 
introduced in |LZ09| . and we study the relations between C°°-pure-and-fullness and pure-and-fuUness. 

2.1.1 C°°-pure-and-full and pure-and-full almost-complex structures 

In this section, we start by fixing some preliminary notation and recalling some definitions; then we briefly review 
some results to motivate the study of these topics, see Remark 12.91 which will be further discussed in the next 
sections. 

Let S" C N X N and define 

H|(X;]R) := \[a]eHl„{X;^) : «e [ A^'^X H A'X I ; 

I \(p-q)es ) J 

note that a real differential form a with a component of type (p, q) has also a component of type {q, p) , and hence 
we are interested in studying the sets S such that whenever (p, q) E S, also iq,p) £5. As a matter of notation, 
we will usually list the elements of 5" instead of writing 5* itself. 
Note that, for every fc S N, one has 

p+q=k 

p<q 

but, in general, the sum is neither direct nor the equality holds: several examples of these facts will be provided 
in the sequel. 
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Cohomology of almost-complex manifolds 



The subgroups i/j^'°-''''°'^'(X;R) and Hj^'^\X;M.) of are of special interest for their interpretation 

as the J-anti- invariant, respectively, J-invariant part of the second de Rham cohomology group. Indeed, note 
that the cndomorphism J[a2x€ End (A*X) naturally extending J G End(rX) (that is, Ja := a{J-, J--) for 
every a G A^X) satisfies (J[a2x) = idA^x! hence, one has the splitting 

A^X = AjX e AjX , 

where, for ± G {+, — }, 

AjX := {a G A^X : Ja = ±a} . 

Since Hjjj{X;M.) contains, in particular, the classes represented by the symplectic forms, and Hj^'^\X;R) con- 
tains, in particular, the classes represented by the (1, l)-forms associated to the Hcrmitian metrics on X, in 
[LZ09j . T.-J. Li and W. Zhang were interested in studying the J-invariant subgroup of H'^j^{X;M.), namely, 

Hj{X) := h'^j^'^\X;R) ^ {[a] e Hjji{X;R) : Ja = a} , 

and the J -anti-invariant subgroup of i7j^(X;R), namely, 

HJ{X) := iff °^^(°'''(X;M) - {[a] e Hji^{X;M.) : Ja ^ ~a} . 

Note that, as in the general case, one has that 

Hj{X) + HJ{X) C H'^niX;m 

but, in general, the sum is neither direct nor equal to i7j^(X;R). The following definition, by T.-J. Li and W. 
Zhang, singles out the almost-complex structures whose subgroups H^{X) and (X) provide a decomposition 
ofi/2^(X;M). 

Definition 2.1 f |LZ09[ Definition 2.2, Definition 2.3, Lemma 2.2]). An almost-complex structure J on a manifold 
X is said to be 

. C°°-pure if Hj{X) n Hj{X) = {0}; 

. if HJ{X) + H+{X) = i/J^(X;M); 

• C°° -pure-and-full if it is both C°°-pure and C°°-full, i.e., if the following cohomology decomposition holds: 

Hl^{X;R) = H^{X)®Hj{X). 

We will also use the following definition, which is a natural generalization of the notion of C°°-pure-and-fullness 
to higher degree cohomology groups. 

Definition 2.2. Let X be a manifold endowed with an almost-complex structure J, and fix fc G N. Consider 
. if 

p+q=k 

(namely, the sum is direct), then J is called C°°-pure at the fc*'' stage; 
. if 

p+q=k 

p<g 

then J is called C°°-full at the fc*'' stage; 

• if J is both C°°-purc at the fc'^ stage and C°°-full at the fc*'^ stage, that is, 

mniX;m = H^r^'^'^-P\X;R); 

p+q=k 
P<1 

then J is called C°° -pure-and-full at the fc*'' stage. 
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Analogous definitions can be given for tlie de Rliam coliomology witli complex coefficients. More precisely, 
let S" C N X N and define 

jy,f(X;C) := J H e i?,*«,(X;C) : a G A^'^X I 

[ (P,<])&S J 

(as previously, we will usually list the elements of S instead of writing S itself); with such notation, one has in 
particular that H§ {X] R) = iJ| {X; C) n H^j^iX; R). 

Remark 2.3. Note that, when X is a compact manifold endowed with an integrablc almost-complex structure 
J, then, for any (p, q) £ N x N, 

H^r\X;C) = ■n-n{H^^l{X)^Hll'>{X;C)) , 

where the map Hg^{X) — !> H^^'^{X; C) is the one induced by the identity (note that ker9 n ker9 C kerd and 
imdd C imd). Indeed, any d-closcd {p,q)-iorm is both 9-closcd and 3-closed. 

Note that, for every fc £ N, one has 

p+q=k 

but, in general, the sum is neither direct nor the equality holds. We can then give the following definition. 
Definition 2.4. Let X he a. manifold endowed with an almost-complex structure J, and fix A; G N. Consider 

. if 

iy(^'')(X;C) C H^,^{X-C) 

p+q=k 

(namely, the sum is direct), then J is called complex-C°° -pure at the fc"' stage] 
. if 

p+q=k 

then J is called complex-C°° -full at the fc*'' stage; 
• if J is both complex-C°°-pure at the fc**^ stage and complex-C°°-full at the k^^ stage, that is, 

hUX;C) = H^f^''\X;C); 

p+q=k 

then J is called complex-C°° -pure-and-full at the fc"' stage. 

Remark 2.5. In general, being complex-C°°-full at the 2"*^ stage is a stronger condition that being C°°-full. 
Furthermore, if J is intcgrable, then being complex-C°°-pure-and-full at the 2"^* stage is stronger than being C°°- 
purc-and-fuU. More precisely, for any (possibly non-integrable) almost-complex structure J, it holds, [DLZlOi 
Lemma 2.11], 

H+{X) = H^j'-'\X;C)nHj^iX;R) 

H^j'^\X;C) = H+{X)(^mC 
and 

7lf°^(X;C) + iff '^(X;C) C HJ{X)®mC, 

and, if J is intcgrable, it holds 

HJ{X) = (i/f°)(X;C) + i/f'^(X;C))ni/J«(X;R) 

H^f''\X;C) + Hf^^\X;C) = HJ{X)^9X 

indeed, dA^^^X C A^'^X^A^'^X and d A°'2x C A^'^X®A°''^X. (Compare also |ULZ10l Lemma 2.12] for further 
results in the case of 4-dimensional manifolds.) 
Note also that, if J is C°°-pure, then 

H^j'^\X;R) n (^Hf'"\X;R) + Hf''^\X;R)^ = {0} . 
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The construction of the subgroups Hj (X; R) C H*j^{X; M) and the notion of C°°-pure-and-full almost-complex 
structures can be repeated using the complex of currents (V,X d) instead of the complex of differ- 

ential forms {/\'X, d) and the de Rham homology H^^{X;M.) instead of the de Rham cohomology H*j^{X;'R). 
(We refer to tjO.SI for notations and references concerning currents and de Rham homology.) 

As in the smooth case, accordingly to T.-J. Li and W. Zhang, [LZ09] . given 5 C N x N, let 



HiiX;R) := <j [a] € C) : aG | Vp^.X ] nV,X 

In particular, the almost-complex structures on X for which H^^^^ ^q2)(^;I^) ^iid -^^(i provide a 

decomposition of H2^{X;M.) are emphasized by the following definition by T.-J. Li and W. Zhang. 

Definition 2.6 ( |LZ09i Definition 2.15, Lemma 2.16]). An almost-complex structure J on a manifold X is said 
to be: 

• pure if 

^(2,o),(o,2)(^;i^) ^ ■f^(li)(-'^;K) = {0} ; 

• full if 



• pure- and- full if it is both pure and full, i.e., if the following dceomposition holds: 

^f(2,o),(o,2)(^;R) © H(^^){X-M) = H^^{X-M) . 

The following are natural generalizations of the notion of pure-and-fuUness. 

Definition 2.7. Let A be a manifold endowed with an almost-complex structure J, and fix fc G N. Consider 
HdR{X'^^) ^ Ep+9=fci?(p,^)^(^,p)(A;R): 

. if 

p+q=k 

(namely, the sum is direct), then J is called pure at the k*^ stage; 
. if 



i?fc^(A;R) - ^ ^(p,q),(q,p)^-X 



p+q=k 
P<9 



then J is called full at the fc*'' stage; 

if J is both pure at the fc**^ stage and full at the fc**^ stage, that is, 



Ht\X;m.) = <,).(,,,)(A 



p+q=k 

p<g 

then J is called pure- and- full at the fc*'' stage. 
As regards de Rham homology with complex coefficients, given 5 C N x N, let 

Hi{X;C) := J H e i^.'^(A; C) : aG Pp,,A I , 
I (p,9)es J 

so that Hi;{X; M) = iJ^(A; C) n H^^{X; K). 

Definition 2.8. Let A be a manifold endowed with an almost-complex structure J, and fix fc G N. Consider 
Ht\X;C)^Y.p+q=kH(p,q)iX;<C): 
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. if 

p+q=k 

(namely, the sum is direct), then J is called complex-pure at the k*^ stage] 
. if 

p+q=k 

then J is called complex-full at the k*^ stage; 
• if J is both complex-pure at the fc*'^ stage and complex-full at the fc'^ stage, that is, 

Ht^iX;C) = i/(;,,)(X;C); 

p-\-q=k 

then J is called complex-pure-and-full at the fc*'' stage. 



Remark 2.9. The study of the subgroups Hf''"'^'''^' (X; R) and th e notion of C°° -pure-and-fuU almost-complex 
structure have been introduced by T.-J. Li and W. Zhang in [LZ09| . in order to study the relations between the 
compatible and the tamed symplectic cones on a compact almost-complex manifold, and inspired by a question by 
S. K. Donaldson, |Don06[ Question 2]: whether, on a compact 4-dimensional manifold endowed with an almost- 
complex structure J tamed by a symplectic form, there exists also a symplectic form compatible with J, see jj2.4.2l 
In |DLZ10| . T. Draghici, T.-J. Li, and W. Zhang investigated the 4-dimensional case, proving, in particular, that 
every almost-complex structure on a compact 4-dimensional manifold is C°°-pure-and-full; they also obtained 
further results for 4-dimensional almost-complex manifolds in |DLZ11] . where they studied the dimensions of 
the subgroups Hj{X) and Hj{X). In |FT10| . A. Fino and A. Tomassini studied the C°°-pure-and- fullness in 
connection with other properties on almost-complex manifolds: in particular, by studying almost-complex solv- 
manifolds, they provided the first explicit example of a non-C°°-pure-and-full almost-complex structure. Jointly 
with A. Tomassini, we studied in |AT11| the behaviour of C°°-pure-and-fullness under small deformations of 
the complex structure or along curves of almost-complex structures, proving in particular its instability. In 
|AT12a| we continued the study of the cohomological properties related to the existence of an almost-complex 
structure, focusing, in particular, on the study of the cone of semi-Kahler structures on a compact semi-Kahler 
manifold. In |ATZ12] . jointly with A. Tomassini and W. Zhang, we further studied cohomological properties 
of almost-Kahler manifolds, especially in relation with W. Zhang's Lefschetz-type property; in particular, an 
example of a non-C°°-full almost-Kahler structure on a compact manifold is provided. In [DZllj . T. Draghici 
and W. Zhang reformulated the S. K. Donaldson "tamed to compatible" question in terms of spaces of exact 
forms, proving, in particular, that an almost-complex structure J on a compact 4-dimensional manifold admits 
a compatible symplectic form if and only if it admits tamed symplectic forms with any arbitrarily given J- 
anti-invariant component. Q. Tan, H. Wang, Y. Zhang, and P. Zhu, in [TWZZlT] , continued the study of the 
dimension of the J-anti- invariant subgroup HJ(X) of the de Rham cohomology of a compact almost-complex 
manifold, considering almost-complex structures being metric related or fundamental form related, showing, for 
example, that dimR HJ {X) = for a generic almost-complex structure J on a compact 4-dimensional manifold, 
as conjectured by T. Draghici, T.-J. Li, and W. Zhang, |DLZ111 Conjecture 2.4]. For further results on the 
study of J-anti-invariant forms and J-anti-invariant de Rham cohomology classes on a (possibly non-compact) 
manifold endowed with an almost-complex structure J, see jHMTll] by R. K. Hind, C. Medori, and A. Tomassini, 
where a result concerning analytic continuation for J-anti-invariant forms is proven. In [LT12] . T.-J. Li and A. 
Tomassini studied the analogue of the above problems for linear (possibly non-integrable) complex structures 
on 4-dimensional unimodular Lie algebras; in particular, they proved that an analogue of the decomposition in 
jDLZlOl Theorem 2.3] holds for every 4-dimensional unimodular Lie algebra endowed with a linear (possibly 
non-integrable) complex structure; furthermore, they considered the linear counterpart of Donaldson's "tamed 
to compatible" question, and of the tamed and compatible symplectic cones, studying, in particular, a sufficient 
condition on a 4-dimensional Lie algebra q (which holds, for example, for 4-dimensional unimodular Lie algebras) 
in order that a linear (possibly non-integrable) complex structure admits a taming linear symplectic form if and 
only if it admits a compatible linear symplectic form. The paper |DLZ12| by T. Draghici, T.-J. Li, and W. Zhang 
furnishes a survey on the known results concerning the subgroups HJ{X) and HJ{X), especially in dimension 
4, and their application to S. K. Donaldson's "tamed to compatible" question. 



62 



Cohomology of almost-complex manifolds 



2.1.2 Relations between C°°-pure-and-fullness and pure-and-fullness 

The following result summarizes the relations between C°°-pure-and-fullness and pure-and-fullness, see [ATI 11 
Theorem 2.1], see also jLZ09l Proposition 2.5], and between complex-C°°-pure-and- fullness and complex-pure- 
and-fuUness. (Analogous results will be proven in Proposition 13. 251 for almost-D-complex structures in the sense 
of F. R. Harvey and H. B. Lawson, and in Proposition 13 . 1 21 for symplectic structures.) 

Theorem 2.10 (see jLZ09l Proposition 2.5]). Let J he an almost- complex structure on a compact 2n- dimensional 
manifold X. The following relations between ( complex- )C°° -pure- and- full and (complex-) pure- and- full notions 
hold: for any k G N, 

C°°-full at the /c*'' stage > pure at the k*^ stage 



full at the {2n — k)*^ stage > C°°-pure at the {2n — k)*^ stage 



complex-C°° -full at the fc*'' stage = => complex-pure at the k*^ stage 



complex-full at the {2n — kY^ stage > complex-C°° -pure at the {2n — fc)*'' stage . 
Proof. The horizontal implications follow by considering the non-degenerate duality pairing 

(•, •■) : H^ijiX; M) x i7^^(X; R) ^ M , respectively (•, •■) : i?*^(X; C) x i/f ^(X; C) - 
and noting that, for any p,q £ 

ker(ff(^'^)'(^'''(X;R),.) D J2 (X; M) 

{(r,s),(s,r)}#{(p,g),(g,p)} 

and ker(.,7?(;,^)^(^,p)(X;M)) D ^ i?(^'^'^(^''-'(X; R) , 

{{r,s),{s,r)}^{{p,q),{q,p)} 



respectively 



ker(ij(^'«)(X;C), ■) D ^ ff(i,.)(^;C) and kcr iJ^;^,, (X; C)) D ^ H^;''\X;C) . 

As an example, we give the details to prove that if J is C°°-full at the fc*'' stage then it is also pure at the fc"^ 
stage, when k = 2. Let 

^ ^(lo),(o,2)(^;^) ^ H-^{^^-^{X;R) , 

with c ^ [0]. Hence, 

(c, •) L^(2,o),(o,2)(^.^^ = and (c, •) Lh^i.i)(_y.k) = ; 

since J is C°°-full, it follows that (c, •) [h^^{X;R) = 0; ^^^^ hence c = [0]. 

To prove the vertical implications, it is enough to note that the quasi-isomorphism T.: A* X ^ 'D2n-»X 
defined as T^p := J-^ ip A ■ (see ^0.5p induces an injective map 

^(P..),(.,P)(^.R) ^ i?(i_p,„_,),(„_,.„_,)(X;]R) , respectively H^f''^\X;C) ^ i?(i_p,„_,)(X; C) , 

for any p, g G N. □ 

Remark 2.11. On a compact 2n-dimensional manifold X endowed with an almost-complex structure J, further 
linkings between i?^^(X;R) and 7J^]^~^(X;R) could provide further relations between C°°-pure-and-full and 
pure-and-fuU notions: for example, A. Pino and A. Tomassini proved in [FTlOl Theorem 3.7] that, given a J- 
Hermitian metric g on X, if there exists a basis of g-harmonic representatives for //J^(X;R) being of pure type 
with respect to J, then J is both C°°-pure-and-full and pure-and-full. Furthermore, A. Pino and A. Tomassini 
proved in [PTlOi Theorem 4.1] that, given a J-compatible symplectic form w on X satisfying the Hard Lefschetz 
Condition (that is, the map [oj''] — •: H^j^''{X;R) 4 H^+''{X-R) is an isomorphism for every fc G N), if J is 
C°°-pure-and-full, then J is also pure-and-full (compare Proposition 12 . 281 for a similar result). 
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Setting 2n = 4 and A: = 2 in Theorem 12.101 it follows that, on compact 4-dimensional almost-complex 
manifolds, C°°-fullness implies C°°-pureness. The following result states that, for higher dimensional manifolds, 
C°°-purencss and C°°-fullncss are not, in general, related properties, [AT12a[ Proposition 1.4]. 

Proposition 2.12. There exist both examples of compact manifolds endowed with almost-complex structures 
being C°°-full and non-C°° -pure, and examples of compact manifolds endowed with almost- complex structures 
being C°° -pure and non-C°° -full. 

Proof. The proof follows from the following examples, |AT12a[ Example 1.2, Example 1.3]. 

Step 1 - Being C°°-full does not imply being C°° -pure. Take a nilmanifold A'^i with associated Lie algebra 

1)16 (0^ 12, 14, 24) . 

Consider the left-invariant complex structure on A^i whose space of (l,0)-forms is generated, as a C°° (A^i;C)- 
module, by 

ifi^ := + ie^ 
ip^ := e^ + ie^ 
ip^ := -t- ie^ 
Writing the structure equations in terms of {ip^, ip^, V^^^ 

2d^i 
2d^2 ^ ^11 

2d .^3 ^ _ J ^12^ J ^12 

the integrability condition is easily verified. 

K. Nomizu's theorem |Nom54[ Theorem 1] makes the computation of the cohomology straightforward: in fact, 
listing the harmonic representatives with respect to the left-invariant Hermitian metric g :~ ip^ ip^ instead 
of their classes, one finds 

where 

^(2,o).(o.2)^^^.^^ = C(^'\ ^15) (BC(^p'' + ^'\ ^''-^'') 

and 

In particular, J is a C°°-full, non-C°°-pure complex structure. 

Step 2 - Being C°° -pure does not imply being -full. Take a nilmanifold N2 with associated Lie algebra 

[)2 := (0^, 12, 34) . 

and consider on it the left-invariant complex structure given requiring that the forms 

' ip'^ p> + ie^ 

< ip'^ e^^ + ie"* 

, ip^ := + ie^ 

are of type (1, 0). 

The integrability condition follows from the structure equations 

' 2 d^i = 
< 2d^2 ^ 

2d^3 ^ i<^ll_i^22 

K. Nomizu's theorem |Nom54l Theorem 1] gives 

E72 /AT.(r\ /,„12 ,„I2\ ,T,(r'/,„12 ,„21 \ ^ /,„13 , ,13 ,31 ,„13 ,32 , J23 ,23 ,„23\ 

^dR (^2; 'L) ^ <L{p) , ip j ® 'L{p) , ip ^®<L.i^ ^ip , ip ,(/5 -(p -ip J , 
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where 



rr(2.0),(0,2) 



and 



this can be proven arguing as follows: with respect to the left-invariant Herniitian metric g := tp^ Q (p^ , one 
computes 

d* if^'^ = d* = = , 

that is, ip^^, ip^'^ and ip'^^ are 5-orthogonal to the space d A^'" N2; in the same way, one computes 

d* = Q* ^12 ^ Q* ^13 ^ ^* ^13 ^ 

(compare also ProDOsition l2.19p . In particular, J is a C°°-pure, non-C°°-full complex structure. □ 

2.2 C°°-pure-and-fullness for special manifolds 

In this section, we study the property of being C°°-pure-and-full on special classes of (almost-)complcx manifolds. 
After recalhng some motivating results by T. Draghici, T.-J. Li, and W. Zhang, we study C°°-pure-and-fullness 
for left-invariant complex-structures on solvmanifolds, providing some examples in dimension 4 or higher; fur- 
thermore, we consider almost-complex manifolds endowed with special metric structures, namely, semi-Kdhler, 
and almost- Kdhler structures. 

2.2.1 Special classes of C°°-pure-and-full (almost-) complex manifolds 

In this section, we recall some results by T. Draghici, T.-J. Li, and W. Zhang, providing classes of C°°-pure-and-full 
and pure-and-full (almost-) complex manifolds. They could be considered as motivations to study C°°-pure-and- 
fullness: in fact, [DLZlOl Lemma 2.15, Theorem 2.16] suggests that the subgroups can be viewed as a 

generalization of the Dolbeault cohomology groups for non-Kahler, and non-integrable, almost-complex manifolds 
X. On the other hand, |DLZ10[ Theorem 2.3] states that, on a compact 4-dimensional almost-complex manifold 
X, the subgroups HJ{X) and Hj{X) induce always a decomposition of i?J^(X;R): this could be intended as 
a generalization of the Hodge decomposition theorem for compact 4-dimensional almost-complex manifolds. 

According to the following result, the groups Hj*'*\X;C) can be considered as the counterpart of the Dol- 
beault cohomology groups in the non-Kahler and non-integrable cases. 

Theorem 2.13 ( jDLZlOl Lemma 2.15, Theorem 2.16]). Let X be a compact complex manifold. If the Hodge and 
Frdlicher spectral sequence degenerates at the first step and the natural filtration associated with the structure of 
double complex of (a*'*X, d, d) induces a Hodge decomposition of weight k on H^j^{X]C.) for some fc G N, then 
X is complex-C°° -pure-and-full at the k*^ stage, and 

H'f-''\X-€)^H^%X) 

for every p,q £N such that p + q ~ k. 

A corollary of |DLZ101 Lemma 2.15, Theorem 2.16] is the following result. 

Corollary 2.14 f |LZ09[ Proposition 2.1], jPLZlOi Theorem 2.16, Proposition 2.17]). One has that: 

(i) every compact complex surface is complex-C°° -pure-and-full at the 2""^ stage, and hence, in particular, C°°- 
pure-and-full and pure-and-full; 

(a) every compact complex manifold satisfying the dd-Lemma is complex-C°° -pure-and-full at every stage, and 
hence complex-pure- and- full at every stage; 

(Hi) every compact complex manifold admitting a Kdhler structure is complex-C°° -pure-and-full at every stage, 
and hence complex-pure-and-full at every stage. 

Proof. As regards the complex-C°°-fullness at the 2"'^ stage for compact complex surfaces, one has that the 
assumptions of Theorem with fc = 2 hold by |BHPVdV04l Theorem IV.2.8, Proposition IV.2.9]. 

As regards the complex-C°°-fullncss at every stage for compact complex manifolds satisfying the 99-Lemma, 
one has that the assumptions of Theorem 12. 131 for any fc e N are satisfied by ^DG MSZS] 5.21]. 

As regards the complex-C°° -fullness at every stage for compact Kahler manifolds, one has that a compact 
complex manifold admitting a Kahler metric satisfies the 99-Lemma, |DGMS75l Lemma 5.11]. 

Finally, the other statements follow from Remark 12.51 and Theorem 12. 101 □ 
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Actually, T. Draghici, T.-J. Li, and W. Zhang proved in jPLZlO] the following result, which one can consider 
as a sort of Hodge decomposition theorem in the non-Kahler case. 

Theorem 2.15 f |DLZ10[ Theorem 2.3]). Every almost- complex structure on a compact A- dimensional manifold 
is C°° -pure- and- full and pure-and-full. 

Proof. The proof of the previous theorem rests on the very special properties of 4-dimcnsional manifolds. For the 
sake of completeness, we recall here the argument by T. Draghici, T.-J. Li, and W. Zhang in [DLZlOj . Firstly, 
note that, by Theorem 1 2. 101 it suffices to prove that an almost-complex structure J on a compact 4-dimensional 
manifold is C°°-full. Suppose that J is not C°°-full. Fix a Hermitian metric g on X, and denote its associated 
(1, l)-form by uj. Recall that the Hodge-*-operator *g[^2x : X — >■ fs^X satisfies (^^La^x)^ = idA^Xj hence it 
induces a splitting 

A^X = A+X e Ag X , 

where ^^X := [ip e a'^X : *gip = ±ip}, for ± e {+, -}. Setting PA'X := ker A = kcr L^^'+i [avy the space 
of primitive forms, where A is the adjoint operator of the Lefschetz operator L := uj A ■: A* X — > A'+^AT with 
respect to the pairing induced by uj (see ^0.2p . one has 

A+X = L{C°°{X;m.))®{{A'^'°X®A^'^X)nA^X) and A' X = Pa'^X A^'^X ; 

indeed, recall that, on a compact 2n-dimensional manifold X endowed with an almost-complex structure J and 
a Hermitian metric g with associated (1, l)-form lu, one has, for every j G N, for every k £ N, the Weil identity, 
|Wei58[ Thcorcmc 2], 

k(k + l) 7 I 

*.^^LPA^x-(-l)^(^^^i-yyi^"--J, 

see, e.g., |Huy05[ Proposition 1.2.31]. Since the Laplacian operator A and the Hodge-*-operator *g commute, 
the splitting A^A' = A+AT © A" AT induces a decomposition in cohomology, 

Hjj,{X-R) = H+(X)(BH;{X) , 

where H^[X) {[</?] G i7^^(X;IR) : G A^AT} for ± G {+, — }. Consider the non-degenerate pairing 

(•, •■) : HIj,{X- M) X HIj,{X- M) ^ K , {p, t/j) ^_ A V , 

and take a G {Hj (X) + HJ (X)) C Hjjj{X;R). Since A^AT C A^-^X, one can reduce to consider a G 
H+{X); let a G A+AT be such that a = [a]. According to the decomposition A+AT = L {C°° {X;R)) © 
{{a'^^°X ® A^'^X) HA^A:), let /w be the component of a in L {C°° {X;R)). Consider the Hodge decomposi- 
tion 

f (jj = hfuj+d-d + d*ri 

of /cj G A'^X, where /i/^ G ker A n A^AT, G A^X, and ?; G A^AT. Since f to £ A^A" and by the uniqueness of 
the Hodge decomposition, one has 

hf^ + 2d^ = /w + 27r^-^ (di9) G A^'^XDA'^X 

(where n^±x : A^ X — >• A^ AT denotes the natural projection onto A^X, for ± G {+, — }). Therefore, noting also 
that H^{X) is orthogonal to H~{X) with respect to (•, ••), one has 

= (a, [hf^ + 2A'd]) = (a, [f uj + 2^ ^- ^ {dd)\) = J^f^\ 

from which it follows that / = 0, and hence a = 0. □ 

Remark 2.16. The result in [DLZlOi Theorem 2.3] does not hold anymore true in dimension greater than or 
equal to 6, or without the compactness assumption: the first example of a non-C°°-pure almost-complex structure 
has been provided by A. Fino and A. Tomassini in [FTlOi Example 3.3] using a 6-dimensional nilmanifold (for 
other examples, even in the integrable case, see Proposition 12.121 Example 12.411 Theorem 12.491 Proposition 
12.551 Proposition I2.5(3)) . while non-C°°-pure-and-full almost-complex structures on non-compact 4-dimensional 
manifolds arise from |DLZ111 Theorem 3.24] by T. Draghici, T.-J. Li, and W. Zhang. 
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2.2.2 C°°-pure-and-full solvmanifolds 

Let X — r\G' be a solvmanifold, and denote the Lie algebra naturally associated to G by g, and its complexifi- 
cation by gc '■— Q C. (We refer to jjO.til for notations and results concerning solvmanifolds.) 

We recall that if X is a nilmanifold or, more in general, a completely-solvable solvmanifold, the inclusion 
of the sub-complex given by the G-left-invariant differential forms, which is isomorphic to the complex A*g* of 
linear forms on the dual of the Lie algebra g associated to G, into the de Rham complex of X turns out to be 
a quasi-isomorphism, in view of K. Nomizu's theorem |Nom54i Theorem 1], respectively A. Hattori's theorem 
jHateOi Corollary 4.2]. 

Let J be a G-left-invariant almost-complex structure on X. In this case, one can study the problem of 
cohomological decomposition both on X and on g: in this section, we investigate the relations between the 
cohomological decompositions at the level of the solvmanifold and at the level of the associated Lie algebra. 
Proposition im Corollary H^lOl 

Firstly, we set some notations. Consider H*j^{g;M.) ;= H*{A*q*, d). Being J a G-left-invariant almost- 
complex structure, it induces a bi-graded splitting also on the vector space A'g^- For every 5 C N x N, and for 
K G {M, C}, set 

H^{q;K) J [a] ei/,-«(g;K) : aG A'''«g£ n (A'g* ®k K) I , 
[ (p,9)es J 

see jLT12l Definition 0.3]. 

The following are the natural linear counterparts of the corresponding definitions for manifolds. 

Definition 2.17. Let X = r\G be a solvmanifold, and denote the Lie algebra naturally associated to G by g. 
Fixed fc G N, a G-left-invariant almost-complex structure J on X is called 

• linear-C°° -pure at the fc*'' stage if 

ij(^^')'(''^'(g;M) C H^,^i3;R) , 
p<g 

namely, if the sum is direct; 

• linear-C°° -full at the fc"' stage if 

p+q=k 
P<<1 

• lmear-C°° -pure- and- full at the fc"' stage if J is both linear-C°°-pure at the fc"^ stage and linear-C°°-full at 
the fc"^ stage, that is, if the cohomological decomposition 

p+q=k 

p<g 

holds. 

Furthermore, J is called 

• linear-complex-C°° -pure at the k*^ stage if 

ff^^^(fl;C) C i/^^(g;C) , 

p+q=k 

namely, if the sum is direct; 

• linear- complex-C°° -full at the k^^ stage if 

p+q=k 
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• linear-complex-C°° -pure-and-full at the fc"' stage if J is both linear-complex-C°°-pure at the /c"^ stage and 
linear-complex-C°°-fuh at the fc*'^ stage, that is, if the cohomological decomposition 

p+q=k 

holds. 

(In any case, when k = 2, the specification "at the 2"^ stage" will be understood.) 



It is natural to ask what relations link the subgroups Hy''>{X;R) and the sub groups H}'''^ (g; R), and whether 
a G-left-invariant linear-C°°-pure-and-full almost-complex structure on X = r\ G is also C°°-pure-and-full. 

The following lemma is the F. A. Belgun symmetrization trick, [BelOOl Theorem 7], in the almost-complex 
setting. 

Lemma 2.18 ( |BelOO[ Theorem 7]). Let X ^ T\G be a solvmanifold, and denote the Lie algebra naturally 
associated to G by g. Let J be a G-left-invariant almost-complex structure on X. Let rj be the G-bi-invariant 
volume form on G given by J. Milnor's Lemma, \Mil76i Lemma 6.2], and such that j-^rj — 1. Up to identifying G- 
left-invariant forms on X and linear forms over g* through left-translations, consider the Belgun symmetrization 
map 

fi: A'X^A'q*, n{a) := / a[,„77(m). 

Jx 

Then one has that 
and that 

d{^ii■)) = M(d-) and J(m(-)) = t^iJ-) ■ 

Using the previous lemma, we can prove the following Nomizu-type result, which relates the subgroups 
Hj'''^\X;R) with their left-invariant part h[j'^^ (Analogous results will be proven in Proposition 13.301 

for almost-D-complex structures in the sense of F. R. Harvey and H. B. Lawson, and in Proposition I3.1S1 for 
symplcctic structures; compare also with |FT10I Theorem 3.4], by A. Fino and A. Tomassini, for almost-complex 
structures.) 

Proposition 2.19 ( |ATZ12[ Theorem 5.4]). Let X = T\G be a solvmanifold endowed with a G-left-invariant 
almost- complex structure J , and denote the Lie algebra naturally associated to G by q. For any 5 C N x N, and 
for K e {M, C}, the map 

r.H^j{Q-K)^H^j{X-K) 

induced by left-translations is injective, and, if H*j^ (g; K) ~ H*j^{X; K) (for instance, if X is a completely-solvable 
solvmanifold), then j : _ffj(g;K) H^{X;K.) is in fact an isomorphism. 

Proof. Since J is G- left-invariant, left-translations induce the map j: iJ|(g;K) H§{X;K). Consider the 
Belgun symmetrization map fi: A* X (X)K — > A*g* ®rK, |BelOO[ Theorem 7]: since fi commutes with d by |BelOOI 
Theorem 7], it induces the map fi: iJ*^(A';K) — ?> iJ*^(g;]K), and, since fi commutes with J, it preserves the 
bi-graduation; therefore it induces the map fi: H§{X;K) H§{q;K). Moreover, since fi is the identity on the 
space of G-left-invariant forms by |BelOO[ Theorem 7], we get the commutative diagram 



H^jiX; 



■^,7(0; 



hence j : H^{g;K) — J> H^{X;K) is injective, and ^: H^{X;K) ^ H^{g;K) is surjective. 

Furthermore, when H*j^ (g;]K) ~ H*j^{X;K) (for instance, when AT is a completely-solvable solvmanifold, by 
A. Hattori's theorem [HatGOi Theorem 4.2]), since 

by [BelOOi Theorem 7], we get that /i: H'j^{X;K) — > iJ*^(g;IK) is the identity map, and hence H^{X]K) — > 
Hj (g; K) is also injective, and hence an isomorphism. □ 

As a straightforward consequence, we get the following result. 
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Corollary 2.20. Let X = T\G he a solvmanifold endowed with a G -left-invariant almost- complex structure J, 
and denote the Lie algebra naturally associated to G by g. Suppose that _ff*^(g;R) ~ iJ*jj(X;R) (for instance, 
suppose that X is a completely-solvable solvmanifold) . For every fc G N, the almost- complex structure J is linear- 
C°° -pure (respectively, linear-C°° -full, linear-C°° -pure- and- full, linear- complex-C°° -pure, linear- complex-C°° -full, 
linear-complex-C°° -pure-and-full) at the fc*'' stage if and only if it is C°° -pure (respectively, C°° -full, C°° -pure-and- 
full, complex-C°° -pure, complex-C°° -full, complex-C°° -pure-and-full) at the k*^ stage. 



As an example, we provide here an explicit C°°-pure-and-full almost-complex structure on a 6-dimensional 
solvmanifold, [ATlli Example 2.1]. 

Example 2.21. A C°° -pure-and-full and pure-and-full almost- complex structure on a compact (^-dimensional 
completely- solvable solvmanifold. 

Let G be the 6-dimensional simply-connected completely-solvable Lie group defined by 



G 
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e^^ 





e^^ 








x^ 


\ 












2 -x^ 

X e 





x^ 












e 








x^ 















-x^ 

e 





x^ 


















1 


x^ 




\ 

















1 


/ 



e GL(6;K) : x\ 



According to |FdLS96[ §3], there exists a discrete co-compact subgroup F C G: therefore X := T\G is a 6- 
dimensional completely-solvable solvmanifold. 
The G-left-invariant 1-forms on G defined as 



dx^ 
exp ( 
exp ( 



-x^) ■ dx^ ; 



dx2 , 

exp (x^) • (d 
exp (x^) ■ dx^ 



give rise to G-left-invariant 1-forms on X. With respect to the co-frame {e^, . . . , e^}, the structure equations are 
given by 





de2 
de3 
de^ 
de^ 
de^ 



e2 Ae5 





-e^ A e 

A e'' - A e 
-e^ A 

Ae^ 



Since G is completely-solvable, by A. Hattori's theorem [Hat60[ Corollary 4.2], it is straightforward to compute 

H^{X;R) = R{e^ Ae^, e^Ae^, A e*^ + A e^) . 

Therefore, setting 





:= ei- 


h ie^ 










:= e3- 


hie^ 


^3 


:= e^- 


hie^ 



we have that the almost-complex structure J whose C°° (X;C)-module of complex (l,0)-forms is generated by 
{t/?!, v?^} is C°°-full: indeed. 



H 



(1,1) 



^(2,0),(0,2) 



Since 



,„13 ,„12 
if , LP 



„12 



then J is lincar-C°°-pure-and-full. Since X is a completely-solvable solvmanifold, one gets that J is also C°°-pure 
by Corollarv l2.20l (Note that the C°°-pureness of J can be proven also by using a different argument: according 
to [FTlOl Theorem 3.7], since the above basis of harmonic representatives with respect to the G-left-invariant 
Hermitian metric X]j"=i V'' © 'P"' consists of pure type forms with respect to the almost-complex structure, J is 
both C°°-pure-and-full and pure-and-full.) 
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Further results concerning linear (possibly non-integrable) complex structures on 4-dimensional unimodular 
Lie algebra and their cohomological properties have been obtained by T.-J. Li and A. Tomassini in |LT12j . In 
particular, they proved an analogous of [DLZlOi Theorem 2.3], namely, that for every 4-dimcnsional unimodular 
Lie algebra g endowed with a linear (possibly non-integrable) complex structure J, one has the cohomological 
decomposition H^j^ (fl;R) = jjj2,o),(o,2) (g. jr) q jjO^i)^. r)^ [LTH Theorem 3.3]. Furthermore, they studied the 
linear counterpart of S. K. Donaldson's question [Don06[ Question 2] (see ^2.4.2[) . proving that, on a 4-dimensional 
Lie algebra g satisfying the condition B AB = 0, where B C A^g denotes the space of boundary 2-vectors, a linear 
(possibly non-integrable) complex structure admits a taming linear symplectic form if and only if it admits a 
compatible linear symplectic form, |LT12i Theorem 2.5]; note that 4-dimensional unimodular Lie algebras satisfy 
the assumption BAB = 0. Finally, given a linear (possibly non-integrable) complex structure on a 4-dimensional 
Lie algebra, they studied the convex cones composed of the classes of J-taming, respectively J-compatible, linear 
symplectic forms, comparing them by means 

^^^^2,0). (0,2) ^^.jj^^ [LTT2I Theorem 3.10]: this result is the linear 

counterpart of |LZ091 Theorem 1.1]. 



2.2.3 Complex-C°°-pure-and-fullness for 4-dimensional manifolds 



By |DLZ10[ Lemma 2.15, Theorem 2.16], or jLZOQl Proposition 2.1], every compact complex surface is complex- 
C°°-pure-and-full at the 2"'* stage; on the other hand, a compact complex surface is complex-C°°-pure-and-full 
at the I''* stage if and only if its first Betti number bi is even, that is, if and only if it admits a Kahlcr structure, 
see }Kod641pi774llSiu83j . or |Lam99[ Corollaire 5.7], or |Buc99[ Theorem 11]. 

One may wonder about the relations between being complcx-C°°-purc-and-full and being integrable for an 
almost-complex structure on a compact 4-dimcnsional manifold; this is the matter of the following result, |AT12a[ 
Proposition 1.7]. 

Proposition 2.22. There exist 

• non-complex-C°° -pure-and-full at the I*'* stage non-integrable almost- complex structures, and 

• complex-C°° -pure-and-full at the 1^* stage non-integrable almost-complex structures 
on compact 4- dimensional manifolds with hi even. 

Proof. The proof follows from the following examples, |AT12a[ Example 1.5, Example 1.6]. 

Step 1 - There exists a non-complex-C°° -pure-and-full at the 1** stage non-integrable almost- complex structure 

on a 4-dimensional manifold. Consider the standard Kahler structure (Jq, wq) on the 4-dimensional torus T** 

with coordinates \x^ \ ,1 , that is, 

I Jje{i 4}' ' 



/ 



^0 





-1 \ 




-1 


1 




1 


/ 



e End(T'* 



and 



dx^ Ada;^ +dx2 Ada-^ £ A^T^ 



and, for e > small enough, let {Jt}jg(_g be the curve of almost-complex structures defined by 



Jt :=: Jt,e ■= (id-ti) Jo (id -tL) = 



1 _ 


/ 


i-ti 
i+ti 


-1 




l+tf 










1-te 
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1 







e End(T'^ 



where 



L 



V 










/ 



e End(T*l 



and £ ~ i{x2) G C°°(R*; R) is a Z'*-periodic non-constant function. 
For t G (— £, e) \ {0}, a straightforward computation yields 



F^^^°'(T2;C) = C(da;2 + idx4) , H^f;'' {TI;C) = C(dx2-idx4) 



(0.1) /np2. 



therefore 



dime iJ^;°^(T2;C)+ dime <''^(T2;C) = 2 < 4 = 61 (T^) 



(0,1) /Tp2. 
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that is, Jt is not complex-C°°-pure-and-full at the P* stage. 

Step 2 - There exists a complex-C°° -pure- and- full at the 1"* stage non-integrable almost- complex structure on 
a 4- dimensional manifold. Consider a compact 4-dimensional nilmanifold X = T\G, quotient of the simply- 
connected nilpotent Lie group G whose associated Lie algebra is 

:= (0^, 14, 12) ; 

let J be the G-left-invariant almost-complex structure defined by 

Je^ := -e^ , Je^ := -e^ ; 

note that J is not integrable, since Nij(ei,e3) ^ 0, where {ei}jg|]^ 2 3 4} ^^'^ dual basis of {s'ligji 2 3 4}' 
fact, X has no integrable almost-complex structure: indeed, since bi{X) = 2 is even, if there were a complex 
structure on X , then X should carry a Kahler metric; this is not possible for compact non-tori nilmanifolds, by 
[Has89[ Theorem 1, Corollary], or |BG88[ Theorem A]. 

By K. Nomizu's theorem jNom54[ Theorem 1], one computes 

H',j,iX; C) C {ip\ and Hj^iX; C) = C (^^^ + ^12^ ^12 _ ^21^ . 

in particular, it follows that J is complcx-C°°-purc-and-full at the I*'' stage. Note that J is not complex-C°°-pure- 
and-fuU at the 2"^^ stage but just C°°-purc-and-full: indeed, using Proposition l2.19l one can prove that the class 
(p^'^ -f- ip^'^ admits no pure type representative with respect to J. Moreover, observe that the G-lcft-invariant 
almost-complex structure 

J'ei := -e^ , J'e^ := -e^ , 

is complex-C°°-pure-and-full at the 2'^'^ stage and non-complcx-C°°-pure-and-full at the 1"* stage (obviously, in 
this case, h~j, — 0, according to [DLZlOl Corollary 2.14]). □ 

Remark 2.23. T. Draghici, T.-J. Li, and W. Zhang proved in |DLZ10[ Corollary 2.14] that an almost-complex 
structure on a compact 4-dimensional manifold X is complex-C°°-pure-and-full at the 2"*^ stage if and only if J 
is integrable or diuiis. HJ {X) = 0. 



2.2.4 Almost-complex manifolds with large anti-invariant cohomology 

Given an almost-complex structure J on a compact manifold X, it is natural to ask how large the cohomology 
subgroup HJ {X) can be. 

In [DLZlli Theorem 1.1], T. Draghici, T.-J. Li, and W. Zhang, starting with a compact complex surface X 
endowed with the complex structure J, proved that the dimension /ij := dinis^Hj{X) of the J-anti-invariant 
subgroup HJ{X) of _ffJ^(X;R) associated to any metric related almost-complex structures J on X (that is, the 
almost-complex structures J on X inducing the same orientation as J and with a common compatible metric 
with J), such that J ^ ±J, satisfies e {0, 1, 2}, and they provided a description of such almost-complex 
structures J having h'j G {1, 2}. 

In this direction, T. Draghici, T.-J. Li, and W. Zhang proposed the following conjecture. 

Conjecture 2.24 ( [DLZlll Conjecture 2.5]). On a compact 4- dimensional manifold endowed with an almost- 
complex structure J, if dim]^ H J (X) > 3, then J is integrable. 

In [TWZZlTj . Q. Tan, H. Wang, Y. Zhang, and P. Zhu proved that, on a compact 4-dimensional manifold 
endowed with an almost-complex structure J and a J-Hermitian metric g, the dimension dimR HJ (X) is constant 

for all almost-complex structures J being fundamental form related to J, namely, such that w G Aj^X n A^X, 

where uj := g (J-, ••) G Aj^X n /\^X is the (1, l)-form with respect to J associated to the J-Hermitian metric g, 
jTWZZllI Theorem 1.2]. Then, they proposed to modify [DLZlli Conjecture 2.5] as follows. 

Conjecture 2.25 ( |TWZZTT1 Question 1.5]). Let X be a compact 4-dimensional manifold endowed with an 
almost- complex structure J and a J-Hermitian metric g, and denote by ui :~ g (J-, ••) the (1, l)-form associated 
to g. Suppose that dimR_ffJ'(X) > 3. Does there exist an integrable almost- complex structure J such that 
w G aYx? 
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Furthermore, in |DLZ11| . it was conjectured that h'J ^ for a generic almost-complex structure J on a 
compact 4-dimensional manifold, |DLZ11[ Conjecture 2.4]. In [TWZZlll Theorem 1.1], Q. Tan, H. Wang, Y. 
Zhang, and P. Zhu proved that this holds true, showing that, on a compact 4-dimensional manifold X admitting 
almost-complex structures, the set of almost-complex structures J on X with dimg HJ (X) = is an open dense 
subset of the set of almost-complex structures on X. 

In [ATZ12[ §5], a 1-parameter family {Jt}t^i^_^ of (non-integrable) almost-complex structures on the 6- 

dimensional torus T^, where e > is small enough, having dimg HJ^ (T^) greater than 3 has been provided. We 
recall here the construction, see also jATlll §4]. 

Example 2.26. A family of almost- complex structures on the 6 -dimensional torus with anti-invariant cohomology 
of dimension larger than 3. 

Consider the 6-dimensional torus T^, with coordinates {x^} j^^^ gj- For e > small enough, choose a function 

a: (— £, e) X — > M such that at a{t,-) E C°° (T^) depends just on a;'^ for any t G (— e, e), namely 
at — at{x^), and that ao{x^) = 1. Define the almost-complex structure Jt in such a way that 

ifl := dx^ -\- i at dx^ 

:= dx^ -\- i dx^ 
(fit ■= da;^ -I- i dx^ 

provides a co-frame for the C°° (T^; C)-module of (1, 0)-forms on with respect to Jt- In terms of this co-frame, 
the structure equations are 

difl = i d Oft A da;* 
dv? = 

Straightforward computations give that the Jt-anti-invariant real closed 2-forms are of the type 

^= — {dx^^ -at dx^^) +D {dx^^ -at dx^^) +E {dx^^ ^dx^^) +F {dx^^ -dx^'') , 
at 

where C, D, E, F e R (we shorten dx^'' dx^ A da;*"'). Moreover, the forms dx^'^ — da;^^ and da;^^ — dx'^^ 
are clearly harmonic with respect to the standard Riemannian metric Y^^=i'd^'' ® dx^, while the classes of 
dx^^ — at dx^^ and dx^'^ — at dx*^ are non-zero, being their harmonic parts non-zero. Therefore, we get that 

/ij^ = 4 for small t ^ , 

while hj^ — 6. 

The natural generalization of [DLZlOl Conjecture 2.5] to higher dimensional manifolds yields the following 
question, |ATZ12[ Question 5.2]. 

Question 2.27. Are there compact 2n-dimensional manifolds X endowed with non-integrable almost-complex 
structures J with dim^ Hj (X) > n {n — 1)? 

Note that, when X ^ r\ G is a 2n-dimensional completely-solvable solvmanifold endowed with a G-left- 
invariant almost-complex structure J, then, by Proposition 1 2 . 1 t?l it follows that 

dimuHJiX) < n (n - 1) and dmiRHjiX) < . 

2.2.5 Semi-Kahler manifolds 

As already recalled, A. Fino and A. Tomassini's |FT101 Theorem 4.1] proves that, given an almost-Kahler 
structure on a compact manifold, if the almost-complex structure is C°°-pure-and-full and the symplectic structure 
satisfies the Hard Lcfschetz Condition, then the almost-complex structure is pure-and-fuU too; moreover, by 
[FTlOi Proposition 3.2], see also [DLZlOl Proposition 2.8], the almost-complex structure of every almost-Kahler 
structure on a compact manifold is C°°-pure. 

To study the cohomology of balanced manifolds X and the duality between Hj*'*\X;C.) and Hf^^ ^^(X;C), 
we get the following result, [AT12a[ Proposition 3.1], which can be considered as the semi-Kahler counterpart of 
[FTlOl Theorem 4.1]. 
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Proposition 2.28. Let X be a compact 2n- dimensional manifold endowed with an almost- complex structure J 
and a semi- Kdhler form uj . Suppose that [uj""^] — •: H^j^{X;R) Hj'^-'^{X;R) is an isomorphism. If J is 
complex-C°° -pure-and-full at the 1^* stage, then it is also complex-pure-and-full at the I''* stage, and 

H^j''"\X;C) :^ H-^^,^{X;C) . 

Proof. Firstly, note that J is complex-pure at the stage. Indeed, if 

a e i/(;_o)(X;C)ni/({,_i)(X;C), 

then 

Therefore, by the assumption 

ff]«(X;C) = i/y^°)(X;C)©ilf^'(X;C), 

we get that 

a = 0. 

Now, note that, since 

^ h'j^'''\X;C) C i/^"^"-i)(X;C) and [cu^-^] ^ (X;C) C h';;'-'-"'\X;C) , 

the isomorphism 

yields the injective maps 

Hf'^\x- C) C) and Hf^\x- C) -ff(lo)(^; Q . 

Since, by hypothesis, J is complex-C°°-pure-and-full at the I''' stage, namely, H\^{X]<C) = H^j''^\X]€,) © 
Hf'^\X; C), we get the proof. □ 

We provide here some explicit examples, |AT12a[ Example 3.2, Example 3.3], checking the validity of the 
hypothesis of — ■ : 7?]^(X;R) H'^'^~\X;M.) being an isomorphism in Proposition [OHl 

Example 2.29. A balanced structure on the Iwasawa manifold. 

On the Iwasawa manifold I3 (see ^1.4.ip , consider the balanced structure 

w := ^ {(fi^ A + (^^ A (^^ + (^^ A 1^^) . 

Since 

H^nih-X) = C{^\ ^\ ^\ and Hl^{l,X) = (^"123^ ^23i23^^ 

it is straightforward to check that 

[uj^] ^ ■: Hl^XhX) ^ Hl^XhX) 

is an isomorphism. Therefore, by Proposition 12 . 281 I3 is complex-C°°-pure-and-full at the T** stage and complex- 
pure-and-full at the P* stage (the same result follows also arguing as in [FTlOi Theorem 3.7], the above harmonic 
representatives of H^p, (I3; C), with respect to the Hermitian metric V'' 0<^-' , being of pure type with respect 

to the complex structure). 

Example 2.30. A Q- dimensional manifold endowed with a semi-Kdhler structure not inducing an isomorphism 
in cohomology. 

Consider the 6-dimensional nilmanifold 

X = r\G := (0^ 12, 13) . 
In [FTlOi Example 3.3], the almost-complex structure 

J' el := -e^ , J' := -e\ J' e' := -e^ 
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is provided as a first example of non-C°°-pure almost-complex structm-c. Note that J' is not even C°°-iu\l: indeed, 
the cohomology class [e^^ + e^®] admits neither J'-invariant nor J'-anti-invariant G-left-invariant representatives, 
and hence, by Proposition 1 2 . 1 iJl it admits neither J'-invariant nor J'-anti-invariant representatives. 
Consider now the almost-complex structure 

Je^ -e^ , Je^ ~ -e^ , J := -e^ 

and the non-degenerate J-invariant 2-form 

u := + + e« . 

A straightforward computation shows that 

duj = ^0 and d^^ ^ d (e^^ss - gi^se ^ ^2346^ ^ 0^ 

By K. Nomizu's theorem |Nom541 Theorem 1], it is straightforward to compute 

H'^RiX;R) = M(e\ e^, e\ e^) . 

Since 

^2^1 ^ gl2346 ^ dg3456 ^ 

we get that [w^j ^ .. H^^{X;R) H^n{X;R) is not injcctivc. 

We give two explicit examples of 2n-dimensional complex manifolds endowed with a balanced structure, with 
2n — 10, respectively 2n = 6, such that the {n — 1)'^ power of the associated (1, l)-form induces an isomorphism 
in cohomology, and admitting small balanced deformations, [AT12a[ Example 3.4, Example 3.5]. 

Example 2.31. A curve of balanced structures on ri/3<^ inducing an isomorphism in cohomology. 
We recall the construction of the 10-dimcnsional nilmanifold rj/S^, introduced and studied in [AB90j by L. Alessan- 
drini and G. Bassanelli to prove that being p-Kahler is not a stable property under small deformations of the 
complex structure; more in general, in |AB91j . the manifold ri/32n+i, foi' any n S N \ {0}, has been provided 
as a generalization of the Iwasawa manifold I3, and the existence of p-Kahler structures on rj(32n+i has been 
investigated. (For definitions and results concerning p-Kahler structures, see |AB91| . or, e.g., |Sil96[ [Xlell] .) 
For n S N \ {0}, consider the complex Lie group 
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< A e GL{n + 2;C) : A ^ 
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if 




> 


< 


V 


• 


• 


1 


J 





equivalently, one can identify G2n+i with (C^""^^, *), where the group structure * is defined as 
{x\ . . . , a;", y\ . . . , y", z) * {u\ . . . , u", . . . , w", w) 

{x^ -f u\ . . . , x" u", y'^ +v'^, ...,y"' + v"-, z + w + x^ -v^ -\ h • -y") . 

Since the subgroup 

r2„+i := G2„+i nGL(n + 2;Z[i]) C G2„+i 

is a discrete co-compact subgroup of the nilpotent Lie group G2n-i-i, one gets a compact complex manifold, of 
complex dimension 2?! + 1 , 

Vl^2n+l r2„+l\G2ri+l , 

which is a holomorphically parallclizable nilmanifold and admits no Kahlcr metric, [Wan54[ Corollary 2], or 
[BG881 Theorem A], or |Has89[ Theorem 1, Corollary]; note that 77/33 = I3 is the Iwasawa manifold (see iJ1.4.ip . 
In fact, one has that ri/32n+i is not p-Kiihler for 1 < p < n and it is p-Kahlcr for n -I- 1 < p < 2n -I- 1, [AB91[ 
Theorem 4.2]; furthermore, r]f32n+i has complex submanifolds of any complex dimension less than or equal to 
2?! + 1, and hence it follows that the p-Kahler forms on 77/?2n+i can never be exact, |AB91I §4.4]. 
Setting 

(p^^ := dx^ , for j G {1, . . . , ?i} , 

:= dy^ , for j e {1, . . . ,n} , 

^2n+l _ dz-EjU^'dy^ 
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one gets the global co-frame {'p-'}^^^^ 2n+i} ^'^^ ^^^^ space of liolomorphic 1-forms, with respect to which the 
structure equations are 

Now, take 2n + 1 = 5. With respect to the co-frame {'p-'}j^^^ gj for the space of holomorphic 1-forms on 
77/35, the structure equations arc 

\ dip'' = -(^12_^34 

(where, as usually, we shorten, e.g., 

Consider on 77/35 the balanced structure 



5 

w := -^p' Ap^ 



By K. Nomizu's theorem jNom54l Theorem 1], it is straightforward to compute 

H'dRivp5;C) ^ C{p\ p\ p\ p\ p\ p\ p\ p') 

and 



(77/35; c) = c(^~^^^ 



123452345 ,,123451345 123451245 123451235 
1 P ^ P : 



^234512345 ^^134512345 ^^124512345 ^^123512345 

therefore, 77/35 is complex-C°°-pure-and-full at the I*'' stage and 

[^^] - ■ ■■ H}ji (77/^5; M) ^ fflfl (7?/35; K) 

is an isomorphism, and so rjp^ is also complex-pure-and-full at the l*** stage by Proposition 12 . 281 (note that, the 
above pure type representatives being harmonic with respect to the metric X]j=i P^ Qp-' , the same result follows 
also arguing as in |FT101 Theorem 3.7]). 

Now, let {^t}tgA(o e)cC' where e > is small enough, be a family of small deformations of the complex 
structure such that 





~ p'^+tp'^ 








:= p^ 


< Pt 


:= p^ 






^\ 


:= p^ 




p^ 



is a CO 

are written as 



frame for the Jf-holomorphic cotangent bundle. With respect to \pi\ , the structure cquati' 

1^ Jje{i,...,5} 

r dp\ = dpi = dpi ^ dpt ^ 

1 H /n5 — 1 ,„12 ,^34 t 21 



Setting, for t e A(0,e) C C, 

5 

■■= -^piATpi, 
i=i 

one gets a curve of balanced structures {( Jt, '-^t)}t(z/\^Q ^) on the smooth manifold underlying 77/35. Furthermore, 
for every t e A (0,e), the complex structure Jt is complex-C°°-purc-and-full at the l*** stage and 

is an isomorphism. Therefore, according to Proposition 12.281 it follows that, for every t G A(0, e), the complex 
structure Jt is complex-pure-and-full at the l*** stage, and that Hj^'^^ (77/^5; C) ~ ^{01) ivPs'^'^)- 
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Example 2.32. A curve of semi-Kdhler structures on a Q- dimensional completely- solvable solvmanifold inducing 

an isomorphism in cohomology. 

Consider a completely-solvable solvmanifold 

X = T\G := (0, -12, 34, 0, 15, 46) 

endowed with the almost-complex structure Jq whose holomorphic cotangent bundle has co-frame generated by 

' (f^ := +ie'* 

< if'^ := e^ + ie^ 

, ip"^ := e'^ + ie^ 

and with the Jo-compatible symplectic form 

C.0 + + e^^ 

(see also |FT101 §6.3]). The structure equations with respect to {tp^, (f'^, tp^} are 

dip^ = 

< 2dp^ = -(^12_^12 . 

using A. Hattori's theorem |Hat60[ Corollary 4.2], one computes 

H'aR{X;R) = R{e\ e^) , 

where go is the Jo-Hermitian metric induced by (Jq, luq). 

Now, consider the curve {Jt}t£(-e e)cK almost-complex structures on X, where e > is small enough and 
Jt is defined requiring that the Jt-holomorphic cotangent bundle is generated by 

•fl 

(^2 := (p2 + iie6 ; 
ft ■■= f^ 

for every t G (— e, s), consider also the non-degenerate Jj-compatiblc 2-form 
for t ^ 0, one has that dcj 7^ 0, but 

diuf = d{cul-te'^^^) = 0, 
hence {{Jt, <j-'t)}tg(-£ e) gives rise to a curve of semi-Kahler structures on X. Moreover, note that 

A el = el2356 ^ ^2 ^ g4 ^ g23456 ^ 

therefore [w^] .; fl"i^(X;]R) iJjjj,(X;]R) is an isomorphism, for every t G (— e, s). 
2.2.6 Almost-Kahler manifolds and Lefschetz-type property 

Recall that every compact manifold X endowed with a Kahler structure (J, uj) is C°°-pure-and-full, in fact, 
complex-C°°-pure-and-full at every stage, |DLZ10[ Lemma 2.15, Theorem 2.16], or [LZ09[ Proposition 2.1]. A 
natural question is whether or not the same holds true even for almost-Kahler structures, namely, without the 
integrability assumption on J. 

In this section, we study cohomological properties for almost-Kahler structures, in connection with a Lefschetz- 
type property. Theorem 12.351 and we describe some explicit examples. 

The results in this section have been obtained in a joint work with A. Tomassini and W. Zhang, [ATZ12j . 

Let X be a compact 2n-dimensional manifold endowed with an almost-Kahler structure (J, g), that is, J 
is an almost-complex structure on X and 17 is a J-Hermitian metric whose associated (1, l)-form uj :^ g {J ■■) Cz 
A^'^X n A^X is d-closed. 

Firstly, we recall the following result on decomposition in cohomology for almost-Kahler manifolds, proven by 
T. Draghici, T.-J. Li, and W. Zhang in [DLZ10| and, in a different way, by A. Fino and A. Tomassini in |FT10| . 
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Proposition 2.33 f [DLZ10[ Proposition 2.8], [FTlOi Proposition 3.2]). Let X he a compact manifold and let 
(J, w, g) he an almost- Kiihler structure on X. Then J is C°°-pure. 

Hence, one is brought to study the C°°-fuUness of almost-Kahler structures. 

Note that w is in particular a syniplectic form on X. We recall that, given a compact 2ri-dimensional manifold 
X endowed with a symplectic form uj, and fixed fc G N, the Lefschetz-type operator on (n — fc)-forms associated 
with UJ is the operator 

L*^ L^: A""*^' X ^ A'^+'^X , L'=(a) := uj'' A a 

(see j40.2l for notations concerning symplectic structures); since duj — 0, the map L'^ : A"'*^ X — > A"+'^X induces 
a map in cohomology, namely, 

L'^ : H^^ '^iX; M) ^ H^+\X; R) , L'^ (a) [c.^'] ^ a , 

Initially motivated by studying, in |Zhall| . Taubes currents, which have been introduced by C. H. Taubes 
in |Taull| in order to study S. K. Donaldson's "tamed to compatible" question, |Don06[ Question 2], W. Zhang 
considered the following Lefschetz-type property, see also jDLZ121 §2.2]. 

Definition 2.34. Let X be a compact 2ri,-dimensional manifold endowed with an almost-complex structure J 
and with a J-Hcrmitian metric g; denote by uj the (1, l)-form associated to g. One says that the Lefschetz-type 
property (on 2- forms) holds on X if 

LZ^^: A^X^A?''-'^X 
takes 5-harmonic 2-forms to g-harmonic (2n — 2)-forms. 

Since the map L^ : a"^*"' X — > A"+'^X is an isomorphism for every /c S N, [Yan96[ Corollary 2.7], it follows 
that the Lefschetz-type property on 2-forms is stronger than the Hard Lefschetz Condition on 2-classes, namely, 
the property that M"'^ •: Hlp{X]M) i7^]^"^(X;R) is an isomorphism. 

In order to study the relation between the Lefschetz-type property on 2-forms and the C°°-fullness, we prove 
here the following result, |ATZ12i Theorem 2.3], which states that the Lefschetz-type property on 2-forms is 
satisfied provided that the almost-Kahler structure admits a basis of pure type harmonic representatives for the 
second de Rham cohomology group. (Recall that A. Fino and A. Tomassini proved in [FTlOl Theorem 3.7] that 
an almost-Kahler manifold admitting a basis of harmonic 2-forms of pure type with respect to the almost-complex 
structure is C°°-pure-and-full and pure-and-fuU; they also described several examples of non-Kahler solvmanifolds 
satisfying the above assumption, [FTlOl §5, §6].) 

Theorem 2.35. Let X he a compact manifold endowed with an almost-Kahler structure (J, w, g). Suppose that 
there exists a hasis of H^j^{X;W) represented hy g-harmonic 2-forms which are of pure type with respect to J. 
Then the Lefschetz-type property on 2-forms holds on X . 

Proof. We recall that, on a compact 2n-dimensional symplectic manifold, using the symplectic form to instead 
of a Riemannian metric and miming the Hodge theory for Riemannian manifolds, one can define a symplectic- 
★-operator : A* X -> A^"-*^ such that a A = {uj-^y (a, /3) ^ for every a, /3 G a'^X, see |Bry88[ §2]. 
(See ^U.2I for further details on symplectic structures, and see j43.1.1l for definitions and results concerning the 
Hodge theory for symplectic manifolds.) In particular, on a compact manifold X endowed with an almost-Kahler 
structure (J, w, g), the Hodge-H<-operator *g and the symplectic-*-operator -ki^ are related by 

~ *g J ^ 

see |Bry88[ Theorem 2.4.1, Remark 2.4.4]. Therefore, for forms of pure type with respect to J, the properties 
of being (^-harmonic and of being w-symplectically-harmonic (that is, both d-closcd and d^-closed, where d^ is 
the symplectic co-differential operator, which is defined, for every fc G N, as d'^[^fcx-= (—1)*^^^ *tj d ^^j) are 



equivalent. The statement follows noting that 



[d, LI = and 



d^, L 



= -d 



see, e.g., |Yan96[ Lemma 1.2]: hence L sends w-symplectically-harmonic 2-forms (of pure type with respect to J) 
to w-symplectically-harmonic (2n — 2)-forms (of pure type with respect to J). □ 

Remark 2.36. Note that, if AT is a compact 2n-dimensional manifold endowed with an almost-Kahler structure 
(J, w, g) satisfying the Lefschetz-type property on 2-forms and J is C°°-full, then J is C°°-pure-and-full and 
pure-and-fuU, too, |ATZ12[ Remark 2.4]. 
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Indeed, we have already noticed that J is C°°-pure by [DLZlOl Proposition 2.8] or [FTlOl Proposition 3.2]. 
Moreover, since J is C°°-full, J is also pure by [LZ09[ Proposition 2.5]. We recall now the argument in |FT101 
Theorem 4.1] to prove that J is also full. Firstly, note that if the Lcfschctz-typc property on 2- forms holds, then 
[w»-2] _ .. H}^ (X;R) H^"^'^ {X;M.) is an isomorphism. Therefore, we get that 

indeed, (following the argument in [FTlOi Theorem 4.1],) since [w"-^] ^ ij2^(X;R) -> H'^'^-^{X;R) is in 
particular surjective, we have 

yielding the above decomposition of M). Then, it follows that J is also full by Theorem 12. 101 

We describe here some examples, from jATZ12j . of almost-Kahlcr manifolds, studying Lcfschctz-typc property 
and C°°-fullness on them. 

In the following example, we give a family of C°°-full almost-Kahler manifolds satisfying the Lefschetz-type 
property on 2-forms, |ATZ12l §2.2]. 

Example 2.37. A family ofC°°-full almost-Kahler manifolds satisfying the Lefschetz-type property on 2-forms. 
Consider the 6-dimensional Lie algebra 

(17 := (0^ 23, 13, 12) . 

By Mal'tsev's theorem |Mal49[ Theorem 7], the connected simply-connected Lie group G associated with t)7 
admits a discrete co-compact subgroup F: let N := V\G be the nilmanifold obtained as a quotient of G by F. 
Note that N is not formal by K. Hasegawa's theorem |IIas89[ Theorem 1, Corollary]. 
Fix a > 1 and consider the G-left-invariant symplectic form uja on N defined by 

e^^ + a- + (a - 1) • e^^ . 

Consider the left-invariant almost-complex structure J on N defined by 

Jo-ei 64, Jae2 := a 65 , Jq 63 := (a - 1) 65 , 

1 

a-l 



where {ei, . . . , eg} denotes the global dual frame of the G-left-invariant co- frame {e^, . . . , e^} associated to the 
structure equations. 

Finally, define the G-left-invariant symmetric tensor 

9ai-, ••) Wq (•, Ja--) ■ 

It is straightforward to check that {{Ja, (^a, ga)}a>i ^ family of G-lcft-invariant almost-Kahler structures 
on N; moreover, setting 

E'a e\ El a e^ El := {a ~ I) e\ 

■■= , El := , El := , 

we get the G-left-invariant gc-orthonormal co-frame . . . , i?^} on N . The structure equations with respect 

to the CO- frame {i?,^, . . . , El^ read as follows: 

( dEl ^ Q 
AEl = 
dEl = 

= a(a-l) Ef 
dEl = ^^Ef 

'^El = iEi^ 
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Then 

vl:=El+iEi, ^l-.^El+iEl, := El+iEl 

are (l,0)-forms for the almost-complex structure Jq,, and 

= El^Ei + El^El + El^El. 

By K. Nomizu's theorem |Nom54[ Theorem 1], the de Rham cohomology of TV is straightforwardly computed: 

Hl^{N-R) = ^/El^El\El\El\El\El^El' + ^El\^Ef + ^EA 
\ a a a — \ / 

= M (i a^i:^ + i </722^ i (a - 1) <^22 ^ J ^^33^ 3^^i2^ 3^^i3^ 3m(/9i2^ 

Note that the ga-harmonic representatives of the above basis of H'^ji{N;M.) are of pure type with respect to 
Ja'- hence, the almost-complex structure Jq, is C°°-pure-and-full and pure-and-full by [FTlOi Theorem 3.7]; 
furthermore, by Theorem 12.351 the Lefschetz-type property on 2-forms holds on TV endowed with the almost- 
Kahler structure {Ja, oJa, 9a), where a > 1. Moreover, we get 

/1+ (TV) = 5, h-j^{N) = 3. 

On the other hand, one can explicitly note that 







_ pl536 


*9„ 


El' 


Lu^ 


Ei' 


_ ^1625 


^ *9„ 


El' 


L^. 


Ef 


_ p2436 


^ *9„ 


El' 


Lu:, 


El' 


_ p2614 


= *9„ 


Ef 


Lu^ 


El' 


_ p3425 
a 


= *9„ 


El' 




Ef 


_ p3514 


= *9„ 


Ef 



and 

d*.„L.„ (eI' + ^eA = aL'^eI'-e^-^eA = 0, 

\ a J \ a a J 

and 

d (e25 + e36) = ; 

this proves explicitly that the the Lefschetz-type property on 2-forms holds on TV endowed with the almost-Kahler 
structure (Jq, Wq, go), where a > 1. 

Note that, while A • : TV A'' TV induces an isomorphism [wq] ^ ■: Hjj^{N;R) ^ H^j^{N;R) in 
cohomology, the map [uja]^ ^ ■■ H^j^{N;M.) — > H^j^{N;M.) is not an isomorphism, according to [BG881 Theorem 
A]. 

We show explicitly that the nilmanifold TV is not formal, without using K. Hasegawa's theorem |Has89[ 
Theorem 1, Corollary]. By |DGMS75l Corollary 1], every Massey product on a formal manifold is zero. Since 

[El] [El] - (a - 1) [dEl] = and [eI] ^ [eI] = -a [a - 1) [dE^] - , 

the triple Massey product 

{[El]AEl],\El]) = -(a-1) [Ef+aEl'] 

is not zero, and hence TV is not formal. 

Summarizing, we state the following result, [ATZ12[ Proposition 2.5]. 

Proposition 2.38. There exists a non-formal Q- dimensional nilmanifold endowed with an 1-parameter family 
{{Ja, (^a, 9a)}a>i '^f left- invariant almost-Kdhler structures, such that is C°° -pure-and-full and pure-and-full, 
and for which the Lefschetz-type property on 2-forms holds. 

In the following example, we give a C°°-pure-and-full almost-Kahler structure on the completely-solvable 
Nakamura manifold, [ATZ121 §3]. 
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Example 2.39. A C°° -pure-and-fuU almost- Kdhler structure on the completely- solvable Nakamura manifold. 
Firstly, we recall the construction of the completely-solvable Nakamura manifold: it is a completely-solvable 
solvmanifold difleomorphic to the Nakamura manifold studied by I. Nakamura in |Nak75[ page 90] , and it is an 
example of a cohomologically-Kahler non-Kahler manifold, |dAFdLM92| . |FMS03[ Example 3.1], |dBT06[ §3]. 

Take A £ SL(2;Z) with two different real positive eigenvalues e^ and e~^ with A > 0, and fix P S GL(2;R) 
such that PAP^^ = diag (e^, e^^). For example, take 



A 



2 1 
1 1 



and P 



l-v/5 
2 

1 



1 

V5~l 



and consequently A = log ■ 

Let :=: M^{X) be the 6-dimensional completely-solvable solvmanifold 



:= §^2 X 

where T?. is the 2-dimensional complex torus 



(Ti) 



PZ [if 



and Ti acts on R x as 

Ti (a;\ x^ a;^ a;^ x^) := {x^ + X, e'^x^, e^x^, e'^x^, x^) 
Using coordinates on S^, x^ on K and [x^ , x^ , x^ , x^) on T^, we set 

:= dx^ , := dx^ , 



e^ dx^ 
e^^ dx^ 



da;4 



as a basis for g*, where g denotes the Lie algebra naturally associated to M^; therefore, with respect to 
{e'}ig{i e}, the structure equations are the following: 



' del 


= 


de2 


= 


de3 


= e^ A 


de" 


= -el A e^ 


de^ 


^ el A e^ 


de^ 


= -el A e^ 



Let J be the almost-complex structure on defined requiring that a co-frame for the space of complex 
(1, 0)-forms is given by 



<y5 
^3 



i(ei+ie2) 
e^ -t- ie^ 



e"! + ie6 



It is straightforward to check that J is integrable. 

Being a compact quotient of a completely-solvable Lie group, one computes the de Rham cohomology of 
by A. Hattori's theorem |Hat60[ Corollary 4.2]: 



if°^(A./6;C) = C(l) , 
i?i^(A./6;C) = C(^i,^i) , 

ifJ^(A/6;C) = C 



,„11 ,„23 ,„32 ,23 ,23 



,A23 ,„132 ,„123 ,„123 ,„213 ,„312 ,^231 ,„123 

■I'f :V >V i^f 
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(as usually, for the sake of clearness, we write, for example, ip^^ in place of ip^ A (p^ , and we list the harmonic 
representatives with respect to the metric g := X]j=i V'' © V'' instead of their classes). Therefore, |FMS03[ 
Proposition 3.2]: (i) is geometrically formal, that is, the product of g-harmonic forms is still g-harmonic, and 
therefore it is formal; (ii) furthermore, 

^ :^ + ^ ^56 

is a symplectic form on satisfying the Hard Lefschetz Condition. 

Note also that w := ^ {^^"^ + V'^^ + 'P^^^ is not closed but duj^ = 0, from which it follows that the manifold 
admits a balanced metric. 

Since is a compact quotient of a completely-solvable Lie group, by K. Hascgawa's theorem |Has06[ Main 
Theorem], the manifold M^, endowed with any integrable almost-complex structure (e.g., the J defined above), 
admits no Kahler structure, and it is not in class C of Fujiki, see also |FMS03[ Theorem 3.3]. 

Therefore, we consider the (non-integrable) almost-complex structure J' defined by 

J'gi := -e^ J'e^ -e\ J' -e^ 

Set 

r ^1 i(ei+ie2) 
< '■= e'^ + ie'* 

^ f/jS e' + ie^ 

as a CO- frame for the space of (l,0)-forms on with respect to J'; the structure equations with respect to this 
co-frame are 

' dV'^ = 

from which it is clear that J' is not integrable. 
The J'-compatible 2-form 

J := + ^ ^56 

is d-closed; hence (J', w') is an almost-Kahler structure on . 

Moreover, as already remarked, using A. Hattori's theorem |Hat60l Corollary 4.2], one gets 

= M{^i7A", iV-^^ iV'^^ i(v^3 _^ V^2^^®]R(|i(V'23 _ ^23^ \^ ^ 

where we have listed the harmonic representatives with respect to the metric g' := X]^=i © histead of 
their classes; note that the above g'-harmonic representatives are of pure type with respect to J'. Therefore, 
J' is obviously C°°-full; it is also C°°-pure by [FTlOi Proposition 3.2], or [DLZlOi Proposition 2.8]. Moreover, 
since any cohomology class in H^, (M^), respectively in Hj, (M^), has a d-closed g'-harmonic representative in 

A^'/M^ n A^M^, respectively in ® h^j?M^^ n A^Af^ then J' is also pure-and-full, by |FT10[ Theorem 

3.7], and the Lcfschctz-typc property on 2-forms holds, by Theorem 12.351 
One can explicitly check that the Lefschetz-type operator 

takes g'-harmonic 2-forms to (yr'-harmonic 4-forms, since 







= ei234 


+ ei256 


= *9' 


(e- 




L^' 




= ei234 


+ e3456 


= *g' 


(e- 




L^' 


g56 


_ gl256 


g3456 


= *g' 




f e34) 


L^' 


g36 


= e 


1236 






45 


L^' 


g45 


= e 


1245 






36 



Summarizing, the content of the last example yields the following result, [ATZ121 Proposition 3.3]. 



2.2 C°°-pure-and-fullness for special manifolds 
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Proposition 2.40. The completely-solvable Nakamura manifold admits 

• both a C°° -pure- and- full and pure-and-full complex structure J, and 

• a C°° -pure-and-full and pure-and-full almost-Kahler structure (J', lo' , g'), for which the Lefschetz-type prop- 
erty on 2-forms holds. 

Finally, in the following example, we give a non-C°°-full almost-Kahler structure, [ATZ12[ §4]. In particular, 
this provides another strong difference between the (non-integrable) almost-Kahler case and the (integrablc) 
Kahler case, all the compact Kahlcr manifolds being C°°-purc-and-full by [DLZlOi Lemma 2.15, Theorem 2.16], 
or [LZ09[ Proposition 2.1]. 

Example 2.41. An almost-Kahler non-C°° -full structure for which the Lefschetz-type property on 2-forms does 
not hold. 

Consider the Iwasawa manifold I3 ;= H (3; Z [i])\ H(3; C), see i:11.4.1l Recall that, given the standard complex 
structure induced by the one on and setting {f^, f'^, f^} as a global co-frame for the (l,0)-forms on I3, by 
K. Nomizu's theorem |Nom541 Theorem 1] one gets 

(I3; C) = M (^13 + i (^13 - ^^5) , + i (^^3 - ^^5^ , - 

where we have listed the harmonic representatives with respect to the metric g := X]^=i f'^ © 'f^ instead of their 
classes. Using the co- frame {e^, . . . , e^} of the cotangent bundle defined by 

(^1 =: -f ie^ , f'^ =: e^ + ie"^ , (p^ =: e'' + ie'^ , 

one computes the structure equations 

del = de^ = de^ = de* = 0, ^ = -e^^ -f , de^ = -e''~e^\ 

Therefore 

Hjj, (I3; M) = R (ei5 _ e^e, e'' + e^^, e^^ - e'' + e^' , e'' + e'\ e"^ - e", e^\ e'^) . 
Consider the almost-complex structure J on X defined by 

Je^ -e^ , Je^ -e^ , J e^ := -e^ , 

and set 

Then (J, ui, g) is an almost-Kahler structure on the Iwasawa manifold I3. We easily get that 

M (gie + e25, (e35 - e«) + (e^^ + e24) ^ (^36 _|_ ^45) _ (^23 „ ^14) ^ ^34^ ^ ^+ ^j^) 

and 

M (el5 - 6^6, (e35 _ e46) _ (^13 ^ ^24) ^ (g36 _|. ^45) ^ (^23 _ ^14)^ ^ ^- (j^) ^ 

We claim that the previous inclusions are actually equalities, and in particular that J is a non-C°°-full almost- 
Kahler structure on I3. Indeed, we firstly note that, by |FT10[ Proposition 3.2] or [DLZlOi Proposition 2.8], J is 
C°°-pure, since it admits a symplectic structure compatible with it. Moreover, we recall that a C°°-full almost- 
complex structure is also pure by [LZ091 Proposition 2.5], and therefore it is also C°°-purc at the 4*'^ stage, by 
Theorem HHni that is, 

i/f '^'^''^'(l3;M)ni7^'''^(l3;M) = {0}. 
Therefore, our claim reduces to prove that J is not C°°-pure at the 4**^ stage. Note that 

^ P56] = [e3456 _del35] ^ [g3456 ^gl234] 

and that e^^se + e^^^^ G (^A^h © ^^13^ D A%, while e^^se _ ei234 ^ ^2.2^^ ^ ^4j^^ ^^-^^ ^(^3,i).(i,3) ^^^.^-^ ^ 

H^j''^^ (I3;M) 3 [6^456]^ therefore J is not C°°-pure at the 4"^ stage, and hence it is not C°°-fuU. 

Let be the Lefschetz-type operator associated to the almost-Kahler structure (J, w, g). Then, we have 

namely, does not take (7-harmonic 2-forms to (^-harmonic 4-forms. 
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The previous example proves the foUowmg result, |ATZ12[ Proposition 4.1]. 

Proposition 2.42. The differentiable manifold X underlying the Iwasawa manifold I3 := H (3; Z [i])\ H(3; C) 
admits an almost-Kdhler structure (J, ui, g) which is C°°-pure and non-C°° -full, and for which the Lefschetz-type 
property on 2- forms does not hold. 

The argument of the proof of |DLZ10[ Theorem 2.3] suggests the following question, [ATZ12[ Question 3.4], 
compare also |DLZ12I §2], in accordance with Proposition 12.421 

Question 2.43. Let X be a compact 2n-dimensional manifold endowed with an almost-Kahler structure (J, w, g) 
such that the Lefschetz-type property on 2-forms holds. Is J C°°-full? 

2.3 C°°-pure-and-fullness and deformations of (almost-)complex struc- 
tures 

In this section, we are interested in studying the behaviour of the cohomological decomposition of the de Rham 
cohomology of an (almost-)complex manifold under small deformations of the complex structure and along curves 
of almost-complex structures. 

More precisely, we prove that being C°°-pure-and-full is not a stable property under small deformations 
of the complex structure. Theorem I2.49L as a consequence of the study of the C°°-pure-and-fullness for small 
deformations of the Iwasawa manifold, Theorem 12.491 Then we study some explicit examples of curves of 
almost-complex structures on compact manifolds: by using a construction introduced by J. Lee, [Lee04i §1], 
we construct a curve of almost-complex structures along which the property of being C°°-pure-and-full remains 
satisfied. Theorem 12.531 In (j2.3.21 we provide counterexamples to the uppcr-semi-continuity of t h- )■ HJ^{X), 
Proposition 12.551 and to the lower-semi-continuity of t i-> H^{X), Proposition 12.561 where {Jt}j is a curve 
of almost-complex structures on a compact manifold X of dimension greater than 4; we also study a stronger 
semi-continuity problem, W2.3.2[ 

The results in this section have been obtained in joint work with A. Tomassini, |ATlll[AT12a| . 

2.3.1 Deformations of C°°-pure-and-full almost-complex structures 

In this section, we consider the problem of the stability of the C°°-pure-and-fullness under small deformations of 
the complex structure and along curves of almost-complex structures. 

Instability of C°°-pure-and-fuIl property 

We recall that a property concerning compact complex (respectively, almost-complex) manifolds (e.g., admitting 
Kahler metrics, admitting balanced metrics, satisfying the 99-Lemma, admitting compatible symplectic struc- 
tures) is called stable under small deformations of the complex (respectively, almost- complex) structure if, for 
every complex-analytic family {Xt :=: {X, Jt)}t^B °^ compact complex manifolds (respectively, for every smooth 
curve {Jt}t£B almost-complex structures on a compact differentiable manifold X), whenever the property 
holds for {X, Jt) for some t G -B, it holds also for {X, Jg) for any s in a neighbourhood oi t in B. 

The main result in the context of stability under small deformations of the complex structure is the following 
classical theorem by K. Kodaira and D. C. Spencer, |KS60j . which actually holds for differentiable families of 
compact complex manifolds. 

Theorem 2.44 ( [KS60[ Theorem 15]). For a compact manifold, admitting a Kdhler structure is a stable property 
under small deformations of the complex structure. 

Remark 2.45. Conditions under which the property of admitting a balanced metric is stable under small 
deformations of the complex structure have been studied by C.-C. Wu |Wu06[ §5], and by J. Fu and S.-T. Yau 
[FYTT] . 

Note that, by [DLZlli Theorem 5.4], see also [Don06| . on compact almost-complex manifolds of dimension 4, 
the property of admitting an almost-Kahler structure is stable under small deformations of the almost-complex 
structure. This result stands on the very special properties of 4-dimensional manifolds, and does not hold true 
in higher dimension. More precisely, we provide here an explicit example, in dimension 6, showing that, relaxing 
the integrability condition in the previous theorem (namely, starting with an almost-Kahler structure), we lose 
the stability under small deformations of the almost-complex structure. 
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Example 2.46. A curve {Jt}t of almost- complex structures on a compact 6-dimensional manifold such that Jq 
admits an almost-Kdhler structure and Jt, for t ^ 0, admits no almost-Kdhler structure. 
For c G M, consider the completely-solvable Lie group 



Sol(3)( 



/ e^ 
V 



1 zi 

1 / 



e GL(4; 



Choose a suitable c e R, for which there exists a co-compact discrete subgroup r(c) C Sol(3) such that 

^(c)(xi,yi,zi) := r(c)\Sol(3)(2;i,yi,ji) 

is a compact 3-dimensional completely-solvable solvmanifold, [AGH631 §3]. 
The manifold 

N^{c) := M{c){a:\y\z^) X A/(c)(:r2,y^z2) ■ 

is cohomologically-Kahler, see |BG90[ Example 1], is formal and has a symplectic structure satisfying the Hard 
Lefschetz Condition, but it admits no Kahler structure, see |FMS03[ Theorem 3.5]. 

Consider {e'l^^^j^ gj as a (Sol(3) x Sol(3))-left-invariant co-frame for N^{c), where 



:= e dx^, e 
with respect to it, the structure equations are 

' de^ = ce^ A 
de^ = -ce^ A 
de3 



dz^ 



dr^ 



de^ = -ce^ A 
^ de^ 

By A. Hattori's theorem [Hat60[ Corollary 4.2], it is straightforward to compute 

HjR{N^{c);R) = R{e^Ae'^, A e^ e^ A e^) , 

hence the space of (Sol(3) x Sol(3))-left-invariant d-closed 2-forms is 

R(ei2, e36^ e45)©R(e", e'^ e^^) 

(where, as usually, we shorten e^^ e^ A e^). 

Let Jo G End {TN^{c)') be the almost-complex structure given, with respect to the frame {ei, . . . , eg} dual to 
{e\...,e6},by 





/ -1 
1 


\ 




Jo := 


\ 


-1 

-1 

1 

1 1 


e End(riv6(c)) 



It is straightforward to check that Jo admits almost-Kahler structures: more precisely, the cone /Cj^^ jjj^ 



of 



(Sol(3) X Sol(3))-left-invariant almost-Kahler structures on (7V^(c), Jq) is 



Jq , inv 



{a A /? A e*^ -f 7 A I 



/3, 7>0} . 



Take now 



/ 1 \ 

-1 

1 





\oooo-i oy 



e End (riv'^(c)) 
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and define, for i G M, the almost-complex structure 





( 1 

-1 


-2t -2*2 


2t^ -2t\ 




Jt :— (idTN<^{c) -t L) Jo (idTN<^(c) ~t L) — 






-2t 1 
1 


e End (T*Af 6(c)) 




I 


-1 -2t 


J 





Wc first prove that Jt admits no (Sol(3) x Sol(3))-left-invariant almost-Kahler structure for i ^ 0. Indeed, for 
i 7^ 0, the space of (Sol(3) x Sol(3))-left-invariant d-closed Jt-invariant 2-forms is 

and 

(/3e3 A 6^+76'* A e' + 2tPe^ A e^)^ = for every /3, 7 G R , 

hence 

^}„i„v = fort 7^0. 

Now, using F. A. Belgun's symmetrization trick, |BelOO[ Theorem 7], we get that, if Jt admits an almost-Kahler 
structure w, then it should admits a (Sol(3) x Sol(3))-left-invariant almost-Kahler structure 

//(w) := / a;[,„?7(m) , 

JN<^{c) 

where 77 is a (Sol(3) x Sol(3))-bi-invariant volume form on N^{c), whose existence is guaranteed by |Mil76[ Lemma 
6.2]. 

We resume the content of the previous example in the following result. 
Theorem 2.47. Being almost-Kahler is not a stable property along curves 0/ almost- complex structures. 

In view of K. Kodaira and D. C. Spencer's theorem [KS60[ Theorem 15], a natural question in non-Kahler ge- 
ometry is what properties, weaker that the property of being Kahler, still remain stable under small deformations 
of the complex structure. This does not hold true, for example, for the balanced property, as proven in [AB90[ 
Proposition 4.1] by L. Alessandrini and G. Bassanelli; on the other hand, the cohomological property of satisfying 
the 99-Lemma is stable under small deformations of the complex structure, as we have seen in Corollarv ll.28l see 
also |Voi021 Proposition 9.21], or |Wu06[ Theorem 5.12], or |Tom08l §B]. We show now that the cohomological 
property of C°°-pure-and-fullness turns out to be non-stable under small deformations of the complex structure, 
[ATlli Theorem 3.2]. 

Theorem 2.48. The properties of being C°° -pure-and-full, orC°°-pure, orC°°-full, or pure- and- full, or pure, or 
full are not stable under small deformations of the complex structure. 

The proof of Theorem 12.481 follows studying explicitly C°°-pure-and-fullness for small deformations of the 
standard complex structure on the Iwasawa manifold I3, [ATlli Theorem 3.1]. (Wc refer to ^1.4. II for notations 
and results concerning the Iwasawa manifold and its Kuranishi space; we recall here that I3 is a holoniorphically 
parallelizable nilmanifold of complex dimension 3, and its Kuranishi space is smooth and depends on 6 effective 
parameters; the small deformations of I3 can be divided into three classes, (i), (ii), and (Hi), according to their 
Hodge numbers; in particular, the Hodge numbers of the small deformations in class (i) are equal to the Hodge 
numbers of I3.) 

Theorem 2.49. Let I3 := H (3; Z [i])\ H(3; C) be the Iwasawa manifold, endowed with the complex structure 
inherited by the standard complex structure on C"^, and consider the small deformations in its Kuranishi space. 
Then: 

• the natural complex structure on I3 is C°° -pure-and-full at every stage and pure-and-full at every stage; 

• the small deformations in class (i) are -pure-and-full at every stage and pure-and-full at every stage; 

• the small deformations in classes (ii) and (Hi) are neither C°° -pure nor C°° -full nor pure nor full. 
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Proof. We follow the notation introduced in (jl.4.11 in particular, we recall that the structure equations with 
respect to a certain co-frame {(fl, ifil, (fil} of the space of (l,0)-forms on Xt :~: (I3, Jt), for t G A(0,e) C 
with £ > small enough, are the following: 

r dipi = 
difi = 



(712 fl Alfil+ CTii Ifl Aipl+ (712 ft ^^1+ 0-21 ft ^ft+ <^22 ft A fl 



where ai2, ctij, ctij, t72i, (732 S C are complex numbers depending just on t. The asymptotic behaviour of ai2, 
(7ii, (7i2, (721, s-'^d (722 * near is the following, see til. 4. II 



'11 



'12 



(712 = -l+o(|t|) 

= i2i+o(|t|) 

= i22+o(|t|) ; 

= -<ii+o(|t|) 

= -tl2+0(|t|) 

more precisely, for t in class (i), respectively class (ii), we actually have 

-1 



a'12 



'12 



'21 



for t € class (i) 



and 



T12 = -l + o(|t|) 

'Til = t2l(l+0(l)) 

T12 = t22 (1+0(1)) 

(721 = -ill (1+0(1)) 

fT22 = -il2 (1+0(1)) 



for t G class (ii) . 



By K. Nomizu's theorem [Nom54l Theorem 1], one computes straightforwardly the dc Rham cohomology of 
I3 and of its small deformations; for the sake of clearness, we recall in the following table a basis of the space of 
the harmonic representatives of the de Rham cohomology classes with respect to the metric go := X]i=i '/'o © '^o- 



t?o-harmonic representatives of H^p^ (Is;^ 



23 \ 13] 



231 I 123 ■ / 231 123\ 232 , 223 . { 232 223\ 



1231 1123 ■ ( 1231 , 1123\ 1232 2123 



■ ( „1232 , „2123'\ „1313 ,„1323 , „2313 : I „1323 „2313'\ ,„2323 

i\y> +ip >v + V , ^\y> - v ) , V 
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Note that the above harmonic representatives of the classes in H'j^ (l3;R) are of pure type with respect to 
Jo and to Jt with t in class (i): hence, by Theorem I2.1UI (or arguing as in |FT10[ Theorem 3.7]), one gets that 
I3 and its small deformations in class (i) are C°°-pure-and-full at every stage and pure-and-fuU at every stage. 

Concerning small deformations Jt in class ( ii) and in class ( Hi), using the asymptotic behaviour of the structure 
equations, we obtain that 



11 12 21 22 

^llVt +<^12ft +<^2lft +<^22ft 



+ 



in ij2^(l3;C). Therefore 



(0,2) 



and in particular Jt is not complex-C°°-pure. It follows from Remark 12.51 that Jt cannot be C°°-pure; from |LZ09[ 
Proposition 2.30], or Theorem 12. 101 it follows that Jt cannot be full. 

To prove that small deformations in class (ii) and in class (iii) are non-pure and non-C^-fuU, fix t small 
enough and choose two positive complex numbers A A (t) G C and B :=-: B (t) G C, depending just on t, 
such that 

{Aa^-^- Ba^l, Aa^-^- Ba^l) ^ (0,0) ; 



computing — d I ^ (^^'''^ + B (^;:' ' J , note that 



1232 



+ 



in iJ^jj, (I3; C). As before, it follows that Jt is not C°°-pure at the 4"^ stage, and consequently it is neither pure 
nor C°°-full, by Theorem [Uni □ 



Curves of C°°-pure-and-full almost-complex structures 

We study here some explicit examples of curves of almost-complex structures on compact manifolds, along which 
the property of being C°°-pure-and-full remains satisfied. The aim of this section is to better understand the 
behaviour of C°°-pure-and-fullncss along curves of almost-complex structures. 

Firstly, we recall some general results concerning curves of almost-complex structures on compact manifolds, 
referring, e.g., to |AL94| . 

Let J be an almost-complex structure on a compact 2n-dimensional manifold X. Every curve { Jt}tg(_£ e)cR 
of almost-complex structures on X such that Jq — J can be written, for e > small enough, as 

J^ = (id ~Lt) J (id -Uy^ G End(rA:) , 

where Lt G End(TX), see, e.g., |AL94I Proposition 1.1.6]; the cndomorphism Lt is uniquely determined further 
requiring that Lt G T]'°X ® (Tj'^X^ , namely, 

LtJ + JLt = ; 

furthermore, set Lt =: tL + o{t): if J is compatible with a syniplectic form u, then the curves consisting of 
w-compatible almost-complex structures Jt are exactly those ones for which L^ = L. 

In [dBMlOi Proposition 3.3], P. de Bartolomeis and F. Meylan computed [j_gNijj, getting a characteri- 
zation in terms of L of the curves of complex structures starting at a given integrable almost-complex structure 
J. 

A. Fino and A. Tomassini, in |FT10[ §6, §7], studied several examples of families of almost-complex structures 
constructed in such a way. We provide here some further examples, starting with a curve of almost-complex 
structures on the 4-dimensional torus, [ATlli pages 420-422]. 



Example 2.50. A curve of almost-complex structures through the standard Kdhler structure on the A- dimensional 
torus. 
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Let (Jo, Wo) be the standard Kahlcr structure on the 4-dimcnsional torus T"* with coordinates {x^}je{i 4}j that 
is, 



Jn := 





-1 \ 




-1 


1 




1 


/ 




L 



e End(rT'^) and loq := dx^ A dx^ + da;^ A da;^ £ A^T^ 



Set 

/ 

V 

where £ e C°°{T^; M), that is, £ G C°°iR^; 
define 



Jt,e := (id -tL) Jq [id -tLy 



e 








-e 




/ 



e End(TT4) , 

is a Z*-pcriodic function. For t e (— e, e) with e > small enough, 



1 _ 


/ 


1 - tf 
i + tf 


-1 




1 + ti' 










1-te 










\ 


1 







e End(rT*) , 



obtaining a curve of wo-compatible almost-complex structures on T^, see also Proposition 12.221 To simplify the 
notation, set 

, 1 - t£ 

a :=: a{t,i) := . 

A co-frame for the holomorphic cotangent bundle of T** with respect to Jt^e is given by 

{fig := da;-*^ 4- i a dx'^ 



with respect to which we compute the structure equations 

I dip] g ~ idaAd: 



dipl^ = 



Note that, taking i 



x^), the corresponding almost-complex structure Jt,e is integrable, in fact, {Jt,e, wo) 



is a Kahler structure on T''. Recall that, T"* being 4-dimensional, Jtj is C°°-pure-and-full by [DLZlOl Theorem 
2.3]. For the sake of simplicity, assume £ ^ £ (x^) depending just on x'^ and non-constant. Set 



d-closed if and only if 



Vl 


:= dx^Ada;^- 


- a 


dx^ 


Adx* , 


V2 


:= d.T^Adx''^ 


- a 


dx^ 


A dx^ , 


Wi 


:= a da;^ A dx 


3 






W2 


:= dx^Adx'', 








W3 


:= dx^Adx^- 


- a 


dx^ 


Adx* , 


W4 


:= dx^Adx"*- 


\~a 


dx^ 


A dx^ . 


£-anti-invariant real 2-for 


m 


;=: Avi 




dA _ 


dB 


a 


= 



OA _ dB_ 



dB 



a-9Aa-A 



da. 



(2.3.1) 



By solving (|2.3.ip . we obtain the solutions 

A 



■Vl + Bv2 where A, B £ 
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Therefore, for t e (— e, e) with e > smaU enough, we have 



dimiR H 



(2,0), (0,2) 
Jt, e 



< 2 = dmiKi/,f/''(°'')(T^M) , 



and hence 



(1.1) /np4. 



accordingly to the upper-senii-continuity, respectively lowcr-semi-continuity, property proven in [DLZlll Theorem 
2.6] for 4-dimensional almost-complex manifolds. 

Now, we turn our attention to the case of dimension greater than 4, [ATlli pages 422-423]. 

Example 2.51. A curve of almost- complex structures through the standard Kdhler structure on the 6-dimensional 
torus. 

Let (Jo, Wo) be the standard Kahler structure on the 6-dimensional torus with coordinates {x^}je{i e}i that 
is, 

/ 



Jn := 



Set 





-1 \ 




-1 




-1 


1 




1 




1 





G End(TT^) and 



Wo 



dx^ Ada;** -^da;^ Adx^ -hda;^ Ada;^ 



L 



V 

where £ £ C^{T^; R), that is, £ e C^{R^; 
define 



Jt.j := (id -tL) Jo (id -tL) ' 



£ 


\ 














-£ 






/ 



e End(rT*^) , 



is a Z^-pcriodic function. For t E (— e, e) with e > small enough, 

/ _ i-te ^ 

-1 

- ^+77 — e End(TTf^) , 

1 - t£ 

1 

V 1 / 



obtaining a curve of wo-compatible almost-complex structures on , see also Example 12.261 Setting 

1 - t£ 



a{t,£) 



1 + t£' 

a co-frame for the holomorphic cotangent bundle of with respect to Jt^i is given by 

da;^ -|- i a dx^ 
da;^ -I- i da:^ , 



fie 



with respect to which the structure equations are 

d(/3(£ = idaAda:'*' 
d^l, = 

Note that if ^ = £ (a;-'^, a:^) , then we get a curve of integrable almost-complex structures, in fact, of Kahler 
structures, on T^: in particular, in such a case, Jt.e is C°°-pure-and-full. Therefore, as an example, assume that 
i = £ {x?^ depends just on a;^ and is non-constant. 
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An arbitrary Jt_£-anti-invariant real 2-forni 

A {dx^ Adx^ -a dx^ Adx^) +B {dx^ ^dx^ ~a dx^ Adx^) +C {dx^ hdx^ ~a dx^ hdx^) 
+D {dx^ Adx^ - a dx^ Ada;^) +E (da;^ Adx^ -dx^ Adx^) +F (dx^ Adx^ - dx^ Adx^) , 
with A, B, C, D,E,F e C°° (T^; K), is d-closed if and only if 



a 



dA _ dC_ I dE 

dx^ dx"^ dx^ 

dA dB 
dx^ dx^ 

dA _ dB 
dx^ dx'^ 
dA _ dD , dF 
dx^ "dx^ dx^ 
dC._ aD_ 
dx'i dx^ " 

_dB , dC _ dF 
dx'^ dx^ dx^ 

dC _ dD 
dx^ dx-^ 

dA 



dC 



dD 



dB __ dD_ _ dE 

dx^ dx^ dx^ 



d{Ba) 
"dx^ 



dD 



dE 



dE _ dF 
dx^ dx^ 
dE _ dF 

dx^ dx'^ 

dx'^ dx^ 



dB 



d{Aa) 



dA 



dC 



dF 
dx'^ 
dE _ dF 
dx^ dx^ 

dx^ dx^ 



djCa) _ dD 



a 



^dE _ dF 
dx'^ dx^ 

dC ^, _ dE 
dx'^ 



(2.3.2) 



For i ^ small enough, by solving (j2.3.2p . wc obtain that the Jt. ^-anti- invariant real d-closed 2-forms are 



C 



- {dx^^ - a dx^^) + D {dx^^ - a dx^^) + E {dx^^ -dx^^) + F (da;^^ - dx^^) , 



where C, D, E, F e M. 

For t ^ small enough, we have 



dimMi/^;°^'^°'^^ (T6;R) < 4 < 6 = diniKiJ, 



(2,0), (0,2) /^6. 
Jo \ ' 



and hence the function t i— > diniR H 

(1.1) 



(2,0), (0,2) 
Jt, I 



(T^;M) is upper-semi-continuous at 0. On the other hand, the 
are not so straightforward. In particular, it is not clear if J(^£ remains 



explicit computations for H)^' J (T° 
still C°°-fuU; note that Jtj is C°=-pure by [DLZlOi Proposition 2.7] or [FTlOi Proposition 3.2]. 

We recall here the construction of curves of almost-complex structures through an almost-complex structure 
J by means of a J-anti-invariant real 2-form, as introduced by J. Lee in [Lee041 §1], in the context of holomorphic 
curves on symplcctic manifolds and Gromov and Wittcn invariants. 

Let J be an almost-complex structure on a compact manifold X; let g be a J-Hermitian metric on X and fix 
7 e (a2'"X ® A°'2X) n A^X. Define V-y G End (TX) such that 



7(-, ••) = g{Vy; ••) ; 
a direct computation shows that Vy J + JVy ~ Q. Therefore, setting 



(2.3.3) 



1 



VyJ e End(rx) , 
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one gets that J + J ^ 0. For t G (— e, e) with e > smaU enough, define 

Jt,-y := {id - t L.,) J {id ~ t L.,y^ e End(TX) , 

obtaining a curve {Jt,'y}f^(^_^ of ahuost-complex structures associated with 7. 

We give an example of a C°°-pure-and-fuU structure on a non-Kahler manifold such that the stability property 
of the C°°-pure-and-fullness holds along a curve obtained using the construction by J. Lee, [ATlli pages 423-425]. 

Example 2.52. A curve of C°° -pure- and- full almost-complex structures on the completely-solvable solvmanifold 
N'^{c). 

We recall that the manifold N^{c) is a compact 6-dimensional completely-solvable solvmanifold defined, for 
suitable c € K, as the product 

iV6(c) (r(c)\Sol(3)) X (r(c)\Sol(3)) , 

where Sol(3) is a completely-solvable Lie group and r(c) is a co-compact discrete subgroup of Sol(3), [AGH63[ 
§3] , see Example 12.461 It has been studied in |BG90[ Example 1] as an example of a cohomologically Kahler 
manifold, and in [FMS03[ Example 3.4] by M. Fernandez, V. Mufioz, and J. A. Santisteban, as an example of a 
formal manifold admitting a symplectic structure satisfying the Hard Lefschetz Condition and with no Kahler 
structure, |FMS03[ Theorem 3.5]. A. Fino and A. Tomassini provided in |FT10[ §6.3] a family of C°°-pure-and-full 
structures on N^{c). We construct here a curve of C°°-pure-and-full almost-complex structures on N^{c) using 
the construction by J. Lee, [Lee041 §1]. 

Let {e*} .g^^ gj be a co- frame for N^{c) such that the structure equations are 



del ^ 




de2 = 


2 

— ce 


de3 - 





de^ = 


4 

ce 


de^ = 


-ce^ 


de^ 






Take the almost-complex structure 





( 








1 






J = 




-1 

1 










-1 




I 




1 



e End(rA^^(c)) 



By A. Hattori's theorem [Hat60[ Corollary 4.2], one computes 

HIr (iV^(c); K) = R (e^ A e^, e^ A e^ - e'' A e^ e^ A e^ -I- e^ A e^) , 

provmg that (iV^(c), J) is C°° -pure-and-fuU and pure-and-fuU: indeed, the above harmonic representatives with 
respect to the (Sol(3) x Sol(3))-lcft-invariant metric g := Y^j=i © s-' are of pure type with respect to J, and 
hence (FTIOI Theorem 3.7] assures the C°°-pure-and-fullness and the pure-and- fullness. Note that 



H 



(2,0), (0,2) 
J 



.(e^Ae^ + e^Ae^) ; 



apply J. Lee's construction [Lee04l §1] to the real J-anti-invariant 2-form 



e^ A e^ + e^ A e^ 



the linear map V G End(TX) representing 7 as in (|2.3.3|1 is 





( 










V = 






-1 

-1 


e End {TN^{c)) 




I 


1 

1 


) 
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and then it is straightforward to compute 





( 








L = 






1 
2 

1 
2 






i 






I 


^ 1 

2 





G End(riV6(c)) , 



and 





( 

1 


-1 














i-t' 




4i 


Jt Jt,^ — 








4+t2 




4+t2 










4t 










4+t2 








4t 
4+i2 


4t 
4+F 


4-t^ 
4+t2 


4-t^ 
4+F 



e End(TAf^(c)) 



To shorten the notation, set 



4 + ^2 ' 

A co-frame for the Jj-holomorphic cotangent bundle is given by 



m 



it 



Since the real d-closcd 2-forms 
2i ' 



V't 



-(^f -- deS 
2 1 c 



■i(-;3e4 + ae6) 



22 I / 23 23 



2i^* 



generate three different cohomology classes, we get that, for i 7^ small enough, 

and so, in particular, J is C°°-full and pure. A straightforward computation yields 

1 



^4 ( )\r6 



de'^ 



d e 



125\ 



4 V 



therefore 7V^(c) is also C°°-full at the 4"' stage and hence full and C°°-pure. 

We resume the content of the last example in the following theorem, jATlli Theorem 4.1]. 

Theorem 2.53. There exists a compact manifold N^{c) endowed with an almost-complex structure J and a 
J-Hermitian metric g such that: 

(i) J is C°° -pure-and-full; 

(a) each J -anti-invariant g-harmonic form gives rise to a curve { Jt}tg(-_g of C°° -pure-and-full almost- complex 
structures on N^{c), where e > is small enough, using J. Lee's construction; 



(Hi) furthermore, the function 



{~e,e) 3 <^dimRff^''°^^^°''^ (iV6(c);R) e N 



is upper-semi-continuous at 0. 
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2.3.2 The semi-continuity problem 

Given a compact 4-dimensional manifold X and a family {Jt}t of almost-complex structures on X, T. Draghici, 
T.-J. Li, and W. Zhang studied in [DLZllj the semi-continuity properties of the functions t dim^ Hj^{X) and 
t dims HJ^{X). They proved the following result. 

Theorem 2.54 ([DLZTTJ Theorem 2.6]). Let X be a compact A- dimensional manifold and let {Jt}t&icR be a 
family of (C°° -pure-and-full) almost-complex structures on X , for I an interval. Then the function 

I 3 t^dimuHj^{X) e N 

is upper-semi-continuous, and therefore the function 

I 3 dimuH+iX) e N 

is lower-semi-continuous. 

The previous result is closely related to the geometry of 4-dimensional manifolds; more precisely, it follows 
from M. Lejmi's result in |LejlO[ Lemma 4.1] that a certain operator is a self-adjoint strongly elliptic linear 
operator with kernel the harmonic J-anti-invariant 2-forms. In this section, we are concerned with establishing 
if a similar semi-continuity result could occur in dimension higher than 4, possibly assuming further hypotheses. 

Counterexamples to semi-continuity 

First of all, we provide two examples showing that, in general, no semi-continuity property holds in dimension 
higher than 4. 

The following result provides a counterexample to the uppcr-scmi-continuity of t M> dimu HJ^ in dimension 
greater than 4, [AT12al Proposition 4.1]. 

Proposition 2.55. The compact 10 -dimensional manifold rjj3^ is endowed with a -pure-and-full complex 
structure J and a curve {</t}(gA(o ')cC '^f complex structures (which are non-C°° -pure for t ^ 0), with Jq — J, 
and e > 0, such that the function 

A(0,e) 3 tK^dimR if- (77/35) e N 

is not upper-semi- continuous. 

Proof. The proof follows from the following example, [AT12a[ Example 4.2]. 

Consider the nilmanifold 77/35 endowed with its natural complex structure J, as described in Example l2.31l We 
recall that, chosen a suitable co-frame {(/s^ j^.^^j^ of the holomorphic cotangent bundle, the complex structure 
equations are 

dip^ = d^2 ^ ^^3 ^ = 

By K. Nomizu's theorem |Nom54l Theorem 1], it is straightforward to compute 

(77/35; c) ^ c(^^^^^^^^^^^^^^^^^^ ^^5, ^^^^l^-^3^^^^-^54^ 

®c(^", p?\ p?\ p>'\ p>'\ ^4^) 

(where, as usually, we have listed the harmonic representatives with respect to the left-invariant Hermitian metric 
Yl^j=i ^p-' Qp-' instead of their classes, and we have shortened, e.g., ip"^^ := Lp^ f\Lp^). Hence the complex structure 
J is C°°-pure-and-full by |FT10[ Theorem 3.7], and 

dimRi/J (77/^5) = 10, dimR if +(77/35) = 16. 

Now, for e > small enough, consider the curve {Jt\teA(o e) '^^ complex structures such that a co-frame for 

the Jt-holomorphic cotangent bundle is given by <^ iy9j > , where, for any t G A (0, e), 

L Jie{i,...,5} 



r v\ 


:= ip'^+tp^ 






^? 


^2 




:= ^3 








:= ^4 




:= ^5 
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see 



Example 12.311 The structure equations with respect to lipi > 

^ Jje{i,...,5} 



are 



1 r\,n^ — 1 ,„12 ,„34 t ,„21 ■ 

When £ > is small enough, for t e A (0, e) \ {0}, the complex structure Jt is not C°°-pure: indeed, 



t 



l-\t 



1 



1-lt 



where 



£ H^fi {r]j3^] C) is a non-zero cohomology class by K. Nomizu's theorem |Nom54l Theorem 1]. 



i-|t| 

Moreover, note that 

Hff^^'-''H^p,-c) D c(^l^ vi\ ^f, ^r, ^p, ^p, ^p, ^f, ^p, ^p, , 

hence, for every t S A (0, e) \ {0}, 

dimRF};^ (77/35) = 10 < 12 < dimRFjJr/Z^s) , 
and in particular t iH- /ij^ is not uppcr-semi-continuous at 0. 



□ 



The following result provides a counterexample to the lower-semi-continuity of i 1— >■ dimg H'\^ in dimension 
greater than 4, [AT12a[ Proposition 4.3]. 

Proposition 2.56. The compact 6 -dimensional manifold x T'^ is endowed with a C°° -full (non-integrable) 
almost- complex structure J and a curve {Jt}t£A{o ^)cC' where s > 0, of (non-integrable) almost-complex structures 
(which are not C°° -pure) , with Jq ~ J , such that 



A (0,6) B t dima iJ+ (§3 X T^) £ N 



is not lower-semi-continuous. 



Proof. The proof follows from the following example, |AT12a[ Example 4.4]. 

Consider the compact 6-dimensional manifold x T^, and set a global co-frame {e^}j^^^ gj with respect 
to which the structure equations are 

(23, -13, 12, 03) ; 

consider the (non-integrable) almost-complex structure J defined requiring that 

1 1 I ■ 4 

ip := e + 1 e 

ip^ := + ie'^ 
I. ip^ := e^ + ie^ 

generate the C°° (S'^ x T'^; C)-module of (1, 0)-forms on S'^ x T'^. By the Ktinncth formula, one computes 
i?Jfl(§3 xT3;C) = C(e45, e^^ e^^) 



,„12 I ,„12 ,„13 , ,13 ,23 I ,„23 
ip -\- p , p + ip , p) + p 



Hj (§3 X T^) 



(^12 _ ^21^ ^13 _ ^31^ ^23 _ ^32^ ^ ^+ (g3 ^ -j3) 



For e > small enough, consider the curve {>^t}tgA(o e)cC (non-integrable) almost-complex structures defined 
requiring that, for any t G A(0,e), the Jj-holomorphic cotangent bundle has co-frame 





:= p^+tip'^ 








:= ^2 




:= ^3 
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By using the F. A. Belgun symmctrization trick, [BelOOi Theorem 7], we have that, for t G A (0, e) \ 1 



and 



12 21 



I - t 



\-\t\- 



indeed, the terms ^/^i := tipl'^+t ip]"^ , respectively V'2 := iip'^'^+t ip^^ ^ cannot be written as the sum of a Jj-invariant 
form and a d-exact form: on the contrary, since V'l, and V'2 are left-invariant, applying Belgun's symmctrization 
map, [BelOOl Theorem 7], we can suppose that the Jt-anti- invariant component of the d-exact term is actually 
the Jt-anti-invariant component of the differential of a left-invariant 1-form; but the image of the differential on 
the space of left-invariant 1-forms is 



(1 - t) + (1 - t) _ (1 _ t) ^21 ^ (1 _ ^) ^12\ 

and hence one should have i e M. Hence, we have that, for < G A (0, e) \ 1 

dimKi/+ (§3 X r'') 



= 1 < 3 = dimRi7+ (S''^ X T^) 



and consequently, in particular, 1 1— >■ diniR H 



Jt 



xT'^) is not lower-semi-continuous at 0. 



□ 



Semi-continuity in a stronger sense 



Note that Proposition 12.551 and Proposition 12.561 force us to consider stronger conditions under which semi- 
continuity may occur, or to slightly modify the statement of the semi-continuity problem. 

We turn our attention to the aim of giving a more precise statement of the semi-continuity problem. We notice 
that, for a compact 4-dimensional manifold X endowed with a family {^t}tgA(o ^) almost-complex structures, 
one does not have only the semi-continuity properties oi t diniTs^ H^^{X) and t h- )■ diniK H'J^{X), but one gets 
also that every Jg-invariant class admits a Jt-invariant class close to it. This is also a sufficient condition to 
assure that, if a is a Jo-compatible symplectic structure on X , then there is a Jt-compatiblc symplectic structure 
at on X for t small enough. Therefore, we are interested in the following problem. 

Let X be a compact manifold endowed with an almost- complex structure J and with a curve {Jt}jg^_^ ^^^^ of 
almost- complex structures, where e > is small enough, such that Jq = J . Suppose that 

H+{X) - C(K], [a^]) , 

where a^, . . . , are forms of type (1,1) with respect to J. We look for further hypotheses assuring that, for 
every t G (— £, e), 

H+{X) D C{[al], K1) 

with 

al = a-' + o (1) . 

In this case, (— e, e) 3 t ^ diniR j"^ (X) G N is a lower- semi- continuous function at 0. 
Concerning this problem, we have the following result, [AT12a[ Proposition 4.5]. 

Proposition 2.57. Let X he a compact manifold endowed with an almost- complex structure J. Take L G 
End(TX) and consider the curve {Jt}jg^_^ e)cK '^f almost- complex structures defined by 

Jt := (id-ti) J (id-tL)"^ G End(rX) , 

where £ > is small enough. For every [a] G H^{X) with a G A^j^{X) D A^X, the following conditions are 
equivalent: 

(i) there exists a family {rjt = a -|- o (l)}(g(_g Q a]j^{X) H A^X of real 2-forms, with £ > small enough, 
depending real- analytically in t and such that drjt = 0, for every t G (— e, e); 
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(a) there exists {/^iljgpj^jQ} ^ f\^X solution of the system 



\ k=l 

+ ^ 2/3„(LJ-"-, ••)+4 ^ a(L^-''-^., L^-) +2a(-, L-'"-''-) =0, (2.3.4) 

/i = l V k=l J J 

varying j G N \ {0}, such that X]j>i f^j converges. 
In particular, the first order obstruction to the existence of rjt as in (i) reads: there exists (3i G A^X such that 

d(/3i + 2a(L-, ••) + 2a(-, L--)) = 0. (2.3.5) 
Proof. Expanding Jt in power series with respect to t, one gets 

Jt = J + ^2t^ , 

and then, for every ip G A^X, one computes 

Jt(p(-, ••) = J(^(-, ••) + 2iJ ((^(L-, ■■) + ^[-, L-))+o{\t\) 

and 

d}^ if = Jt"^ d Jt(^ = d} (p + 2t Jt d J (</j(L-, ••) + 'rf5(-, i-))+o(|t|) . 

Now, given [a] G i^j(X) with a G Aj^(X) n A^X, let be such that ^^T^ holds and J2j>it^ Pj 

converges, for t G (— e, e) with e > small enough; we define 

at := a + ^t' Pj G A^X 

and 

' 2 

By construction, rjt is a Jt-invariant real 2-form, real-analytic in t, and such that rjt — a + o (1). A straightforward 
computation yields 

/ 3-1 

j>l \ k=l 

h=l \ k=l J J 

therefore d ryt = 0. 

Conversely, given [a] G Hj{X) with a G Aj'^(X) n A'^X, let r/t G /\]'^iX) n A^X be real-analytic in t and 
such that 77t = a -I- o(l) and dr/t — 0, for every t G (— e, e) with e > small enough. Defining f3j G A^X, for 
every j G N \ {0}, such that 

by the same computation we have that (|2.3.4p holds, being djyt = d ( j"^'^* ^" ^ =0. □ 

Remark 2.58. We notice that, if d Jt ~ ±Jt d on A^Af for any t, then one can simply let 

a + Jta 

so that rjt G f\f^ and dryt = 0. This is the case, for example, if any Jt is an Abelian complex structure; 
C. Maclaughlin, H. Pedersen, Y. S. Poon, and S. Salamon characterized in |MPPS06l Theorem 6] the 2-step 
nilmanifolds whose complex deformations are Abelian. 
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Counterexample to the stronger semi-continuity 

In the foUowing example, we provide an application of Proposition 12.571 showing a curve of almost-complex 
structures that does not have the semi-continuity property in the stronger sense described above, |AT12a[ Example 
4.8]. 

Example 2.59. A curve of almost- complex structures that does not satisfy (|2.3.5p . 

As in Example 12.461 and in Example 12.521 consider, for suitable c G M, |AGH63[ §3], the solvmanifold 

N'^ic) := (r(c)\Sol(3)) X (r(c) \Sol(3) ) , 

which has been studied in [FMS03[ Example 3.4] as an example of a cohomologically Kahlcr manifold without 
Kahler structures, see also [BG90[ Example 1]. In the following, we consider := A^^(l). We recall that, with 
respect to a suitable co-frame, the structure equations of are 

(12, 0, -36, 24, 56, 0) . 

We look for a curve {>/t}fg(_£ e)cK almost-complex structures on N^, where e > is small enough, and 
for a Jo-invariant form a that do not satisfy the first-order obstruction (|2.3.5p to the stronger semi- continuity 
problem stated above: therefore, there will not be a Jj-invariant class close to a, for any t € (— £, e)- 

Consider the almost-complex structure represented by 



J 



( 





-1 


-1 


\ 

-1 


1 

1 

1 


/ 



e End(rAf^) 



and 



where 



are constant matrices; for 



we have 



A = 



L = 



A 


B 


B 


A 



;je{i,2,3} 



e EndfTiV^ 



B = [hi 



:je{i,2,3} 



^3 „246 



d(a(L-, ••) + «(•, L-)) = h\e''^ + a{e''^ -a\e'''° + h\e'^^ -a{e''''' + a\e'^'' -hie'^'' -h\e 
Then, choosing 



-fa? 6^46- 



2 „456 



h{ e 



L 





bl \ 



























e EndfTA^^ 



with fef G M \ {0}, it is straightforward to check that there is no (Sol(3) x Sol(3))-left-invariant (3 e A^A^ such 



that 



^3 A36 



dp = bie'^-' + bie 



3 246 . 



bf e 



(2.3.6) 



hence, by applying the F. A. Belgun symmetrization trick, [BelOOl Theorem 7], there is no (possibly non- 
(Sol(3) X Sol(3))-lcft-invariant) /3 G A^A^^ satisfying fTX^ . 

We resume the content of the last example in the following proposition, |AT12al Proposition 4.9]. 

Proposition 2.60. There exist a compact manifold X endowed with a C°° -pure-and-full almost-complex structure 
Jo, and a curve {Jt}te(-e,e) of almost- complex structures on X , where e > Q is small enough, such that, for every 
t G (—£,£), there is no Jt-invariant class, real-analytic in t, close to any fixed Jo-invariant class. 
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2.4 Cones of metric structures 

In introducing and studying the subgroups Hj*'*\X;M.) on a compact manifold X endowed with an almost- 
complex structure J, T.-J. Li and W. Zhang were mainly aimed by the problem of investigating the relations 
between the J-taming and the J-compatible symplectic cones on X. As follows by their theorem [LZ091 Theorem 
1.1], whenever J is C°°-full, then the subgroup HJ{X) measures the difference between the J-taming cone and 
the J-compatible cone. 

In this section, we discuss some results obtained in jAT12a| . jointly with A. Tomassini, giving a counterpart of 
T.-J. Li and W. Zhang's theorem [LZ09[ Theorem 1.1] in the semi-Kahler case, Theorem 12. 741 and, in particular, 
comparing the cones of balanced metrics and of strongiy-Gauduchon metrics on a compact complex manifold. 
Furthermore, concerning the search of a holomorphic-tamed non-Kahler example, [LZ091 page 678], [STlOi Ques- 
tion 1.7], we show that no such example can exist among 6-dimcnsional nilmanifolds endowed with left-invariant 
complex structures. Theorem 12.671 as proven in a joint work with A. Tomassini, |ATllj . 

2.4.1 Sullivan's results on cone structures 

Firstly, we recall some results by D. P. Sullivan, |Sul76[ §1.1], concerning cone structures on a (differentiable) 
manifold X. 

Fixed p G N, a cone structure of p-directions on X is a continuous field C :~: {C{x)}xi£x^ with C(x) a 
compact convex cone in AP{TxX) for every x G X. 

A p-form w on X is called transverse to a cone structure C if U![x{v) > for all v € C{x)\ {0} and for all 
X € X; using the partitions of unity, a transverse form could be constructed for any given C, |Sul76[ Proposition 
L4]. 

Every cone structure C gives rise to a cone £ of structure currents, which are by definition the currents 
generated by the Dirac currents associated to the elements in C(x), see jSul76l Definition 1.4]; the set £ is a 
compact convex cone in T)pX. 

The cone Z<L of the structure cycles is defined as the sub-cone of € consisting of d-closed currents; denote 
with B the set of d-exact currents. 

Define the cone H€ in Hp^{X; R) as the set of the classes of the structure cycles. 

The dual cone of iJC in H^j^{X;M.) is denoted by HC and is characterized by the relation 

{h^,H€^ > 0; 

its interior is denoted by int iJ£ and is characterized by the relation 

(^int H€, HCj > . 

A cone structure of 2-directions is said to be ample if, for every x G A", it satisfies that 

C{x) n span{e e Sr ■ r is a 2-plane} ^ {0} , 

where Sr is the Schubert variety, given by the set of 2-planes intersecting r in at least one line; by |Sul76[ Theorem 
III. 2], an ample cone structure admits non-trivial structure cycles. 

When the 27i-dimensional manifold X is endowed with an almost-complex structure J, the following cone 
structures turn out to be particularly interesting. 

For a fixed p € {0, . . . ,n}, let Cp^j be the cone {Cp^j(x)}^^^, where, for every x € X, the compact convex 
cone Cp^j{x) is generated by the positive combinations of p-dimensional complex subspaces of T^X^rC belonging 
to a2p(T,X®rC). 

The cone €.pj of complex currents is defined as the compact convex cone, see [Sul76l §111.4], of the structure 
currents. 

The cone Z<Lp,j of complex cycles is defined as the compact convex cone, see [Sul76[ §111.7], of the structure 
cycles. 

The structure cone Ci.j is ample, [Sul76[ p. 249], therefore it admits non-trivial cycles. 

We recall the following theorem by D. P. Sullivan, which follows by Hahn and Banach's theorem. 

Theorem 2.61 ( |Sul76[ Theorem 1.7]). Let X be a compact differentiable manifold (with or without boundary) 
and let C be a cone structure of p-vectors defined on a compact subspace Y in the interior of X . 

(i) There are always non-trivial structure cycles in Y or closed p-forms on X transversal to the cone structure. 
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(a) If no closed transverse form exists, some non-trivial structure cycle in Y is homologous to zero in X . 
(Hi) If no non-trivial structure cycle exists, some transversal closed form is cohomologous to zero, 
(iv) If there are both structure cycles and transversal closed forms, then 

( a) the natural map 

{structure cycles on y} — > {homology classes in X{ 
is proper and the image is a compact cone C C Hp^'{X;M.) , and 

(b) the interior of the dual cone C C _ff^^(X;M) (that is, C is the cone defined by the relation {c, > Oj 
consists precisely of the classes of closed forms transverse to C . 

2.4.2 The cones of compatible, and tamed symplectic structures 

Let X he a, manifold endowed with an almost-complex structure J. 

We recall that a symplectic form w is said to tame J if it is positive on the J-lines, that is, if ujx {vx, JxVx) > 
for every Vx & T^X \ {0} and for every x G X, equivalently, if 

~gj{;-) Iju^i; J..)-^(J-, ••)) 

is a J-Hermitian metric on X with tt/^i.ix'^ as the associated (1, l)-form (the map tt/^i.ix : A* X — )■ A^'^X being 
the natural projection onto A^'^X). A symplectic form w is called compatible with J if it tames J and it is 
J-invariant, equivalently, if w is the (1, l)-form associated to the J-Hermitian metric gj (•, •■) := J--). In 
particular, an integrable almost-complex structure J is called holomorphic-tamed if it admits a taming symplectic 
form; on the other hand, the datum of an integrable almost-complex structure and a compatible symplectic form 
gives a Kahler structure. 

Symplectic cones and Donaldson's question 

Consider the J -tamed cone /Cj, which is defined as the set of the cohomology classes of the J-taming symplectic 
forms, namely, 

/Cj := {[w] e i7^^(X;M) : w is a J-taming symplectic form on X} , 

and the J -compatible cone ICj, which is defined as the set of the cohomology classes of the J-compatible symplectic 
forms, namely, 

ICj := {[cj] e R) : a; is a J-compatible symplectic form on . 

The set IC*j is an open convex cone in H^j^{X; R), and the set ICj is a convex sub-cone of /Cj and it is contained 
in H^'^\X;'R)- moreover, both the sets are sub-cones of the symplectic cone 

S := {[ti^] £ iJ|fl.(X;M) : w is a symplectic form on X} 

inHlj,iX;R). 

T.-J. Li and W. Zhang proved the following result in [LZ09| . concerning the relation between the J-tamed 
and the J-compatible cones. 

Theorem 2.62 f |LZ09i Proposition 3.1, Theorem 1.1, Corollary 1.1]). Let X be a compact manifold endowed 
with an almost-Kdhler structure J (namely, J is an almost- complex structure on X such that JCj ^ 0). Then 

iCj n h[I-'^\X;^) = /C} and KL'j + (X; R) C /C*j . 

Moreover, if J isC°°-full, then 

iCj = /C} + ijf °^'^°''^(X;R) . 
In particular, if dim. X — 4 and b'^{X) — 1, then IC*j = fCj. 
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The proof is essentially based on [Sul76[ Theorem 1.7]. Note indeed that the closed forms transverse to 
the cone Ci.j are exactly the J-taming symplectic forms. By |Sul76[ Theorem I.7(iv)(b)], it follows that IC*j 
is the interior of the dual cone H€ij C Hjjf{X;R) of iJCi,,/ C H^'^{X;M.), [LZ091 Theorem 3.2]. On the 
other hand, assumed that ICj is non-empty, by the Hahn and Banach separation theorem, /Cj is the interior of 
the dual cone of H(Zi j C H^^ ^^{X;M.), |LZ09[ Theorem 3.4]. Finally, when dimX = 4, chosen a J-Hermitian 

metric g on X with associated (1, l)-form w, one has A+X = R (w) © AJX, hence, in the almost-Kahler case, if 
b+{X) := dimjiH+{X) = 1, then i/f '"'^^"'^'(X; K) = {0}, see pLZlOi Proposition 3.1]. 

Whereas the previous theorem by T.-J. Li and W. Zhang could be intended as a "quantitative comparison" 
between the J-taming and the J-compatible symplectic cones on a compact manifold X endowed with an almost- 
complex structure J, one could ask what about their "qualitative comparison", namely, one could ask whether 
ICj being empty implies /Cj being empty, too. The following question has been arisen by S. K. Donaldson in 
|Don06| . 

Question 2.63 ( [Don06[ Question 2]). Let X be a compact 4- dimensional manifold endowed with an almost- 
complex structure J. If J is tamed by a symplectic form, is there a symplectic form compatible with J? 

Remark 2.64. S. K. Donaldson's "tamed to compatible" question has a positive answer for CP^ by the works 
by M. Gromov [Gro85j and by C. H. Taubes, |Tau95| . When b^{X) = 1 (where is the number of positive 
eigenvalues of the intersection pairing on H2{X;B.)), a possible positive answer to [Don06[ Question 2], see 
also |TWY08l Conjecture 1.2], would be provided as a consequence of |Don06[ Conjecture 1], see also [TWY081 
Conjecture 1.1], concerning the study of the symplectic Calabi and Yau equation, which aims to generalize S.-T. 
Yau's theorem jYau77[ rYau78| . solving the Calabi conjecture, [Cal57| . to the non-integrable case. Some results 
concerning this problem have been recently obtained by several authors, see, e.g., |Wei07[ IT WY08[ [TWl la[ ITaul 1[ 
IZhal 11 ITml IFLS VI 1 [ IBFVI 1 j ■ see also [TWllbj . More precisely, in |Wei07| . all the esti mates for the closedness 
argument of the continuity method applied to the symplectic Calabi and Yau equation, |Don06[ Conjecture 1], 
are reduced to a C° a priori estimate of a scalar potential function, |Wei07[ Theorem 1]; then, the existence of a 
solution of the symplectic Calabi and Yau equation is proven for compact 4-dimensional manifolds X endowed 
with an almost-Kahler structure (J, lu, g) satisfying ]]Nijj)]Li < e, where e > depends just on the data, |Wei07[ 
Theorem 2]. In |TWY08| . it is shown that the C°° a priori estimates can be reduced to an integral estimate of 
a scalar function potential, |TWY08l Theorem 1.3]; furthermore, it is shown that |Don06[ Conjecture 1] holds 
under a positive curvature assumption, [TWY081 Theorem 1.4]. In [TWllaj . the symplectic Calabi- Yau equation 
is solved on the Kodaira-Thurston manifold x (]HI(3;Z)\]HI(3;M)) for any given left-invariant volume form, 
jTWllai Theorem 1.1]; further results on the Calabi- Yau equation for torus-bundles over a 2-dimensional torus 
have been provided in |FLSVllTlBFVll] . In |Taull| . it is shown that, on a compact 4-dimensional manifold with 
6+ = 1 and endowed with a symplectic form w, a generic w-tamed almost-complex structure on X is compatible 
with a symplectic form on X, |Taull[ Theorem 1], which is defined by integrating over a space of currents that are 
defined by pseudo-holomorphic curves. The Taubes currents have been studied, both in dimension 4 and higher, 
also by W. Zhang in |Zhall| . In [LZTI] . T.-J. Li and W. Zhang were concerned with studying Donaldson's "tamed 
to compatible" question for almost-complex structures on rational 4-dimensional manifolds; they provided, in 
particular, an affirmative answer to [Don06[ Question 2] for x and for CP^jlCP^, see |DLZ12I Theorem 4.11]. 
In |LT12j . a positive answer to S. K. Donaldson's question [Don06[ Question 2] is provided in the Lie algebra 
setting, proving that, given a 4-diniensional Lie algebra g such that B A B = (where B C A^g is the space 
of boundary 2-vectors), e.g., a 4-dimensional unimodular Lie algebra, a linear (possibly non-integrable) complex 
structure is tamed by a linear symplectic form if and only if it is compatible with a linear symplectic form, [LT121 
Theorem 0.2]. 

In a sense, |LZ09I Corollary 1.1] provides evidences towards an affirmative answer for [Don06[ Question 2], 
especially in the case 6+ = 1; confirmed in their opinion by the computations in |DLZ10| in the case > 1, T.-J. 
Li and W. Zhang speculated in |LZ09[ page 655] that the equality ICj = /C} holds for a generic almost-complex 
structure J on a 4-dimensional manifold. 

The analogous of [Don06[ Question 2] in dimension higher than 4 has a negative answer: counterexamples 
in the (non-integrable) almost-complex case can be found in |MT00j by M. Migliorini and A. Tomassini, and in 
[Tom02j by A. Tomassini. Notwithstanding, since examples of non-Kahlcr holomorphic-tamed complex structures 
are not known, T.-J. Li and W. Zhang speculated a negative answer for the following question, also addressed 
by J. Streets and G. Tian in |ST10| . 

Question 2.65 f |LZ09l page 678], |ST10[ Question 1.7]). Do there exist non-Kdhler holomorphic-tamed complex 
manifolds, of complex dimension greater than 2 ? 
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Tameness conjecture for 6-dimensional nilmanifolds 

In view of the speculation in |LZ09[ page 678], and of [STIOI Question 1.7], one could ask whether small defor- 
mations of the Iwasawa manifold, see ^1.4.11 may provide examples of non-Kahler holomorphic-tamed complex 
structures. In this section, we prove that this is not the case: more precisely, we prove that no example of left- 
invariant non-Kahler holomorphic-tamed complex structure can be found on 6-dimensional nilmanifolds. The 
same holds true, more in general, for higher dimensional nilmanifolds, as proven by N. Enrietti, A. Fino, and L. 
Vczzoni, jEFV12[ Theorem 1.3]. 

We recall that a Hermitian metric g on a complex manifold X is called pluri-closed (or strong Kahler with 
torsion, shortly SKt), |Bis89j . if the (1, l)-form w associated to g satisfies ddixj = 0. 

By the following result, holomorphic-tamed manifolds admit pluri-closed metrics, |AT11I Proposition 3.1]. 

Proposition 2.66. Let X he a manifold endowed with a symplectic structure uj and an uj-tamed complex structure 
J. Then the (1, l)-form ui :— gj (J ■, ■•) associated to the Hermitian metric gj (■, •■) := ^ (w (■, J--) — u (J-, •■)) 
is dd-closed, namely, g is a pluri-closed metric on X . 

Proof. Decomposing uj in pure type components, set 



where £ K^'^X and uj^^^ = w^'^ G h^-'^X. Since, by definition, Co ^ ^ {uj + Jlo), we have Cj = lo^'^. We get 
that 



dw = <^ 

and hence 



duj^'^ + duj^'° = 



proving that g is a pluri-closed metric on X. □ 
Now, we can prove the announced theorem, [ATI 11 Theorem 3.3]. 

Theorem 2.67. Let X ~ T\G be a 6-dimensional nilmanifold endowed with a G -left-invariant complex structure 
J. If X is not a torus, then there is no symplectic structure u) on X taming J. 

Proof. Let a; be a (non-necessarily G-lcft-invariant) symplectic form on X taming J. By F. A. Belgun's sym- 
metrization trick, [BelOOl Theorem 7], setting 

fi{uj) := J w[„ 77(771) , 

where 77 is a G-bi- invariant volume form on G such that JxV = li whose existence follows from J. Milnor's lemma 
[Mil76[ Lemma 6.2], we get a G-lcft-invariant symplectic form on X taming J. Then, it suffices to prove that, 
on a non-torus 6-dimensional nilmanifold, there is no left-invariant symplectic structure taming a left-invariant 
complex structure. 

Hence, let w be such a G-left-invariant symplectic structure. Then, by Proposition 12.661 X should admit 
a G-left-invariant pluri-closed Hermitian metric g. Hence, by |FPS04l Theorem 1.2], there exists a co- frame 
{ip^, ip^} for the J-holomorphic cotangent bundle such that 

d(^i = 
d(^2 ^ 

dtp^ = ATp^ Atp'^ + Blp'^ Atp'^ + C tp^ ATp^ + Dtp^ Alp'^ + Eip^ Aip"^ 
where A, B, G, D, E eC are complex numbers such that \Af + \Df + \Ef + 2fHe {BG) = 0. Set 



where 

3 

with |ay , ^i^l C C such that uj^'^ = uj^'^. A straightforward computation yields 

do; = ^ {A = B = G = D = E = or 633 = O) . 
Since 633 ^ 0, we get A — B = G — D — E — 0, namely, AT is a torus. □ 
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and 



As a corollary, we get the following result, |ATlll Theorem 3.4], concerning the speculation in |LZ09l p. 678], 
and [STTOl Question 1.7]. 

Theorem 2.68. No small deformation of the complex structure of the Iwasawa manifold I3 H (3; Z [i])\ H(3; C) 
can be tamed by any symplectic form. 

2.4.3 The cones of semi-Kahler, and strongly-Gauduchon metrics 

Let X be a compact 2ri,-dimensional manifold endowed with an almost-complex structure J. We recall that a 
non-degenerate 2-form a; on X is called semi-Kahler, [GH80[ page 40], if ui is the (1, l)-form associated to a 
J-Hermitian metric on X (that is, a;(-, J-) > and w( J-, J--) = •■)) and d (w"^^) = 0; when J is integrable, 
a semi-Kahler structure is called balanced, [Mic82l Definition 1.4, Theorem 1.6]. 

We set 

O} Hj'^-^{X;R) : fie A"'^'''~^X is positive on the 

complex (n — l)-subspaces of T^X (K)e C, for every x G X} , 

JCb^j := {[n] G Hl'1f^{X;R) : Q e A^^^^X is positive on the 

complex (?i — l)-subspaces of T^X ®k C, for every x e X} . 

We note that K.b'y and /Cfe j are convex cones in H^^^^{X; M), and that /C&j is a sub-cone of /C6j and is contained 
inHf-^'''-^\X;R). 

We recall the following trick by M. L. Michelsohn. 

Lemma 2.69 ( [Mic82[ pp. 279-280]). Let X be a compact 2n- dimensional manifold endowed with an almost- 
complex structure J . Let ^ be a real (n — 1, n — l)-form such that it is positive on the complex (n — l)-subspaces 
of TxX (g)R C, for every x € X. Then $ can be written as $ = where (p is a J -taming real (1, \)-form. Ln 

particular, if ^ is d-closed, then ip is a semi-Kahler form. 

The previous Lemma allows us to confuse the cone ICbj with the cone generated by the {n — 1)'^ powers of 
the semi-Kahler forms, namely, 

ICb'y = { : tj is a semi-Kahler form on X} . 

In particular, if J is integrable, then the cone ICbj is just the cone of balanced structures on X. On the 
other hand, in the integrable case, /C&j is the cone of strongly-Gauduchon metrics on X. We recall that a 
strongly-Gauduchon metric on X, |Pop09[ Definition 3.1], is a positive-definite (1, l)-form 7 on X such that the 
{n, n — l)-form d (7"^^) is d-exact. These metrics have been introduced by D. Popovici in Pop09| in studying the 



limits of projective manifolds under deformations of the complex structure, and they turn out to be special cases 
of Gauduchon metrics, |Gau77| . for which d (7"^^) is just 9-closed; note that the notions of Gauduchon metric 
and of strongly-Gauduchon metric coincide if the 9c)-Lemma holds, |Pop09| page 15]. D. Popovici proved in 
|Pop09| Lemma 3.2] that a compact complex manifold X, of complex dimension n, carries a strongly-Gauduchon 
metric if and only if there exists a real d-closed (2n — 2)-form such that its component of type 

(n - 1, n - 1) satisfies > 0. 

The aim of this section is to compare the cones JCb'y and /C6j, Theorem 12.741 in the same way as |LZ09I 
Theorem 1.1] does for ICj and ICj in the almost-Kahlcr case. 

Note that ICb^j can be identified with the set of the classes of d-closed (2n — 2)-forms transverse to Cn-i,j- 
On the other hand, we recall the following lemma. 

Lemma 2.70 (see, e.g., jSil96l Proposition 1.1.3]). Let X be a compact manifold endowed with an almost- complex 
structure J, and fix p €N. A structure current in £p.j is a positive current of bi-dimension (j),p). 

As a direct consequence of |Sul76[ Theorem 1.7], we get the following result, |AT12a[ Theorem 2.6]. 

Theorem 2.71. Let X be a compact 2n- dimensional manifold endowed with an almost- complex structure J. Then 
KJd^j is non-empty if and only if there is no non-trivial d-closed positive currents of bi-dimension (n — l,n — 1) 
that is a boundary, i.e., 

Z€n-ij nB = {0}. 

Furthermore, if we suppose that ^ /C6j, then /C&j C H'^''^'^^(X;R) is the interior of the dual cone H€n-i j C 
Hjl-\X;R)ofHS:r.-i,jCHi^_,iX;R). 
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Proof. Note that if a; G /C6j ^ 0, and if 77 :=: is a non-trivial d-closed positive current of bi-dimension 
(n — 1, n — 1) being a boundary, then 

< (77, 7r^„-i,„-ixw) ^ {ri, uj) ^ (de, uj) = (e, dw) = 

(where H/^n-i.^-ix h' X ^ A"^^'"^^X is the natural projection onto A"^^'"~^X) yields an absurd. 

To prove the converse, suppose that no non-trivial d-closed positive currents of bi-dimension (n — 1, 71 — 1) is 
a boundary; then, by [Sul76[ Theorem I.7(ii)], there exists a d-closed form that is transverse to C„_i.j, that is, 
/C6j is non-empty. 

The last statement follows from |Sul76[ Theorem I.7(iv)]: indeed, by the assumption ^ ^^j, no d-closed 
transverse form is cohomologous to zero, therefore, by |Sul76[ Theorem I.7(iii)], there exists a non-trivial structure 
cycle. □ 

We provide a similar characterization for /C6j, [AT12a[ Theorem 2.7]. 

Theorem 2.72. Let X be a compact 2n- dimensional manifold endowed with an almost- complex structure J. 
Suppose that ICbj ^ and that ^ ICbj. Then ICbj C iJ^^ is the interior of the dual cone 

H(Ln^ij C i7-^"-i'"-^)(X;R) ofH€r.-ij C Hf„_^^^^_^^{X;R). 

Proof. By the hypothesis ^ ICj, we have that {ICbj,H€n-i,j) > 0, and therefore the inclusion ICbj C 
intff£„_i.j holds. 

To prove the other inclusion, let e G R) be an element in the interior of the dual cone in 

jj(ri-i,n-i) fj£^_^ [ q^^ g js such that {c, H€n-i.j) > 0. Consider the isomorphism 

[LZ091 Proposition 2.4] (where ttv„-i „-iX '■ T>,X — !> 2?„_i.„_iX denotes the natural projection onto I?„_i.ri-i^): 
hence, CT"^^'"^^(e) gives rise to a functional on '^^-^.^-^^^ ^ namely, to a functional on TTp -ix2 vanishing 

on 7ri)^_j „_iX^; such a functional, in turn, gives rise to a hyperplane L in Tr-p^ ^ „-ix2 containing Tr-p^ ^ „„iX'B. 
Being a kernel hyperplane in a closed set, L is closed in I5„_i n V2n-2X; furthermore, L is disjoint from 

2^n-i, J \ {0}, by the choice made for e. Pick a J-Hermitian metric and let (p be its associated (1, l)-form; consider 

K := {TGe:„-i„7 : T(<^"-i) =1} , 

which is a compact set. Now, in the space Vn-i^n-iX fl T)2n-2X, consider the closed set L, and the compact 
convex non-empty set which have empty intersection. By the Hahn and Banach separation theorem, there 
exists a hyperplane containing L, and then containing also tt-d„-i „-ixB, and disjoint from K. The functional 
on Vn-i^n-iX n V2n~2X associatcd to this hyperplane is a real {n — l,n — l)-form being d-closed, since it 
vanishes on 7rx)„_i ^^ixB, and positive on the complex (n — l)-subspaces of T^X (8)r C, for every x € X, that is, 
a J-compatible symplectic form. □ 

The same argument as in |HL83I Proposition 12, Theorem 14] yields the following result, |AT12a[ Theorem 
2.8], which generalizes |HL83[ Proposition 12, Theorem 14], |LZ09[ page 671], see also jMic82l Theorem 4.7]. 

Theorem 2.73 f |HL83[ Proposition 12, Theorem 14], [LZ091 page 671], [AT12a[ Theorem 2.8]). Let X be a 

compact 2n- dimensional manifold endowed with an almost- complex structure J , and denote by ttu^. j^x ■ "D^X — 
Vk.kX the natural projection onto T?k,kX , for every k £ N. 

(i) If J is integrable, then there exists a Kdhler metric if and only if n n-p-^ = {0}. 

(ii) There exists an almost-Kdhler metric if and only if £1,7 n Tr-p^ ^xl3 = {0}. 

(Hi) There exists a semi-Kdhler metric if and only if €n-i.j t^v„-i „-ixB = {0}. 

Proof. Note that (i), namely, [HL83[ Proposition 12, Theorem 14], is a consequence of (ii): indeed, if J is 
integrable, then J is closed, |HL83I Lemma 6], that is, ttvi^ixB is a closed set. 

The proof of (ii), namely, |LZ09l page 671], being similar, we prove (Hi), following closely the proof of (i) in 
|HL83[ Proposition 12, Theorem 14]. 

Firstly, note that if a; is a semi-Kahler form and 

^ :=: Ihn 7rx)„_i „_iX (dckfe) € €„-ij H nv„_^ „_ixB ^ {0}, 

A.;— ^-foo ' 



-l,n-l. }{^'^~^'''^~^'^ (^X'] 
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where C 'D2n-iX, then 

< (r/, = ( hm ^p„_,_,x(dafe), = hm (da^, = hm (a^, dw"-i) = 0, 

yielding an absurd. 

For tlie converse, fix a J-Hermitian metric and let ip be its associated (1, l)-form; the set 

K := {TgC™-!,,/ : r((^"-i) =l} 

is a compact convex non-empty set in T>n-i,n-iX n 'D2,i-2X. By the Hahn and Banach separation theorem, 
there exists a hyperplanc in 2?„_i.„_iXnl?2n-2^ containing the closed subspace ttt>„-i ^-iX^ and disjoint from 
K] hence, the real (71 — — l)-form associated to this hyperplane is a real d-closed (71 — — l)-form and is 
positive on the complex [n — l)-subspaces, namely, it is a semi-Kahler form. □ 

Now, we can prove the semi-Kahler counterpart, |AT12al Theorem 2.9], of T.-J. Li and W. Zhang's |LZ09[ 
Proposition 3.1, Theorem 1.1]. 

Theorem 2.74. Let X be a compact 2n- dimensional manifold endowed with an almost- complex structure J . 
Assume that ICbj ^ ( that is, there exists a semi-Kahler structure on X) and that ^ /C6j . Then 

and 

Moreover, if J is C°°-full at the {2n — 2)*'' stage, then 

Proof By Theorem [Uni ICb^j C hI'^'^{X;R) is the interior of the dual cone i/£„_i„/ C H^'^-'^{X]R) of 
H€n-i,j C Hi^_2{X;R), and, by Theorem [131 O} C H'f''^'"~'^\X;R) is the interior of the dual cone 
^G:„-i,j C H^;-^'"-^\X;R) of H€n.i,j C Hi'^_^^^^_^^{X;R); therefore O*^ n ^^"-^'"-^^(X; M) = O}. 

The inclusion ICbj -\- R) C ]Cb*j follows straightforwardly noting that the sum of a semi- 

Kahler form and a J-anti-invariant {2n — 2)-form is still d-closed and positive on the complex [n — l)-subspaces. 
Finally, if J is C°°-full at the (2n - 2)*'^ stage, then 

ICb'j = intMn-i.j = mtH€n-ijnH^^l-\X;R) 

= int7^e:„„i,jn (i/y'"''""'^(X;K) + i/(,"^"-'^'^"-''")(X;M)) 

and hence ICb'y + R) = ICb^j. □ 

Remark 2.75. We note that, while the dc Rham cohomology class of an almost-Kahler metric cannot be trivial, 
the hypothesis ^ /C6j in Theorem 12.741 is not trivial: J. Fu, J. Li, and S.-T. Yau proved in [FLY12[ Corollary 

1.3] that, for any k > 2, the connected sum (S^ x S'^) , endowed with the complex structure constructed from 
the conifold transitions, admits balanced metrics. 
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Chapter 3 



Cohomology of manifolds with special 

structures 



In this chapter, wc continue in studying the cohomological properties of (differentiable) manifolds endowed with 
special structures, other than (almost-) complex structures. More precisely, in Section [331 we recall the results 
obtained jointly with A. Tomassini in [AT12cj . concerning the cohomology of symplectic manifolds; in Section 
13.21 we study cohomological decompositions on D-complex manifolds in the sense of F. R. Harvey and H. B. 
Lawson: this has been the matter of a joint work with F. A. Rossi, [AR12| : finally, in Section [5751 we consider 
domains in K" endowed with a smooth proper strictly p-convex exhaustion function, and, using L^-techniques, 
we give another proof of a consequence of J. -P. Sha's theorem jSha86l Theorem 1], and H. Wu's theorem |Wu87[ 
Theorem 1], on the vanishing of the higher degree de Rham cohomology groups, which has been obtained in a 
joint work with S. Calamai, |AC12| . 



3.1 Cohomology of symplectic manifolds 

The Kahler manifolds have special cohomological properties from both the complex and the symplectic point 
of view, the Hodge decomposition theorem providing a decomposition of the complex de Rham cohomology in 
terms of the Dolbeault cohomology groups, and the Lefschetz decomposition theorem providing a decomposition 
of the de Rham cohomology in terms of primitive cohomology groups. Then, in order to better understand the 
geometry of non-Kahler manifolds, it may be interesting to investigate both the contribution of the complex 
structure and the contribution of the symplectic structure. 

In this section, we develop the symplectic counterpart of the theory introduced by T.-J. Li and W. Zhang 
in |LZ09j to study the cohomology of almost-complex manifolds. The results in this section have been obtained 
jointly with A. Tomassini in [AT12c| . 



3.1.1 Hodge theory on symplectic manifolds 

Cohomological properties of symplectic manifolds have been studied starting from the works by J.-L. Koszul, 
|Kos85| . and by J.-L. Brylinski, Bry88[ . Drawing a parallel between the symplectic and the Riemannian cases. 



J.-L. Brylinski proposed in |Bry88 a Hodge theory for compact symplectic manifolds {X, w), introducing a 
symplectic Hodge-*-opcrator and the notion of uj-symplectically-harmonic form (i.e., a form being both d- 
closcd and d^-closcd, where the symplectic co-differcntial is defined as d"^ [/^fc^ := (—1)'''+^ -k^^ d*i^ for every 
fc G N): in this context, O. Mathieu in [Mat95| . and D. Yan in [Yan96| . proved that any de Rham cohomology 
class admits an w-symplectically-harmonic representative if and only if the Hard Lefschetz Condition is satisfied. 
Recently, L.-S. Tseng and S.-T. Yau, in [TY12al ITY12b| . see also jTYll| . introduced new cohomologies for 
symplectic manifolds {X, uj): among them, in particular, they defined and studied 

kcr fd + d"^ 



H' + dAiX;R) — ■ —j^ — , 

mi d d 

developing a Hodge theory for this cohomology; furthermore, they studied the dual currents of Lagrangian and co- 
isotropic submanifolds, and they defined a homology theory on co-isotropic chains, which turns out to be naturally 
dual to a primitive cohomology. In the context of Generalized Geometry, [Gua04[ IGualli ICavOSi ICav07| , the 
cohomology i?*^^A(^;IR) can be interpreted as the symplectic counterpart of the Bott-Chern cohomology of a 
complex manifold, see |TY11| . Inspired also by their works, Y. Lin developed in [Linll| a new approach to the 
symplectic Hodge theory, proving in particular that, on any compact symplectic manifold satisfying the Hard 
Lefschetz Condition, there is a Poincare duality between the primitive homology on co-isotropic chains and the 
primitive cohomology. 
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In this section, we recall some notions and results concerning Hodge theory for compact symplectic manifolds; 
we refer to |Bry88[ IMat95[ IYan96[ [CavOSl ITYl 2al ITYl 2b[ [LmTT] for further details. (See gOfor basic definitions 
and results on symplectic manifolds.) 

Symplectic cohomologies 

Let X he Sl compact 2ri,-dimcnsional manifold endowed with a symplectic structure lo. 

We recall, see jj0.21 that, w being non-degenerate, it induces a natural isomorphism /; TX T*X, namely, 
/(•)(••) = and hence a bi-C°°(X; R)-linear form (w^^)'' : a'' X (g) a'=X C°°(X;M); the symplectic-i^- 

operator, is defined, for every a, /3 € h^X, by, |Bry88[ §2], 

: A* X ^ a2"-X , a A *^/? = Lo-^) (a, /3) — , 

and satisfies *^ ~ idA«x, |Bry88[ Lemma 2.1.2]. 
We recall that the operators 

L a; A-: A'X ^ A'+^X , 

A := -Ln = -^u: L-k^: A' X ^ A'^'^X , 
H := ^ (n - fc) TT^kx : A' X ^ A'X , 

k 

(where Lt := uj^^ £ A^TX is the canonical Poisson bi-vector associated to cj, the interior product with ^ G A^ {TX) 
is denoted by : A* X — >■ A*~^X, and, for fc G N, the map Tr^fcx : A* X — > a'^X denotes the natural projection 
onto A^X) yields an s[(2; K)-representation on A'X having finite i/-spectrum, and hence one has the Lefschetz 
decomposition on differential forms, |Yan96l Corollary 2.6], 

A'X = ^L^PA'-^'^X , 

where the space of primitive forms is 

PA'X kerA = ker L"-'+\;,.x ■ 

Consider now the symplectic co- differential operator d^ ; A* X — > A'^^X, defined, for every fc G N, by 

it has been introduced, in general for a Poisson manifold, by J.-L. Koszul, [Kos85| . and studied also by J.-L. 
Brylinski, |Bry88[ §1.2]. The basic symplectic identity 

[d. A] = d^ 

holds, see, e.g., |Yan96[ Corollary 1.3]; by the graded- Jacobi identity, it follows that d, d"^ = [d, [d. A]] = 

[d, [A, d]] - [A, [d, d]] = - [d, d^^j , since [d, d] = and [A, d] = - [d. A], and hence, |Kos85l page 265], |Bry88[ 
Theorem 1.3.1], 

dd'^ + d^d = 0. 

Hence, interpreting, as in |Bry88| , d^ as the symplectic counterpart of the Riemannian co-differential operator 
d* associated to a Riemannian metric g on X , then the symplectic counterpart of the Laplacian operator A :~ 
d d* -I- d* d vanishes. 

We recall that, if (J, w, g) is an almost-Kahler structure on X, then the symplcctic-*-opcrator and the 
Hodgc-*-operator *g are related by 

|Bry88[ Theorem 2.4.1], and hence d"^ and d^ J^^ d J are related by 

d^ = -(d")* . 

The previous identity, together with the identity d d^ -I- d^ d = 0, suggests that d^ should be interpreted as the 
symplectic counterpart of the operator d° in Complex Geometry; this guess can be made more precise using 
Complex Generalized Geometry, [GuaOll IGualll ICavOSi ICav07j . 
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The symplectic co-difFerential operator satisfies (^d j =0, and hence it gives rise to a differential complex 

A' X, d^^ . This complex has been introduced, more in general, on a Poisson manifold, with the name of 
canonical complex, by J.-L. Koszul, [Kos85| . and studied also by J.-L. Brylinski, |Bry88[ §1], and, more recently, 
by L.-S. Tseng and S.-T. Yau, |TY12a[ §3.1]. The homology of the complex (a*X, d^^ is, in J.-L. Koszul's 
terminology, the canonical homology of X, 



kcrd'^ 



■ imd^ ■ 
Note that, |Bry88[ Corollary 2.2.2], 

hence, for a compact symplectic manifold, the canonical homology groups and the de Rham cohomology groups 
are isomorphic. 

In |TY12aj . L.-S. Tseng and S.-T. Yau introduced also the (d + cohomology, |TY12a[ §3.2], 

ker (d + d"^) 



and the (dd'^y cohomology, |TY12a[ §3.3], 

H'^aIX;] 



imdd'^ 



kerdd"^ 
im d + im d^ 



such cohomologics are, in a sense, the symplectic counterpart of the Aeppli and Bott-Chcrn cohomologics of 
complex manifolds, see |TY12a[ §5] and |TY11| for further discussions. 

Furthermore, they provided a Hodge theory for such cohomologics, proving the following result. 

Theorem 3.1 ( [TY12a1 Theorem 3.5, Corollary 3.6]). Let X be a compact manifold endowed with a symplectic 
structure ui. Let {J, u, g) be an almost-Kdhler structure on X. For a fixed A > 0, the 4*'' order self-adjoint 
differential operator 

D^^^A := (dd^) (dd^V+ fdd^V fdd^) + fd*d^) fd*d^V + fd*d^V fd*d^ 
+X (d*d- 



is elliptic, with ker _|_ ^^A = ker d n kcr d fl ker yd d 
Furthermore, there exist an orthogonal decomposition 

A'X = kcrD^^^AOdd^ A'X ® (d* A'+'^X + (d^y A'-'^ X 

and an isomorphism 

H'^^AX;R) ^ keri^d + dA • 
In particular, dim-RH'_^^j^{X;R) < +oo. 

An analogous statement holds for the ^dd^^ -cohomology. 

Theorem 3.2 ( |TY12a1 Theorem 3.16, Corollary 3.17]). Let X be a compact manifold endowed with a symplectic 
structure uj. Let (J, ui, g) be an almost-Kdhler structure on X . For a fixed A > 0, the 4*'' order self-adjoint 
differential operator 



'dd^ 



(dd«) (dd«)- + (dd»)- (dd-^) + (d (d«)-) (d (d-^)-)- + (d (d')y (d (d-)-) 

+A (dd-+d"(d»)') , 
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is elliptic, with kerD^^A = ker ^dd^j Hkerd* Hkcr ^d 
Furthermore, there exist an orthogonal decomposition 



A'X = kerD. 



dd 



and an isomorphism 



dd^ 



A' X 



In particular, dimTsiH'^j^{X;'R) < +00. 

As for the Bott-Chern and the Acppli cohomologics, the ^d + d^^ -cohomology and the |^dd^^ -cohomology 
groups turn out to be isomorphic by means of the Hodge-*-operator associated to any Riemannian metric being 
compatible with uj. 

Theorem 3.3 ( |TY12a[ Lemma 3.23, Proposition 3.24, Corollary 3.25]). Let X be a 2n- dimensional compact 
manifold endowed with a symplectic structure co. Let (J, w, g) he an almost- Kdhler structure on X . The operators 
_l_ and satisfy 



and hence *„ induces an isomorphism 



H'^^^4X;R) ^ Hll~,'{X;R) . 

Moreover, the cohomology * ( A^ ; 1^) is invariant under symplectomorphisms and Hamiltonian isotopies, 
|TY12a[ Proposition 2.8]. 

One has the following commutation relations between the differential operators d, d^, and dd^, and the 
elements L, A, and H of the s[(2; K)-triple, see, e.g., |TY12al Lemma 2.3]: 



[d, L] 


= , 


d^, L 


= -d. 


dd^, L 


= 0, 


[d. A] 


= d\ 


d^, A 


= , 


dd^, A 


= 0, 


[d, H] 


= d. 


d^, H 


= -d\ 


dd^, H 


= . 



Hence, by setting 



kerdnkerd"^ HPA'X 



kerdnPA'X 



imdd'^nPA'A: imdd'^[pA.jf 
(where the second equality follows from [TY12a[ Lemma 3.9]), one gets the following result. 

Theorem 3.4 ( |TY12al Theorem 3.11]). Let X be a 2n- dimensional compact manifold endowed with a symplectic 
structure uj. Then there exist a decomposition 

iI,V,A(X;R) = 0i'^Pi/-;2;,(X;R) 



and, for every fc g N, an isomorphism 



L"" : H 



Tjn+k fY- 



Analogously, by setting 
PH'^^4X;R) 



kerdd^ nPA'AT 



kerdd"^ nPA'A: 



(im d im d'^) n PA* a: im (d +LH-^ d^ 



-him d"^ 



(where the second equality follows from [TY12a[ Lemma 3.20]), one gets the following result. 

Theorem 3.5 ( |TY12al Theorem 3.21]). Let X be a 2n- dimensional compact manifold endowed with a symplectic 
structure to. Then there exist a decomposition 

i/-,A(X;R) ^ 0i'-pi7;-f (X;R) 

rGN 

and, for every k € N, an isomorphism 



L'^:H"JiX;R)^H"+^iX; 



3.1 Cohomology of symplectic manifolds 



109 



The identity map induces the foUowing natural maps in cohomology: 




Recall that a symplectic manifold is said to satisfy the dd^- Lemma if every d-exact d^-closcd form is dd^- 
exact, |DGMS75| . namely if iJ*^^A(^;K) ->■ H^ui^;^) is injective. 

Remark 3.6. Note that 

ker d^ n im d = im d d^ if and only if ker d fl im d^ = im d d^ . 

Indeed, since *l = id^-x, |Bry88| Lemma 2.1.2], and dd'^ + d'^d = 0, |Bry88[ Theorem 1.3.1], one has 

*cj ker d = ker d^ , im d = im d"^ , im d d^ = im d d"^ . 

Another cohomological property that can be defined on a 2n-dimensional compact manifold X endowed with 
a symplectic form lo is the Hard Lefschetz Condition, that is, 

for every fc G N , L'' : H2r^{X- M) 4 H^'+^iX- M) . (HLC) 

In fact, the following result relates the dd^-Lemma, the Hard Lefschetz Condition, and the existence of 
w-symplectically harmonic representatives in any de Rham cohomology class. 

Theorem 3.7 f |Mat95[ Corollary 2], |Yan96[ Theorem 0.1], |Mer98[ Proposition 1.4], |Gui01| . |Cav05[ Theo- 
rem 5.4]). Let X he a compact manifold endowed with a symplectic structure lo. The following conditions are 
equivalent: 

(i) every de Rham cohomology class admits a representative being both d-closed and d^-closed (i.e., Brylinski's 
conjecture lBry88[ Conjecture 2.2.7] holds on X); 

(ii) the Hard Lefschetz Condition holds on X; 

(Hi) the natural homomorphism H^^^^{X]M.) — > iJ*^(X;R) induced by the identity is actually an isomorphism; 

(iv) X satisfies the dd^ -Lemma. 

Note that, by the Lefschetz decomposition theorem, the compact Kahler manifolds satisfy the Hard Lefschetz 
Condition; in other terms, note that, given a Kahler structure (J, w, g) on a compact manifold X, one has 
-k^ = J*g, |Bry88[ Theorem 2.4.1], and hence every de Rham cohomology class admits an w-symplectically- 
harmonic representative. 

Primitive currents 

Let X be a 2n-dimensional compact manifold endowed with a symplectic structure w. Denote by V^X ;=: 
X)2n-,x the space of currents, and consider the dc Rham homology i7,^^(X;R) := H* {V,X, d). (See C31for 
definitions and results concerning currents and dc Rham homology.) 

Following |Linlll Definition 5.1], set, by duality, 

L: V,X ^V,^2X , S^S{L-), 
A: V,X ^ V,+2X , S^S{A-), 
H:V,X^V,X, S^S{-H-); 

note that 

[L, H] = 2L, [A, H] = -2A, [L, A] 

A current S G V'^X is said primitive if AS* — 0, equivalently, if L^^^^^S 
5.3]; denote by PV'X :=: VD2n-»X the space of primitive currents on X . 
In jLinllj . Y. Lin proved the following result. 



= H . 

= 0, see, e.g., [Linlll Proposition 
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Theorem 3.8 f |Linlll Lemma 5.2, Proposition 5.3, Lemma 5.12]). Let X be a compact manifold endowed with 
a symplectic structure uj. Then (L, A, H) gives an sl{2;]&) -module structure on T)* X . In particular, one has the 
Lefschetz decomposition on the space of currents, 

Furthermore, the space of flat currents is an sl{2;W)- submodule of the space of currents. 

Finally, if j : Y ^ X is a compact oriented submanifold of X of codimension k (possibly with non-empty 
boundary), then the dual current [Y] E T>kX associated with Y is defined, by setting, for every (p £ /\^X , 

MM j^f{v)- 

If F is a closed oriented submanifold, then the dual current \Y] is d-closed. According to jTY12a[ Lemma 4.1], 
the dual current \Y] is primitive if and only if Y is co-isotropic. 



3.1.2 Symplectic subgroups of (co) homology 

In this section, we provide a symplectic counterpart to T.-J. Li and W. Zhang's theory on cohomology of almost- 
complex manifolds developed in |LZ09j . More precisely, we define the subgroups H^J''\X;^) of the de Rham 
cohomology i7*^(X;M) of a symplectic manifold {X, w), and, analogously, the subgroups H'^^ ,j(X;M) of the de 
Rham homology H^^{X;M.); then, we study some of their properties: in particular, we prove that, for every 
compact symplectic manifold, the decomposition i?|^(X;R) = iji^'°^(X;R) © M) holds. Theorem 13. 141 
which provides a symplectic counterpart of |DLZ10[ Theorem 2.3]. 

Let X be a 2n-dimensional compact manifold endowed with a symplectic structure tu. For any r, s e N, define 
HI''-''HX;R) := {[r*^ e Hj^+'iX^R) : P^'^ePA'X^ C H^'j+'{X;R) . 
Obviously, for every k £ N, one has 

J2 Ht''-'\X;R) C HIj,{X;R) : 

2r+s=k 

we are concerned with studying when the above inclusion is actually an equality, and when the sum is actually 
a direct sum. 

Remark 3.9. We underline the relations between the above subgroups and the primitive cohomologies introduced 
by L.-S. Tseng and S.-T. Yau in |TY12a| . As regards L.-S. Tseng and S.-T. Yau's primitive (^d -I- d"^^ -cohomology 
Pi?*^^A(X;R), note that, for every r, s G N, 

im(L'-piJ^^^4X;R)^iJ,*^(X;R)) = L'" R) C Ht'\X;R) . 

In [TY12a[ §4.1], L.-S. Tseng and S.-T. Yau have introduced also the primitive cohomology groups 



PH-^{X; 



kcrdnkerd"^ nPA'X 



imd[ 



PA'—iXnkerd'^ 



where s G N, proving that the homology on co-isotropic chains is naturally dual to PH^" *(X;R), see |TY12al 
pages 40-41]; in [Linlll Proposition 2.7], Y. Lin proved that, if the Hard Lefschetz Condition holds on X, then 

Hi°''\X;R) = PH^{X;R) . 

Remark 3.10. In |CT07| . D. Conti and A. Tomassini studied the notion of half-flat structure on a 6-dimensional 
manifold X , see [CS02j . Namely, an S\J (3) -structure (w, ip) on X, where w is a non-degenerate real 2-form and ijj 
is a decomposable complex 3-form such that ipAuj = and tpAip = '^^^ called half-flat if both uj/\uj and yitip 
are d-closed. Note in particular that, if (w, ip) is a symplectic half-flat structure on X, then [^Rc^] e h!:^'^\X] R). 
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Remark 3.11. A class of examples of compact symplectic manifolds (X, oj) satisfying the cohomology decom- 
position by means of the above subgroups H*'*{X;M.) (actually, satisfying an even stronger cohomology decom- 
position) is provided by the compact symplectic manifolds satisfying the dd^-Lemma, equivalently, as already 
recalled, the Hard Lefschetz Condition, |Mer98[ Proposition 1.4], [GuiOlj . |Cav05[ Theorem 5.4]. 

More precisely, on a compact manifold X endowed with a symplectic structure w, the following conditions 
are equivalent: 

• X satisfies the d d^-Lemma; 

• it holds the decomposition 

m^{X;R) ^ ^rHl"-'-'^HX;m ■ (3.1.1) 

Indeed, recall that the decomposition 

H'^^^4X;R) = 0L'-PF;;2^^,(X;M) 

holds on any compact symplectic manifold, |TY12a[ Theorem 3.11]; moreover, the dd^-Lemma holds on a 
compact symplectic manifold if and only if the natural homomorphism 

H'^^^4X;R)^H'^j,{X;R) 

induced by the identity is actually an isomorphism; recall also that 

im (l'^ PH^^ + A^; R) ^ H',i,{X; R)) = Hi°^^\X; R) ; 

hence, if the dd^-Lemma holds, then one has the decomposition (|3.1.1|) . Conversely, if p.l.ip holds, then, 
straightforwardly, X satisfies the Hard Lefschetz condition, and hence also the dd^-Lemma, jMer98[ Proposition 
1.4], [CuiOlj . [CavOSl Theorem 5.4]. 

Analogously, considering the space VX 'D2n-mX of currents and the de Rham homology H^^{X; M), for 
every r, s S N, define 

i/(-,^,)(X;M) := {[L'-i3(,)] eiffi+,(X;R) : B^^^ePV^X} C H^l^^{X;R) ; 

as previously, for every fc e N, we have just the inclusion 

^ i?(';,,)(X;M) C iJ,^^(X;R), 

-2r+s=k 

but, in general, neither the sum is direct nor the inclusion is an equality. 

We prove that, fixed k gN, if the sum '^2r+s=2n-k h!^'^\X\ R) gives the whole (2n — fc)*^ de Rham cohomol- 
ogy group, then the sum of the subgroups of the k}^ de Rham cohomology group is direct, [AT12cl Proposition 
2.4] (this result should be compared with [LZ09[ Proposition 2.30] and Theorem l2.10l in the almost-complex case, 
and with Proposition 13. 251 in the D-complex case). 

Proposition 3.12. Let X he a 2n- dimensional compact manifold endowed with a symplectic structure uj. For 
every fc G the following implications hold: 

Proof. Note that the quasi-isomorphism T. : A* X 3 (p i-^ Lp /\ ■ E V* X satisfies 

Tl. = LT. , 

and hence, in particular, it preserves the bi-graduation, 

T(L*iPA*"X) C L'^PV'^X L'^ PV2n-,2^ , 
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and it induces, for every r, s £ N, an injective map 

Therefore the two vertical implications are proven. 
Consider now the non-degenerate duality pairing 

and note that, for every r, s G N, 

ker(i7i;'^)(X;R), .) D ^ i?rP,,)(^; M) , 

(p,q)^{n—r—s,2n—s) 

and, analogously, for every p,q 

ker(-, 77(-^,)(X;M)) D ^ (^; K) ; 

{r,s)^{n—p—s^2n—q) 

this suffices to prove the two horizontal implications. □ 

A straightforward consequence of |Mat95[ Corollary 2], or |Yan96[ Theorem 0.1], and Proposition 13 . 1 21 is the 
following result, |AT12c[ Corollary 2.5], which should be compared with [DLZlOi Theorem 2.16, Proposition 
2.17]. 

Corollary 3.13. Let X be a compact manifold endowed with a symplectic structure lo. Suppose that the Hard 
Lefschetz Condition holds on X, equivalently, that X satisfies the dd^ -Lemma. Then 

mRiX;R) = 0i/(:^-2'-'(X;K) and Ht^iX^R) = M) . 



In particular, when dimX = 4 and taking fc = 2 in Proposition 13.121 one gets that, if Hjj^{X;] 



reN 



Hi^'"\X;R) + hL°'^\X;R) holds, then actually Hjj^{X;R) ^ HL^'"\X;m.) © Hi°'^\X;R) holds. In fact, the 
following result states that H^j^{X;M.) always decomposes as direct sum of 7Jti^'°^(X; R) and (X; K), also in 

dimension higher than 4, |AT12cl Theorem 2.6]: this gives a symplectic counterpart to T. Draghici, T.-J. Li and 
W. Zhang's decomposition theorem |DLZ10[ Theorem 2.3] in the complex setting, in fact, without the restriction 
to dimension 4. 

Theorem 3.14. Let X be a compact manifold endowed with a symplectic structure u. Then 

Hjj,{X;R) = Hi'-°\X;R)(BHi°^^\X;R) . 
Ln particular, if diiaX = 4, then 

H',j,{X;R) = ^Hi^''~^^\X;R) and H^"iX;R) = ^ H^^^,^,^^{X;M) . 

Proof Let 2n := dimX. Firstly we prove that h!;}'°\X;R) n H<i°'^^(X;R) = {0}. Let 

c:=: [/^] [p^^^] G H^^'O) (X; R) n i/^^) j^) ^ 

where / G C°°{X; R) and /J^^) g Pa^X. Being PA^X = kcr U'~^ [^2x, one has 

Jx Jx Jx Jx 

hence / = 0, that is, c = 0. 

Now, we prove that 7Jj^(X;R) = Hi^'"\X]R) + Hi"''^\X;R). Let a [a] G Hjj^{X;R). Then L"-^a G 
7JJ^(X;R) = M ([w"]), that is, there exist A G M and 72„_i G A^"-!^ such that L"-'^a = Aw" + d72„-i. Since 
l^n-i . ^1 ^ f^2n-i-^ jg isomorphism, there exists 71 G l\^X such that L""^7i = 72™-!- Hence, since 
[d, L"^^] = 0, we get that i"^^ (a — d7i — Atj) = 0, that is, a — d7i — Ao; G PA^X; therefore we get that 

a :—: [a] = [a — d7i] = ^ ['^] + [a — d7i — Aw] , 

e (X;R) e (X;R) 

concluding the proof. □ 
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Part of the argument in the proof of Theorem 13 . 141 can be generahzed to prove the following result, |AT12c[ 
Remark 2.7]. 

Proposition 3.15. Let X be a 2n- dimensional compact manifold endowed with a symplectic structure w. For 
every A; G {l, . . . , [^J } , it holds 

H2''^\X-R)r\H';^'^*'\X-M.) = {0} . 

Proof. Let c ;=: [feu''] ;=: [/^(^fc)] e Hi'''°\X]R) D Hi"-'^''\X;R), where / g C°°{X;R) and /J^^^) e Pa^'^X. 
Being PA^'^X ker L"-2fe+i [^^^^^ j^^g 

= / /L"-2fc+i^(2fc) /^^fe-i ^ f /a;*^- A/3(2'=) Aa;"-2fc ^ /" / o;'^' a / w'^ A ^ /" y2^„ 

ijf ijf 

hence / = 0, that is, c = 0. □ 



In some cases, in studying h1^'''\X]W), one can reduce to study H!^'''^' {X:M.): this is the matter of the 
following result, |AT12c[ Proposition 2.8]. 

Proposition 3.16. Let X be a 2n- dimensional compact manifold endowed with a symplectic structure to. Then, 
for every r, s G N such that 2r + s < n, one has 

Hi''^'^X;R) = L''Hi"-''\X;R) . 

Proof. Since L: X ^ A-'+^X is injective for j < n ~ 1, [Yan96[ Corollary 2.8], (in fact, an isomorphism for 
j = n - 1, |Yan96[ Corollary 2.7],) and [d, L] = 0, wc get that 

Hi''-'''>{X;m) = I cj'' G iJ^]^+"(A:;]R) : G A'ATnkerA such that L''d/3(^' = 0| 

= {K] [/3('^'] G Hl'i+\X;R) : /3^'^ G A^'ATnkerA} , 



assumed that 2r + s < n. 



□ 



In particular, for every r G {l, . . . , [^J }, the spaces are 1-dimensional R-vcctor spaces, more 

precisely hL'''°\X;R) = K {[uj"-]). 

Furthermore, by the previous proposition, it follows that, for k < ^ dim A", the condition 

HIj,{X;R) = ^H^^'''-'^HX;R) 

rGN 



is in fact equivalent to H^^{X;M.) ^ L'' 



3.1.3 Symplectic cohomological decomposition on solvmanifolds 

As shown in Corollary I3.13L whenever X is a compact manifold endowed with a symplectic structure uj satis- 
fying the Hard Lefschetz Condition, the de Rham cohomology H*j^{X;M.), respectively the de Rham homology 

H^^{X;R), decomposes as direct sum of the subgroups hL'''\X;R), respectively H"^, ,^{X;R). Hence, it should 
be interesting to study cohomological properties for classes of symplectic manifolds not satisfying the Hard 
Lefschetz property, e.g., non-tori nilmanifolds, [BGBSi Theorem A]. 

In this section, we study a Nomizu-type theorem for the subgroups -ff[i*'*''(A'; R) on completely-solvable 
solvmanifolds endowed with left-invariant symplectic structures, Proposition l3.18l providing explicit examples and 
studying their cohomological properties. (As regards notations, definitions, and results concerning nilmanifolds 
and solvmanifolds, we refer to ijO.GI ) 



Left-invariant symplectic structures on solvmanifolds 

Let X = r\ G be a completely-solvable solvmanifold endowed with a G-left-invariant symplectic structure uj. 

Recall that, by A. Hattori's theorem [Hat60[ Corollary 4.2], the complex (A'g*, d), which is isomorphic to 
the sub-complex composed of the G-left-invariant forms of (A* AT, d), turns out to be quasi-isomorphic to the de 
Rham complex (A'X, d), that is, H'j^ {g;R) ~ H*j^{X;R). 



114 



Cohomology of manifolds with special structures 



Since lo is G- left-invariant, (L, A, H) induces a s[(2; R)-representation both on /\'X and on A*g*. Hence, for 



any r, s G N, we can consider both the subgroup H^J''\x-m.) of i?*^(X;R), and the subg roup 



of iJ*^(g;K) ~ iJ*jj(X;R), namely, the subgroup constituted of the de Rhani cohomology classes admitting 
G-left-invariant representatives in U PA'^X. 

In this section, we are concerned with studying the linking between hI^'*\X;M.) and H^'*\q;M.). This will 
let us study explicit examples in tl3.1.3l 

In the following lemma, we adapt the F. A. Belgun symmctrization trick, [BelOOi Theorem 7], to the symplectic 
case, |AT12c[ Lemma 3.2]. 

Lemma 3.17. Let X ~ T\G be a solvmanifold, and denote the Lie algebra naturally associated to G by q. Let 
LU be a G-left-invariant symplectic structure on X. Let j] be a G-bi-invariant volume form on G, given by J. 
Milnor's Lemma \Mil76l Lemma 6.2], such that J^rj ~ 1. Up to identifying G-left-invariant forms on X and 
linear forms over g* through left-translations, consider the F. A. Belgun symmctrization map, \BelO(A Theorem 

% 

H: A' X ^ A*Q* , fi{a) ■- / a [,„ 77(771). 

Jx 

One has that 

mLa'b* = idLA's* 

and that 

di^^i■)) = ^lid■) and L = M(i-) . 

In particular, fi sends primitive forms to G-left-invariant primitive forms. 

Proof. It has to be shown just that /i (La) = L fjL (a) for every a G A* X . Note that, w being a G-left-invariant 
form, one has fj.{La) = (w A a) [,„ 77(771) = a;[„iAQ;[m 7^(777) = wA a [,„ 77(777) = L^{a), for every 
a G A* a:. □ 



As a consequence of the previous lemma, we can prove the following result, which relates the subgroups 
_ffir'*''(Ar; M) with their G-left-invariant part i7(lr'''^(g; M), |AT12cl Proposition 3.3] (compare with Proposition 
12.191 and also with [FTlOi Theorem 3.4], for almost-complex structures, and with Proposition 13.301 for almost- 
D-complex structures in the sense of F. R. Harvey and H. B. Lawson). 

Proposition 3.18. Let X ^ T\G be a solvmanifold endowed with a G-left-invariant symplectic structure uj, and 
denote the Lie algebra naturally associated to G by q. For every r, s G N, the map 

j:if^^)(0;R)^ij(:-)(X;R) 

induced by left-translations is injective, and, if H'j^ (g; R) ~ H*j^{X]W) (for instance, if X is a completely-solvable 
solvmanifold), then it is in fact an isomorphism. 

Proof. Left-translations induce the map j : (g; R) — )■ ijiT'"'' {X; R). Consider the F. A. Belgun's symmetriza- 

tion map /i: A' X ^ A'q*: since it commutes with d by |BelOOl Theorem 7], it induces the map ji: H*j^{X;M.) 
7J*^(g;R), and, since it commutes with L by Lemma |3.17l it induces the map fi: 7J^^)(X;R) ^iJ^^)(g;R). 
Moreover, since /i is the identity on the space of G-left-invariant forms, we get the commutative diagram 



{r,s) 



h!J-'\X;] 



Hence j: 77^'''"^ (g; R) -J- HtJ''"' {X;R) is injective, and ^: Htf'"' {X;R) H^'''''' {q;R) is surjective. 

Furthermore, when H*j^ (0;R) — H*j^{X;K.) (for instance, when X is a completely-solvable solvmanifold, by 
A. Hattori's theorem [Hat 601 Theorem 4.2]), since /u[a»0*= idLA's* by |BelOO[ Theorem 7], we get that the map 
M- H'j^{X;M.) — J> H*jj (g;R) is the identity map, and hence /i: H^'^\X;M.) — i/if''*''(g; M) is also injective, hence 
an isomorphism. □ 
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Symplectic (co)homology decomposition on solvmanifolds 

Proposition 13. 181 is a useful tool to study explicit examples, |AT12c[ Example 3.4, Example 3.5, Example 3.6]. 

Example 3.19. A 6- dimensional symplectic nilmanifold such that h!;j''^\x -jM.) + h!;j''^\x -.M.) C i/J^(X;R) and 
Jfi,°'''(X;R) n {0}. 
Take a 6-dimensional nilmanifold 

X = T\G := (0^ 12, 14 - 23, 15 + 34) 
endowed with the G-left-invariant symplectic structure 

u; e'' + + e24 _ 
By K. Nomizu's theorem jNom54l Theorem 1], one computes 



H'iR{X;R) 



,126 _ gl45 _ 2 . g235^ ^136^ ^146 _^ 1 . g236 _^ 1 . ^345^ ^245 



(where, as usual, we have listed the harmonic representatives with respect to the G-left-invariant metric X]j=i ^"' 
e^ instead of their classes, and we have shortened, for example, e'*'^ := e'' A e*^). 

Since the Lefschetz decompositions of the ^-harmonic representatives of H^j^{X;M.) are 



gl26 „ gl45 



2 • e 



235 



,136 



gl46 ^ 1 . g236 ^ 1 . g345 



-i . £,126 _ 1 . g235 _ gl4f 



^ , gl26 _ 3 ^235 



1 . e^36 _ 1 . g234 

2 2 



1 . el36 + i . g234 

2 2 



3 



146 



„345 



ePA-^A' 



„245 



ePA'^A' 



and since 



dAV = K(ei23, ei24^ gi25^ ei26 + ei45, e"4, e"5, _ e^^e _ e^^, e^^^) , 



we get that 

[ei26 _ ei45 _ 2 . e235] = [e^^e _ ^ms _ 2 . ^235 _^ ^ ^46] ^ [2 . ei26 „ 2 . e235] = [i (-2 • e^)] g i/(i'i)(X;M) 
and 



3^6 + d 



1 • _ i . p26 

2 2 
1 



^ [el36_g234] ^ i/(0,3)(^. 



- 1 •) 
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while it is straightforward to check that 

\ P^]^n(i?^3)(X;K) + i?^i)(X;R)) = {0} ; 

in particular, Hi"'^\X;R) + Hi^'^\X;R) C Hjj^{X;R) and hL°''^\X;R) n Hi}-'^\X;R) ^ {0}. 
Example 3.20. A Q- dimensional symplectic solvmanifold satisfying the decomposition 

H',^ {X- M) = •-2'-) {X- R) . 

Take the 6-dimensional solvable Lie algebra 

0^4 ©03.5 := (-13, 23, 0, -56, 46, 0) 
endowed with the linear symplectic structure 

u := + g36 ^ g45 

The corresponding connected simply-connected Lie group x Gf; 5 admits a compact quotient X, whose de 

Rham cohomology is the same as the cohomology of ^A*(0^4 ©03.5)*, d j , see jBocOQI Table 5]: indeed, note 

that dimR (X; R) ^ diniR H'' g§ 5; M) for every A: e N. 
It is straightforward to compute 



Hli,XX-R) = R{e\ e^) , 




Hl^{X-R) = M(ei2 + e=^6 + e45)©R(ei2-e36, e^^-e^^) , 



= ifi,^'°'(X:R) = ffi°'^'(J(:;R) 

ijJ^(X;R) = M(el23 + e345^ gl26^g456^g3jg^gl23_g345^ gl26_g456^ ^ 

" V ' " V ' 

= H<,^'"'(X;B) = LH'^''^'>{X-M) = H^J'-^^{X-M) 

H^j,iX;R) = K(el236 + el245^g3456^^K^gl236 _gl245^ gl236 _g3456^ _ 

" V ' " V ' 

^ V ' 

= Hi^-^^X-R) = L2 ii-(,o.i)(j(:;R) 



hence we get a decomposition 



In particular, it follows that the Hard Lefschctz Condition holds on {X, uj) 



Example 3.21. A 6-dimensional completely-solvable solvmanifold such that h!;^'^^ (X;R) + h!^'^^ {X;R) C 
i/3^(X;M). 

Take a 6-dimensional completely-solvable solvmanifold with Lie algebra 03.1 © \, 

X = r\G := (-23, 0, 0, -46, 56, 0) , 
see jBocOQi Table 5], endowed with the G-left-invariant symplectic structure 
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By A. Hattori's theorem [Hat60l Corollary 4.2], one computes 

^ V ' 

" V ' V ' 

=Hi'-"\X;m) =Hi"'^'(X;R) 

Hl^iX;R) = M(ei23, e^^e, gise^ ^245^ ^345^ ^456^ 



Note that e^^^ — e^"^^, e^^^ — e^^^ and e^"'^ + de^^ are primitive, and consequently 



i/(°'3)(X;K) D ]R(ei23-e345^ el26_e456^ ^245^ . 



smce e + e 



123 _L .345 ^ ^g3^ gl26 _^ g456 ^ ^^6^ ^^^^j ^245 _ d e^^ = L 6^, it foUowS that 



since 



el36 ^ 1 (gl36^gl45^^1 (el36_gl45^ 



and 

it follows that 



146 „234 „156 , „235 „236 „246 „256 „346 g356^ 



dA^g* = R(e"6-e234, e^'^^ + e""", e""", e—, e— , e 



and hence (X;IR) + H^^'^^ (X;]R) C 



Finally, we give explicit examples of dual currents on a compact symplectic half- flat manifold, |AT12cl Exam- 
ple 3.7]. 

Example 3.22. Dual currents of oriented special Lagrangian submanifolds of the Nakamura manifold. 
Let C"^ be endowed with the product * defined by 



{w\ w\ w"") * {z\ z\ z^) := (zi + w\ e-^" z" + u? , e^' z^ + 



for every (w^ , uP' ^ z«3) , (z^, z^, z^^ g C3. Then (C3, *) is a complex solvable (non-nilpotent) Lie group and, 
according to |Nak75| . it admits a lattice F C C3, such that X :— F\(C3, *) is a solvmanifold, which is called the 
Nakamura manifold, see also |dBT06[ §3]. Setting 

ip^ := dz\ ifi^ := e^'dz^ ip^ := e^^'dz^, 

then {f^, f'^, f^} is a global complex co- frame on X satisfying the following complex structure equations: 

f dyji 



12 



, d(^3 ^ _^p. 

If we set p^ =: + ie3+^ , for j G {1, 2, 3}, then the last equations yield to 

r del = 



de3 
de^ 
de^ 
de*^ 



_gl3 ^ g46 



_gl6 ^ g34 



(3.1.2) 
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Then, |dBT06l §5], 
and 

Je^ := el , Je^ := , Je^ := , 

and 

V; := (e^+ie") A(e3 + ie^) A(e^ + ie2) 
give rise to a symplectic half- fiat structure on X, where 

^ el36 ^ ^125 ^ g234 „ ^456 ^ 

Note that the Hard Lcfschctz Condition holds on {X, uj), |dBT06[ Theorem 5.1]. 

Setting =: +ij/-', for j G {1, 2, 3}, and denoting by tt: C'^ — >■ X the canonical projection, we easily check 
that 

Fi TT {{{x\ x\ x\ y\ y\ y') G : x^ = y^ = y'' = O}) , 
Y2 7r({(a;i, x2, x3, 2/1, 2/2, y3) G : = 2/^ = = O}) 

are special Lagrangian submanifolds of (X, w, -0), namely, for j e {1, 2}, it holds ?le'i/;L>j= Voly^., and, conse- 
quently, the associated dual currents \Vj\ are primitive. 

3.2 Cohomology of D-complex manifolds 

In this section, we provide some results obtained in a joint work with F. A. Rossi, |AR12] . concerning the de Rham 
cohomology of almost-D-complex manifolds. D-complex Geometry is, in a sense, the "hyperbolic analogue" of 
Complex Geometry: an almost-D-complcx structure on a manifold X is given by an endomorphism K e End(T'X) 
such that = \Atx and the eigen-bundles of TX with respect to the eigenvalues 1 and ~1 of K G End(TX) have 
the same rank. Recently, D-complex Geometry appeared to be related with many other problems and notions in 
Mathematics and Physics (in particular, with product structures, bi-Lagrangian geometry, and optimal transport 
theory) . 

It is natural to ask what properties from Complex Geometry can be translated in the D-complcx setting. 
We refer to the work by F. A. Rossi, e.g., [Rosl2a[ IRosl2b| . for problems and results in this direction. Here, 
we are mainly concerned in cohomological properties. In fact, it turns out that the D-complex counterpart of 
the Dolbeault cohomology is not well-behaved, not being finite-dimensional. This fact leads us to study some 
subgroups of the de Rham cohomology related to the almost-D-complex structure, miming the theory introduced 
by T.-J. Li and W. Zhang in [LZ09| for almost-complex manifolds. More precisely, we study the subgroups of the 
de Rham cohomology of an almost-D-complex manifold consisting of the classes admitting invariant, respectively 
anti- invariant, representatives with respect to the almost-D-complex structure; in particular, we prove that, 
on a 4-dimensional nilmanifold endowed with a left-invariant D-complex structure, such subgroups provide a 
decomposition at the level of the real second de Rham cohomology group, Theorem 13.471 counterexamples 
without the hypothesis on dimension, respectively nilpotency, respectively integrability, are provided. Moreover, 
we consider deformations of D-complex structures: in particular, we show that admitting a D-Kahler structure 
is not a stable property under small deformations of the D-complcx structure. Theorem 13.501 providing another 
strong difference with the complex case (indeed, recall that admitting a Kahler structure is a stable property 
under small deformations of the complex structure by K. Kodaira and D. C. Spencer's theorem |KS60l Theorem 
15]). 

3.2.1 D-complex structures on manifolds 

We start by recalhng the basic definitions in D-complex Geometry We refer, e.g., to |HL831 llMTOQl ICMMS"04l 
ICMMS05[ ICM09[ ICFAG96[ IKMWlOi IABDMO05[ [XS05l IKralOi IRosl2a[ IRosl2bj and the references therein for 
more results about (almost-)D-complex structures and for motivations for their study. 

Let A" be a 2ri,-dimensional manifold. Consider K G End(rA") such that — A \Atx where A G { — 1, 0, 1}: 
if A = —1, then by definition K is an almost- complex structure; if A = 0, then the structure K is called an 
almost-subtangent structure; if A = 1, then K is said to be an almost-product structure; according to |Vai07[ §1], 
these three structures are called almost-c.p.s. structures. 
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In the case ~ idrx, one gets that K has eigen- values {1, —1} and hence there is a decomposition 
TX = T^X © T~X where T^X is given, point by point, by the eigen-space of K corresponding to the eigen- 
value ±1, where ± S {+, — }. By definition, an almost-T) -complex structure (also called almost-para- complex 
structure) on X is an endomorphisni K G End(rX) such that 

^ idrx and rkT+X = rkT-X = ^dimX; 

a D-holomorphic map between two almost-D-complcx manifolds {Xi, Ki) and {X2, K2) is a smooth map 
f : Xi X2 such that d / o A'l = o d /. 

An almost-D-complex structure is said to be integrable (and hence it is called D-complex, or also para-complex) 

if 

[T+X, T+X] C T+X and [T^X, T^X] C T^X . 

The integrability condition is, straightforwardly, equivalent to the vanishing of the Nijenhuis tensor Nk of 
K, where 

Nk{-. ■■) := h •■] + [A--, A'-] - K [/V ., ••] - K [•, K-] ; 

furthermore, as in the complex case, one has that an almost-D-complex structure on an 71-dimensional manifold X 
is integrable if and only if it is naturally associated to a structure on X defined in terms of local homeomorphisms 
with open sets in D" and D-holomorphic changes of coordinates, see, e.g., [CMMS041 Proposition 3], where 
D" := M" + rM", with = 1, is the algebra of double numbers. 

We recall that, given a 2n-dimensional manifold endowed with an almost-D-complex structure K, a D- 
Hermitian metric on X is a pscudo-Riemannian metric of signature (n, n) such that g{K-, K--) = —(?(■, ■■). A 
T)-Kahler structure on a manifold X is the datum of an integrable D-complex structure K and a D-Hermitian 
metric g such that its associated _ftr-anti-invariant form lo g{K-, ••) is d-closed, equivalently, the datum of a 
K -compatible (that is, a AT-anti-invariant) symplectic form on X, see, e.g., jAMTOQl §5.1], |CMMS04l Theorem 

!]■ 

The basic example of D-complex structure is given on the product of two manifolds of the same dimension: 
given X^ and X~ two manifolds with dimAT^ = diniAT^, the product A'+ x X~ inherits a natural D-complex 
structure AT, given by the decomposition 

T {X+ X X-) = TX+ © TX- , 

where K\j'x+= idT(x+xX-) and K\j'x-= ^ idT(x+xX-)- Every D-complex manifold is locally of this form, see, 
e.g., ICMMS041 Proposition 2]. 

Starting from K € End(TX) such that AT^ = idrx, one can define, by duality, an endomorphism K G 
End(r*Ar) such that AT^ = idT*A', and hence one gets a natural decomposition T*X = (T+AT)* © {T^ X)* into 
eigen-bundles. Extending K G End(r*Ar) to K G End (A*X), one gets the following decomposition on the bundle 
of differential £-forms, for ^ G N: 

= A^'lX where A^l X A" (T+X)* ® A«(r-X)* ; 

note that, for any p, g G N, the structure K acts on A^'!. X as (+1)^ idA'J^ '' x- particular, for any ^ G N, 

one has 

^^x = a^+x©a^-a: 

where 

^i+X := A^iX and A^^" X A^'iX; 

p-^q—l, q— 0mod2 p+g— lmod2 

note that K[^,^+^= and A:[^.^-^= - id^.^-^. 

If a D-complex structure K is given, then the exterior differential splits as 



where 



d = d+ + d^ 



and 

d_ ^^p,,+i^od: X^A^+I+^X 
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(where tt^^^ = x ■ X ^ A!jll X denotes the natural projection onto A^ll X, for every r,s G N). In particular, 

the condition d^ = can be rewritten as 

dl = 

d+d- + d^d+ = 
^ 

and hence one can define a D-complex counterpart of the Dolbeault cohomology by considering the cohomology 
of the differential complex X, d+) for every g G N, that is, 



im 



Unfortunately, one cannot hope to adjust the Hodge theory of the complex case to this non-elliptic context. 
For example, take X~^ and X" two manifolds having the same dimension and consider the natural D-complex 
structure on X~^ x X^; one has that 

{X+ X X') ~ C°° {X~) , 

hence the space Hq'^ {X^ x X~) of 9+-closed functions on X^ x X^ is not finite-dimensional, even if X^ and 
X~ are compact. 

3.2.2 D-complex subgroups of (co)homology 

In this section, wc adapt T.-J. Li and W. Zhang's theory on cohomology of almost-complex manifolds, |LZ09| . 
to the almost-D-complex case. More precisely, let X be a 2?i-dimcnsional compact manifold endowed with an 
almost-D-complex structure K; we are interested in studying when the decomposition 

A'X = 0A^iX = A'j+X(BA'jfX 

p,q 

gives rise to a cohomological decomposition. 

We start by giving some definitions. For any p,q £ N, we define the subgroup 

H^P^'^iX-M) {[a]eHPp{X;R) : aGA^'lX} C H',j,{X;R) , 
and, for any e N and for ± e {+,—}, the subgroup 

i7^±(X;R) := { [a] G iJ^^ (X; R) : Ka = ±a} = {HgF^^(X;R) : a £ A^/X} C H'^{X;R) . 
Note, that, if K is integrable, then, for any £ G N, 

H'k" - H^r\X;m and ilj^^'^^ (X; R) . 

p+q—£, g— 0mod2 p-\-q—i. g— lmod2 

As in [LZ09[ Definition 2.2, Definition 2.3, Lemma 2.2], see (j2.1.1L for almost-complex structures, we introduce 
the following definition, |AR12[ Definition 1.2]. 

Definition 3.23. For ^ G N, an almost-D-complex structure K on the manifold X is said to be 

• C°°-pure at the stage if 

h'+{x-M) n h',^~{x-r) = {0} ; 

. C^-full at the stage if 

H'j+{X-R) +H'^-{X;R) = H'an{X;R) ; 

• C°° -pure- and- full at the stage if it is both C°°-pure at the stage and C°°-full at the stage, namely, 
if it satisfies the cohomological decomposition 

H'^r{X-R) - H'+{X-R) ® H'^-{X-R) . 
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Consider now the space VX 'D2n-»X of currents on X and tlie de Rham liomology H^^{X; R) (we refer 
to jj(J.5l and references therein, for definitions and rcsuhs concerning currents and de Rham homology). The 
action of K on A*X induces, by duality, an action, still denoted by K, on V,X, and hence, for any £ G N, a 
decomposition 

Va V+-X. 

P+q=e 

For any p,q G N, note that the space 'D^~ X :=: 2)^"^p^""9 jg ^j^^, topological dual space of the topological 
subspace A^t X of A*X, and that the quasi-isomorphism T. : A* X 3 a i—>- J^a A ■ € VX yields the inclusion 
T.: A^^ll ^V^llX. As before, we have 

V,X = V^^X ® 

where 

'^t^^ and V^_X := V+'X, 

cy— mod 2 q— lmod2 

and KIt>'^^x= ^^'^v'^^x f^i' ^ '= {+j 

For any p, g G N, we define the subgroup 

H(^,,)(X;]R) {H effp^«,(X;M) : aeV+'X} C H^^{X;R) , 

and, for any £ e N and for ± G {+,—}, the subgroup 

Hf^{X;R) := {[a] £ H^'^ {X;R) : Ka ^ ±a} = {[a] e H^" {X;R) : aeVf^X} C H^^{X;R) . 

We are particularly interested in the almost-D-complex structures admitting a homological decomposition 
through the subgroups H^_^ {X;M.) and |AR12[ Definition 1.3]. 

Definition 3.24. For ^ e N, an almost-D-complex structure K on the manifold X is said to be 

• pure at the l^^ stage if 

i7f+(X;M) n Hf_{X;R) = {0} ; 

• full at the ^''^ stage if 

i?f+(X;R) + ijf_(X;R) = He{X;R) ; 

• pure-and-full at the £^'^ stage if it is both pure at the i^^ stage and full at the stage, namely, if it satisfies 
the homological decomposition 

Hi{X]R) = Hf^{X;R) Hf_{X;R) . 

The introduced notions are not completely independent. Using the same argument as in Theorem 12. lUl see 
jLZ09l Proposition 2.5], and in Proposition 13. 121 we prove the following relations between C°°-pure-and-fullness 
and pure-and-fuUness for almost-D-complex structures, |AR12[ Proposition 1.4]. 

Proposition 3.25. Let K he an almost-T)- complex structure on a 2n- dimensional compact manifold X. Then, 
for every £ G N, the following implications hold: 

C°" -full at the stage => pure at the £*'^ stage 



full at the {2n — £) stage > C°° -pure at the {2n — £) stage 

Proof. We recall that the quasi-isomorphism T. : A* X 3 a i-^ J-^a A - E 'D2n-»X induces, for every p, (7 G N, the 
inclusion 

this fact proves the two vertical implications. 

To prove the horizontal implications, consider the duality paring (•, ••) : D(^X x A^X R and the induced 
non-degenerate pairing 

(•, ■■) : H'^^iX-R) X H^^iX-R) . 
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Suppose that K is C°°-full at the stage, that is, H\jj{X] M) = M) + H'jf{X] R), and let c = [7+] = 

[7-] e 7?/^(X;R) n with 7+ G L>f+X and 7_ e -Df„X; since 

(i7^(X;R), c) = {h' + {X-R)+H'j,-{X-R),c) = (i/^+(X;M), [7_]) + (i/^^ (X; R), [7+]) = 0, 

one has c = in Hf^{X]M.)\ hence K is pure at the stage. 
Similarly, since 

(ijf/(X;R)ni7^^-(X;R), i7i^(X;R)+i7f„(X;R)) 0, 
we get that, if K is full at the stage, then it is C^-pure at the stage. □ 

In particular, by applying Proposition l3. 2151 with 2n — A and k = 2, one gets that, on a compact 4-dimensional 
manifold endowed with an almost-D-complcx structure, being C°°-full at the 2"*^ stage is stronger than being 
C°°-pure at the 2"^^ stage. 

A straightforward consequence of Proposition 13 . 251 is the following result, [AR12[ Corollary 1.5]. 

Corollary 3.26. Let K he an almost-'D -complex structure on a compact manifold X. If K is C°°-full at every 
stage, then it is also C°° -pure-and-full at every stage and pure-and-full at every stage. 

As an application of the Kiinneth formula, T. Draghici, T.-J. Li, and W. Zhang noted that, given Xi, 
respectively X2, a compact manifold endowed with a C°°-pure-and-full almost-complex structure Ji, respectively 
J2, and assuming that &i (^1) = 0, or bi {X2) = 0, then the almost-complex structure Ji -I- J2 on Xi x X2 is 
C°°-pure-and-full, |DLZ12i Proposition 2.6]. In the D-complex case, we have the following, jAR121 Theorem 1.6]. 

Theorem 3.27. Let X~^ and X^ be two compact manifolds of the same dimension. Then the natural D-complex 
structure on the product X^ x X~ is C°° -pure-and-full at every stage and pure-and-full at every stage. 

Proof. For any ^' G N, using the Kiinneth formula, one gets 
i/^^ {X+ X X- ; R) ^ i/f^ {X+; R) ® Hj^ {X" ; R) 

p+q=e 



H^,,{X+;R) ^ HI^{X- 

ip-\-q—£^ q—0 mod 2 



C/7^+(X+xX- 



H^,^{X+:R) ® Hj^{X- 

ip-\-q—i, q— lmod2 



C {X+ xX-:R) + H^r {X+ X X-:M) ; 

hence, by using Corollarv l3.26l one gets the theorem. □ 



3.2.3 D-complex cohomological decomposition on solvmanifolds 

In this section, we consider left-invariant D-complex structures on solvmanifolds, as in 92. 2. 31 for almost-complex 
structures, and in tj3.l.3| for symplectic structures. We recall that, given a Lie algebra g, one has the dif- 
ferential operator d: A* g* — > A*+^g* naturally induced by the Lie bracket [•, ••], and hence the cohomology 
i/*^(g;R) := H* (A*g*, d). Hence, we are concerned with studying the linear counterpart of D-complex struc- 
tures on Lie algebras, and the corresponding decomposition problem for the cohomology H*j^{q; R). In particular, 
we prove a Nomizu-type result for the subgroups _ff^*(X;R), Proposition 13.301 it will allow to explicitly study 
several examples of D-complex solvmanifolds: in 93.2.31 we provide some examples of D-complex structures on 
solvmanifolds, even admitting a D-Kahler structure, that do not satisfy the cohomology decomposition by means 
of the subgroups H'j^ {X; R); then, we prove that, for every left-invariant D-complex structure on a 4-dimensional 
nilmanifold, it holds iJj^(X;R) = R) e R), Theorem [XTfl which provides a partial D-complex 

counterpart of [DLZlOi Theorem 2.3]. (We refer to 90.61 for definitions and results concerning solvmanifolds.) 

We recall that a linear almost-G- complex structure K on g is an endomorphism K G End(g) such that 

2 + - 1 

K = idg and dimg g^ = dimR g = - diniR g , 

where g^ is the eigen-space of K corresponding to the eigen-value ±1, for ± G {+, — }. A linear almost-D- 
complex structure on g is said to be integrable (and hence it is called a linear D-complex structure on g) if g+ 
and g~ are Lie subalgebras of g, that is, 

[fl^, 0^] C g+ and [g", g"] C g~ . 
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As a matter of notation, with respect to a given basis {ej}^^^^ ^^^^ of g, in writing a(n almost-)D-coniplex 
structure e.g., (suppose diniKg = 6,) as 

K := {- + + +) 

we mean that 

0+ R(e2, 63, eg) and := M(ei, 64, 65) . 

By considering the dual map K £ End(g*) oi K £ End(0) and by extending it to £ End(A*g*), the 
spHtting = g"*" ffi 0~ into eigen-spaces given by the linear almost-D-complex structure K on g induces also a 
splitting g* = (fl^)* ® (0~)*, and hence, for every € G N, a splitting on the space of £-forms on g*: 

aV = A'+'-3* where A^;;^ fl* A^'(fl+)* ® A«(0-)* ; 

p+q=i p+q=e 

for any p,q eN, one has K [^^p, 9 g. = (+1)'' (—1)' idA^- « g* ■ Consider also the splitting of the space of forms into 
its A'-invariant and iiT-anti-invariant components: 

A'fl* = A^+0* e A^r0* 

where 

:= A-^lg* and A^r 0* := A^^l g* . 

q—0 mod 2 Q— 1 mod 2 

As for manifolds, we define, for every g G N, the subgroup 

H^rHs-.m := {[a] e HP,p {g;R) : «GA^^^0*} C H',j,ig;R) , 
and, for any £ e N and for ± e {+,—}, the subgroup 

i/^±(0;M) := {[a] e H' ig;R) : Ka^±a} = { [a] e i?^ (0; M) : aeA*±0*} C Hrf*«(0;M) , 
and we give the following definition, [AR121 Definition 2.1]. 

Definition 3.28. For £ G N, a linear almost-D-complcx structure on the Lie algebra is said to be 

• linear-C°° -pure at the stage if 

H'j+{g-M) n H;,-(0;M) = {0} ; 

• linear-C°° -full at the £*''■ stage if 

Hi+{g;R) + H'^- (giR) = H'^nigiR) ; 

• linear-C°° -pure-and-full at the stage if it is both C°°-pure at the stage and C°°-full at the stage, 
namely, if it satisfies the cohomological decomposition 

i/^«(0;R) = i/i+(0;K) © i?lr(0;M) . 



Given a 2n-dimensional solvmanifold X = r\ G, one can consider the associated Lie algebra to the Lie 
group G. Note that a G-left-invariant almost-D-complex structure on X is uniquely determined, through left- 
translations on G, by a linear almost-D-complex structure on g; furthermore, a G-left-invariant almost-D-complex 
structure on X is integrable if and only if the corresponding linear almost-D-complex structure on is integrable. 
Hence, in the following we will confuse a G-left-invariant (almost-)D-complex structure K on the solvmanifold 
X = T\G and the corresponding linear (almost-) D-complex structure on the naturally associated Lie algebra 0. 

We recall that the left-translations induce an injcctive map in cohomology, 

H',j,{g-R) ^ H',j,{X-R), 

where H*^ (g; R) can be interpreted as the cohomology of the sub-complex composed of the G-left-invariant forms 
of {/\'X, d), and that this map is actually an isomorphism if G is nilpotent, respectively completely-solvable, by 
K. Nomizu's theorem |Nom54[ Theorem 1], respectively by A. Hattori's theorem [Hat60l Corollary 4.2]. 
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Hence, given a G- left-invariant D-complex structure on X, we may study D-complex decomposition in coho- 
mology both on H*j^ (g; M) and on H*j^(X; R). The aim of this section is to make clear the connection between 
the C°°-pure-and-fullness of a left-invariant almost-D-complcx structure on a completely-solvable solvmanifold 
and the lincar-C°°-pure-and-fullness of the corresponding linear almost-D-complcx structure on the associated 
Lie algebra. 

The following lemma adapt F. A. Belgun's symmetrization trick, [BelOOi Theorem 7], to the D-complex case, 
[AR12[ Lemma 2.3]. 

Lemma 3.29. Let X = T\G be a solvmanifold, and denote the Lie algebra naturally associated to G by q. Let K 
be a G -left-invariant almost-T)- complex structure on X, or equivalently the associated linear almost-D- complex 
structure on g. Let rj be the G-bi-invariant volume form on G given by J. Milnor's Lemma \Mil7(A Lemma 
6.2], and such that J^rj = I. Up to identifying G -left-invariant forms on X and linear forms over g* through 
left-translations, consider the Belgun symmetrization map, WelOCA Theorem 7], 

fi: A'X^A'q*, fi{a) := / a[m7/(m). 

Jx 

One has that 

mLa'b* = idLA's* 

and that 

d(M(-)) = M(d-) and K = ^liK-) . 

As a consequence, we get the following result, |AR12[ Proposition 2.4] (compare with Proposition 12. 191 see 
also [FTlOl Theorem 3.4], in the almost-complex case, and with Proposition 13. 181 in the symplectic case). 

Proposition 3.30. Let X ~ T\G be a solvmanifold, and denote the Lie algebra naturally associated to G by g. 
Suppose that H*j^ {g;R) ~ _ff*^(X;R) (e.g., suppose that X is a completely-solvable solvmanifold). Let K be a 
G -left-invariant almost-T) -complex structure on X. Then, for every £ €N and for ± G — }, the injective map 

if^±(g;M)^i?l±(X;R) 

induced by left-translations is an isomorphism. 

Proof. Consider the F. A. Belgun symmetrization map fi: A* X — A*g*, [BelOOi Theorem 7]. It is enough to 
observe the following three facts. 

(i) Since d(^(-)) = /i(d-), [BelOOi Theorem 7], one has that /i sends d-closed, respectively d-exact, forms to 
d-closed, respectively d-exact, G-left-invariant forms, and so it induces a map 

M: ff,*«(X;]R)^i/-^(g;]R) . 

(a) Since K {fi{-)) ~ fi{K-), Lemma [3.291 for ± e {+, — }, one has 

and hence 

(Hi) Finally, if H*j^{X;M.) ~ H'j^ (g;R) (e.g., if AT is a completely-solvable solvmanifold, [Hat60i Corollary 4.2]), 
then the condition /-{[a* x= id [a* x, [BelOOi Theorem 7], gives that /.( is the identity in cohomology. □ 

As a straightforward corollary, we get the following result, [AR12i Proposition 2.4] (compare with Corollary 
12.20! in the almost-complex case) . 

Corollary 3.31. Let X ^ T\G be a solvmanifold such that iJ*^(X;K) ~ H*fi (0;K) (e.g., a completely-solvable 
solvmanifold) , and denote the Lie algebra naturally associated to G by q. Let K be a G-left-invariant almost- 
T)-complex structure on X. For every £ G N, the associated linear almost-T) -complex structure K G End(g) is 
linear-C°° -pure (respectively, linear-C°° -full, linear-C°° -pure-and-full) at the £^^ stage if and only if the G-left- 
invariant almost-T) -complex structure K € End(rX) is C°° -pure (respectively, C°°-full, C°° -pure-and-full) at the 
i*^ stage. 
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Non-C°°-pure-and-full (almost-)D-complex nilmanifolds 

We provide here some explicit examples of left-invariant (almost-) D-complex structures on nilmanifolds, studying 
the corresponding subgroups in cohomology, and providing differences between the D-complex and the complex 
cases, ProDOsition l3.34l 

More precisely, recall that every Kahler structure on a compact manifold is C°°-pure-and-full, [DLZlOl Lemma 
2.15, Theorem 2.16], or |LZ09[ Proposition 2.1], and that every almost-complex structure on a 4-dimensional com- 
pact manifold is C°°-pure-and-full, [DLZlOi Theorem 2.3]: we give instead an example of a D-complex structure 
on a 6-dimensional nilmanifold such that it is non- C°°-full at the 2"^ stage, |AR12[ Example 3.1], respectively 
non-C°°-pure at the 2"^^ stage, |AR12I Example 3.2], despite it admits a D-Kahler structure; furthermore, we pro- 
vide a non-C°°-pure-and-full at the 2"^^ stage almost-D-complex structure on a 4-dimensional manifold, proving 
that no almost-D-complex counterpart of [DLZlOi Theorem 2.3] could exist. 

Example 3.32. A D-complex structure on a 6-dimensional nilmanifold that is C°°-pure at the 2"*^ stage and 
non-C°" -full at the 2"'' stage and that admits a D-Kdhler structure. 
Consider a nilmanifold 

X ^ r\G := (0^ 12, 13) 
and define the G-lcft-invariant D-complcx structure K by setting 

K :={- + + -- +) . 

By K. Nomizu's theorem |Nom54[ Theorem 1], the de Rham cohomology of X is given by 

Hlj,iX;R) = R(e", e'^ e^\ e^\ e^\ e^\ e^^, e^' + e'') 

(where, as usual, we list the harmonic representatives with respect to the G-left-invariant metric © 
instead of their classes, and we write, e.g., e''*^ to shorten e'' A e'^). Note that 

H^i+ (0;M) = m{e^\ e^\ e^\ e^e^ ^^^^ ^2- (^.j^) ^ j^^^ie^ ^24^ ^25^ ^34^ ^ 

since the space of G-left-invariant d-exact 2-forms is M^e^^, e^^), and hence no G-lcft-invariant representative 
in the class [e^^ -I- e'^^] is of pure type with respect to K . It follows that K G End (g) is linear-C°°-pure at the 
2^"^ stage and hnear non-C°°-full at the 2"^^ stage, and hence K G End(TX) is C°°-pure at the 2"^^ stage and 
non-C°°-full at the 2"^^ stage, by Corollarv l3.31l (Note that, K being Abehan, one can deduce the C°°-pureness 
at the 2"^ stage also by Corollary [2321) 
Moreover, we observe that 

+ + e"^ 

is a (G-left-invariant) symplectic form compatible with A', hence {K, oj) is a D-Kahler structure on X. 

Example 3.33. A D-complex structure on a 6-dimensional nilmanifold that is non-C°° -pure at the 2"'' stage, 
and hence non-C°° -full at the 4"^ stage, and that admits a D-Kdhler structure. 
Consider a nilmanifold 

X = r\G := (0^ 12, 13-^-14, 24) 
and define the G-left-invariant D-complex structure 

A' :=(+- + -+-) . 

(Note that [g^, q^] ^ {0}, since [62,64] = —eg, hence K is not Abelian.) 
We have 

and therefore 7^ [e^^] G (0;R) n H]f (0;R), namely, AT G End(0) is not hnear-C°°-pure at the 2"*^ stage, 
hence, by Corollarv l3.31l K G End(rX) is not C°°-pure at the 2"^^ stage; moreover, by Proposition 13 . 251 we have 
also that AT is not C°°-full at the 4*'^ stage. 
Furthermore, 

OJ := ei« + e25+e34 

is a (G-left-invariant) symplectic form compatible with A', hence (AT, uj) is a D-Kahler structure on X . 

It is straightforward to obtain higher-dimensional examples of D-Kahler non-C°°-full, respectively non-C°°- 
purc, at the 2"*^ stage structures, taking products with standard D-complex tori. 

The contents of the previous two examples are resumed in the following result, [AR12i Proposition 3.3], which 
gives a difference with the complex case, |LZ09I Proposition 2.1], or [DLZlOl Lemma 2.15, Theorem 2.16]. 
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Proposition 3.34. Admitting a D-Kdhler structure is not a sufficient condition for either being C°° -pure at the 
2""^ stage or being -full at the 2"'' stage. 

We provide now a counterexample showing that T. Draghici, T.-J. Li, and W. Zhang's decomposition theorem 
for compact 4-dimensional almost-complex manifolds, [DLZlOi Theorem 2.3], does not hold, in general, in the 
almost-D-complex case, |AR12[ Example 3.4]. 

Example 3.35. An almost-D-complex structure on a 4:- dimensional nilmanifold that is non-C°° -pure-and-full at 
the 2"'^ stage. 
Consider a nilmanifold 

X = r\G := (0, 0, 12, 0) 

and define the G-left-invariant almost-D-complex structure K requiring that K\_^+= idg+ and K\_^-= — idg- 
where 

g+ := M (61,64-62) and := M (62,63). 

Note that K is not intcgrablc, since 0+] 3 [ei, 64 — 62] =63 ^ . 
Note that we have 

ff^+(0;M)9 [e"] = [e^' + de^] = [e'' + e^^] = [e^ A (e^ + 6^)] £ ijj" (s; R) , 

and therefore we get that ^ [e^^] G (0;M) n Hjf (0;M); then, K is non-C°°-pure at the 2"^* stage and 
non-C°°-fuU at the 2"'^ stage, by Corollary ESU and Proposition 

C°°-pure-and-fullness of low-dimensional D-complex solvmanifolds 

In this section, we state and prove Thcorcm l3.47l providing a partial D-complex counterpart of |DLZ101 Theorem 
2.3] in the almost-complex case. We start by fixing some notations and by proving some preliminary results. 

Given a linear D-complex structure K on a Lie algebra g, consider the induced eigen-spaces decomposition 
= 0^ ® 0~, and consider the nilpotent steps 

:= s (0+) and s~ s (0^) . 

(As a matter of notation, recall that, given a Lie algebra (a, [•, ■•]), the lower central series {ci"}„g[^ is defined, 
by induction on n G N, as 

r a" := a 

\ a"+i ;= [a", o] for n e N ' 
note that {o„}„gpj is a descending sequence of Lie algebras: 

a = a° 3 D ■ • • D a-'^^ ^ a' ^ ■ ■ ■ ; 

recall that the nilpotent step of a is defined as 

s(a) := inf {m G N : a'" = 0} ; 

in particular, if s (a) < +cxd, then, by definition, a is nilpotent.) 
Since 0^ C g and 0^ C 0, we have obviously that 

< s (0) and < s (0) . 

In fact, we have the following lemma, [AR121 Lemma 3.5]. 

Lemma 3.36. Let q be a 2n- dimensional nilpotent Lie algebra, namely, s {q) < -\-oo. Let K be a linear D- 
complex structure on g, inducing the eigen-spaces decomposition = 0"*" ©0~. Then, setting :— s{g^) for 
± e {+, — }, we have 

1 < s^ < n — 1 and 1 < s^ < n — 1 . 
Proof. It suffices to note that, for ± e {-|-, — }, we have 

dimR(0±)" = n 

dimK (0±)'' < max {n - k - I, 0} for fc £ N \ {0} ' 
as a consequence of the nilpotency and of the integrability properties. □ 
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The following result, [AR121 Proposition 3.6], should be compared with Theorem 13.271 

Proposition 3.37. Let q he a Lie algebra. If K is a linear T)-complex structure on g with eigen-spaces g+ and 
such that [g+, g^] = {0}, then K is linear-C°° -pure-and-full at every stage. 

Proof. Since [g+, g^] = {0}, one has g = g^ x g^ and, using the Kiinneth formula, one gets the statement, as in 
the proof of Theorem 13.271 □ 

Therefore, from Corollarv l3.31l one gets the following corollary, |AR12l Corollary 3.7]. 

Corollary 3.38. Let X ~ T\G be a completely-solvable solvmanifold endowed with a G -left-invariant D-complex 
structure K, and denote the Lie algebra naturally associated to the Lie group G by Q. Consider the linear D- 
complex structure K G End(g) induced by K G End(rX). Suppose that the eigen-spaces g"*" and g~ of K G End(g) 
satisfy [g"*", g^] = {0}. Then K is -pure-and-full at every stage and pure-and-full at every stage. 

We recall that a D-complex structure on a manifold X is said to be Abelian if the induced eigen-bundle 
decomposition TX = T+X © X satisfies [T+X, T+X] = {0} = [T~X, T' X]; analogously a linear D- 
complex structure on a Lie algebra g is said to be Abelian if the induced decomposition g = g+ © g~ satisfies 
[g"*", g+] = {0} = [g^, g^], namely, s (g+) = 1 = s(g^). Obviously, if X = r\G' is a solvmanifold endowed 
with a G- left-invariant D-complex structure, then K G End {TX) is Abelian if and only if the associated linear 
D-complex structure K G End (g) is Abelian. 

Remark 3.39. Note that every linear D-complex structure on a 4-dimensional nilpotent Lie algebra is Abelian, 
as a consequence of Lemma 13.361 

We prove that every linear Abelian D-complex structure is linear-C°°-pure at the 2"'^ stage, |AR12I Theorem 
3.10]. 

Theorem 3.40. Let q be a Lie algebra and K be a linear Abelian D-complex structure on g. Then K is linear- 
C°°-pure at the 2"'' stage. 

Proof. Denote by 7r^.+g, : A* g* — A^"^g* the natural projection onto the space A^^g*. Recall that dr/ := 
—77 ([•, ••]) for every 77 G A^g*; therefore, since [g+, g+] = and [g^, g^] = by hypothesis, we have that 



7T..+ 



(d: Aig*^AV)) = {0} 



Suppose that there exists [7+] = [7"] G (g; M) n H]^ (g; M), where 7+ G Aj^+g* and 7" G AJ^ g*, and 
7"*" = 7~ -I- da for some a G A^g*. Since 7r^«+jj. (da) = 0, we have that 7+ = and hence [7+] = 0, so K is 

linear-C°°-pure at the 2"'^ stage. □ 

Remark 3.41. We note that the condition of K being Abelian in Theorem 13 . 401 cannot be dropped or weakened, 
in general. In fact. Example 13.491 shows that the Abelian assumption just on g^ is not sufficient to have C°°- 
pureness at the 2""^ stage. Another example of this fact, on a (non-unimodular) solvable Lie algebra, is given 
below, |AR12[ Example 3.12]. 

Example 3.42. A A- dimensional (non-unimodular) solvable Lie algebra with a non- Abelian D-complex structure 

that is not linear-C°° -pure at the 2"'' stage. 

Consider the 4-dimensional solvable Lie algebra defined by 

g := (0^, 13 + 34) ; 

note that g is not unimodular, since de^^^ = e^^'^^, see Lemma [3.451 jKosSOl §111]. 
Set the linear D-complex structure 

K :=(+ + --); 

K is not Abelian, since [g+, g+] = but [g^, g^] = M (64) 7^ {0}. 

It is straightforward to check that K is lincar-C°°-full at the 2"^^ stage: in fact, 

on the other hand, K is not linear-C°°-pure at the 2"^^ stage, since 

H]^{s;m ^ [e^l - [e^^-de^] = - G //^(gsK) 

and [e34] ^ 0. 
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A direct consequence of Theorem 13.401 and Corollarv l3.31l is the foUowing result, [AR12[ Corollary 3.13]. 

Corollary 3.43. Let X ~ T\G be a completely-solvable solvmanifold endowed with a G -left-invariant Abelian 
T)- complex structure K . Then K is C°° -pure at the 2"'' stage. 

Remark 3.44. Wc remark that, for a D-complcx structure on a compact manifold of dimension greater than 
4, being Abelian or being C°°-pure at the 2""^ stage is not a sufhcient condition to have C°°-fullness at the 2"^^ 
stage. Indeed, Example 13.321 provides a G-left-invariant D-complex structure _ftr on a 6-dimensional nilmanifold 
X = T\G such that K is Abelian, C°°-pure at the 2"'^ stage and non-C°°-fuU at the 2"^^ stage. 



As observed in Remark l3.39l any left-invariant D-complex structure on a 4-dimensional nilmanifold is Abelian, 
and hence C°°-pure at the 2"'^ stage by Corollarv l3.43l In general, a left-invariant Abelian D-complex structure on 
a nilmanifold of dimension greater than 4 may be non-C°°-full at the 2'"^ stage, Example 13. 321 Notwithstanding, 
we prove that every left-invariant D-complex structure on a 4-dimensional nilmanifold is C°°-full, in fact C°°- 
pure- and-fuU, at the 2"^^ stage. Theorem [3371 To prove this fact, we need the following lemmata: the first one 
is a classical result, the second one is |AR121 Lemma 3.16]. 

Lemma 3.45 f [Kos50[ §111]). Let g be a unimodular Lie algebra of dimension n. Then 

dU"-lg. = 0. 

Lemma 3.46. Let q be a unimodular Lie algebra of dimension In endowed with an Abelian linear D-complex 
structure K . Then 

Proof. Consider the eigen-spaces decomposition = g"*" © 0~ induced by if, and fix two bases for (g"*")* and 
(0-)*: 

(0+)* = K(e\ ...,e") and (fl-)* = K (/i, ...,/") . 
Since K is Abelian, the general structure equations, in terms of these bases, are 

r de^ =: Y.lk=i<k^"-^f^ forj-e {!,..., n} 

j:lk=iKk<^'^f'' forje{l,...,n} ' 

where (af,,., 5-? , I C M. 

J j,h,ke{i,...,n} 

By [KosSOl §111], see Lemma [3.451 for any fc e {1, . . . , rt}, one has that 

d (e^ A ■ • ■ A e" A A • ■ • A f''-^ A f^+^ A ■ • ■ A /") = ; 
by a straightforward computation, we get that, 

n 

Hence, we get that 

n / n \ 

d(eiA...Ae") = (-1)"X E ^ ' ' ' ^ ^ = °- 

fe=i / 

Arguing in the same way, we prove also that 

d (/I A • • ■ A /") = , 

completing the proof. □ 
We can now prove the following resuh, |AR12[ Theorem 3.17]. 

Theorem 3.47. Every left-invariant D-complex structure on a 4- dimensional nilmanifold is C°° -pure-and-full 
at the 2"'' stage, and hence also pure-and-full at the 2"'' stage. 
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Proof. By Remark l3 . 391 and Corollary 13.431 we get the C°°-pureness at the 2""^ stage. 

We recall that, by J. Milnor's lemma |Mil76[ Lemma 6.2], the Lie algebra associated to any nilmanifold is 
unimodular. From Lemma 13.461 one gets that, on every 4-dimensional D-complex nilmanifold, the D-complex 
invariant component of a left-invariant 2-form is d-closed. Hence both the D-complex invariant component and 
the D-complcx anti-invariant component of a d-closed left-invariant 2-form is d-closed. Hence the linear D- 
complex structure is linear-C°°-full at the 2"*^ stage. Therefore, by CoroUarv 13.311 the left-invariant D-complex 
structure is C°°-full at the 2"^^ stage. 

Finally, Proposition 13.251 gives the pure-and- fullness at the 2"^^ stage. □ 

Remark 3.48. We note that Theorem 13.471 is optimal. Indeed, we cannot grow the dimension. Example 13.321 
and Example 13.331 nor change the nilpotent hypothesis with a solvable condition. Example 13.491 nor drop the 
integrability condition on the D-complex structure, Example l3.35l 

3.2.4 Small deformations of D-complex structures 

In this section, we study explicit examples of small deformations of the D-complex structure on nilmanifolds and 
solvmanifolds, studying the behaviour of being D-Kahler, Theorem 13. 501 the behaviour of C°°-pure-and-fullness, 
Proposition 13.51"! and the semi-continuity problem for the dimensions of the D-(anti-)invariant subgroups of the 
second de Rham cohomology group. Proposition 13.541 

We refer to |MT111 lRosl2aj for more results concerning deformations of (almost-) D-complex structures. 

In the following example, |AR121 Example 4.1], we construct a curve {Kt}^^^ of left-invariant D-complex 
structures on a 4-dimensional solvmanifold such that (i) Kq is C°°-pure-and-full at the 2""^ stage and admits a 
D-Kahler structure, and (ii) Kt, for t 7^ 0, is neither C°°-pure at the 2"'^ stage nor C°°-full at the 2"'^ stage 
and does not admit any D-Kahler structure. In particular, this example proves that being D-Kahler is not a 
stable property under small deformations of the D-complex structure. Theorem 13. 5(Jl and it shows also that the 
nilpotency condition in Theorem 13.471 cannot be dropped out. Remark 13.481 

Example 3.49. There exists a A- dimensional solvmanifold endowed with a left-invariant D-complex structure 
K such that (i) K is C°° -pure- and- full at the 2"'^ stage, (ii) it admits a T>-Kdhler structure, and (Hi) it has small 
T)-complex deformations that are neither T)-Kdhler nor C°° -pure-and-full at the 2"'* stage. 
Consider a 4-dimensional completely-solvable solvmanifold 

X = r\G := (0^, 23, -24) 

(for its existence, see, e.g., }Boc09[ Table 8]). 

By A. Hattori's theorem [HatBOl Corollary 4.2], it is straightforward to compute 

For every t G M, consider the C?-left-invariant D-complex structure 

-2t 


-1 / 

For every t G M, we have that 

g'j^^ = K(e2, 63) and = R (ei, 64 i 62) : 

in particular, [g^ , ] = E (63) C gj^ and [g^ , ] = {0}, which proves the integrability of Kt, for every 
In particular, for t = 0, we have the (non-Abelian) D-complcx structure 

ifo = (- + +-) . 

It is straightforward to check that Kq is linear-C°°-pure-and-full at the 2"'^ stage, and hence C°°-pure-and-full at 
the 2"'^ stage by Corollarv l3.31l in fact, by Proposition 13.301 

H^+(X;M) = {0} and if^; (X; M) = //^^(X; K) ; 

in particular, we have 

dimffi H] + [X; E) = , dimR H],; (X; M) = 2. 



-1 











1 











1 
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Furthermore, for t ^ 0, we get 

"1 



i/^7(X;M)3p] 













t 







and therefore [e^^] e (X; K) n (X; M), namely, Kt is neither C°°-pure at the 2"^ stage nor C°°-full 
at the 2"*^ stage, by Proposition 13. 251 (in fact, since the space of G-lcft-invariant d-exact 2-forms is 

no G-left-invariant representative of the class [e^^] — [e^ A (e^ — te'^) + te^'^] is of pure type with respect to Kt). 
Therefore, for t ^ 0, we have 

dimRif^+(X;R) = 1, dimRi/|.7(X;R) = 1. 

Note that, for every t € M, one has s {qxJ = and s {q^J = 1, but, for t ^ 0, the D-complex structure Kt 
is not C°°-pure at the 2"*^ stage: therefore the Abelian condition on just 2 in Theorem 13.401 is not sufficient to 
have C°°-pureness at the 2"^^ stage, as observed in Remark 13.411 

Note moreover that, in this example, the functions 

m.3t>-^ dimR Hj + iX; M) G N and M 9 t diniR Hlr{X; R) £ N 

are, respectively, lower-semi-continuous and upper-semi-continuous. 

Furthermore, we note that X admits a (G-left-invariant) symplectic form 

which is compatible with the D-complex structure A'q: therefore, (A'o, w) is a D-Kahler structure on X. On the 
other hand, for t 7^ 0, one has [X] R) = R {^^^) ^-^^ therefore, if a i^t-compatible symplectic form ojt existed, 
then it should be in the same cohomology class as e^'^, and then it should satisfy 

Vol(X) = ( ijjthuot = [ e^'^Ae^^ = 0, 
Jx Jx 

which is not possible; therefore, for t 7^ 0, there is no symplectic structure compatible with the D-complex 
structure Kt: in particular, (X, Kt) admits no D-Kahler structure. 

In particular, the previous example proves the following result, |AR12[ Theorem 4.2], providing another strong 
difference between the D-complcx and the complex cases (recall that being Kahler is a stable property under 
small deformations of the complex structure by K. Kodaira and D. C. Spencer's stability theorem |KS60[ Theorem 
15]). 

Theorem 3.50. The property of being T)-Kahler is not stable under small deformations of the D-complex struc- 
ture. 

Furthermore, Example 13.491 proves also the following instability result, |AR12[ Proposition 4.3], analogous to 
Theorem 12.481 which proves the instability of C°°-pure-and- fullness in the complex case. 

Proposition 3.51. The properties of being C°°-pure at the 2"'* stage, or C°°-full at the 2"'' stage are not stable 
under small deformations of the D-complex structure. 

We have already recalled, see 92.3.21 that T. Draghici, T.-J. Li, and W. Zhang proved in [DLZlli Theorem 2.6] 
that, given a curve {Jt}j of (C°°-pure-and-full) almost-complex structures on a 4-dimensional compact manifold 
X, the dimension of iJj^(A";R) is upper-semi-continuous in t and hence, as a consequence of [DLZlOl Theorem 
2.3], the dimension of HJ^{X;M.) is lower-semi-continuous in t] this result holds no more true for almost-complex 
manifolds of higher dimension. Proposition 12.561 Proposition 12.551 In the next two examples, |AR121 Example 
4.4], respectively |AR12i Example 4.5], we study the behaviour of the dimensions of the D-complex invariant and 
D-complex anti-invariant subgroups of the cohomology along curves of D-complex structures. 

Example 3.52. A curve of D-complex structures on a ^-dimensional nilmanifold such that the dimensions of the 
D-complex invariant and anti- invariant subgroups of the second de Rham cohomology group jump (lower-semi- 
continuously) along the curve. 
Consider a 6-dimensional nilmanifold 

X = r\G := (0^ 12, 13, 24) . 
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By K. Nomizu's theorem jNoin54l Theorem 1], it is straiglitforward to compute 

Hji,iX;R) - R{e'\ e'^ e^^, e'', e^' + e'^) . 
For every t e [0, 1], consider the left-invariant D-complex structure 



/ 1 



-1 



\ 



(l-t)2+t2 
2t(l-f) 



2t(l-t) 
_{l-tf-t^ 



\ 



1 



-1 / 



For < t < 1, one checks that 

gj^ = M (ei, (1 - 63 4- 1 64, 65) and g^^ = R (62, 1 63 - (1 - 64, 65) ; 
therefore, it is straightforwardly checked that the intcgrability condition of Kt is satisfied for every t G [0, 1] 
[Case i = 0] For t = 0, the D-complex structure 

Ko = (+- + -+ -) 
is C°°-pure-and-full at the 2""^ stage: in fact, 



14 „23 „25 



+ 6^4) 



therefore 



dim^H] + {X;] 



and dim {X 



[Case < i < 1] For < i < 1, one has 



and 



Hl+iX;R) = R{e'\ ^\ e^^) 



Hl;{X;R) = R(6i4, 6^3, 6^5 4-634) 



it follows that the D-complex structure Kt is neither C°°-purc at the 2" stage nor C°°-full at the 2" stage; 
moreover, 



dimRHf + {X;R) = 
[Case t = 1] For t = 1, the D-complex structure 

Ki 

is C°°-pure-and-full at the 2""^ stage: in fact 
Hjj,iX;R) = R{ 



and dimiJ^^ {X; 



(+-- + +-) 



6", 6^3, 6^6) eR (6^5, e'' + e^^) 



therefore 



dimv.Hi + {X- 



and dmiH^^ {X; 



In particular, it follows that the functions 



[0, l]3t^ dimR H^i+ {X;R)en and [0, l]3t^ dimg H]' {X; ] 



are non-constant and lower-semi-continuous. 



e N 



Example 13.491 and Example 13.521 show that the dimension of the D-complex anti-invariant subgroup of the de 
Rham cohomology in general is not upper-semi-continuous (as it is in Example I3.49P or lower-semi-continuous 
(as it is in Example I3.52p along curves of D-complex structures. We give now an example showing that also 
the dimension of the D-complex invariant subgroup of the de Rham cohomology in general is not lower-semi- 
continuous (as it is in Example 13 . 491 and in Example l3.52p along curves of D-complcx structures, jAR121 Example 
4.5]. 
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Example 3.53. A curve of D-complex structures on a 6 -dimensional nilmanifold such that the dimensions of 
the D-complex invariant and anti-invariant subgroups of the second de Rham cohomology group jump (upper- 
semi-continuously) along the curve. 
Consider a 6-dimcnsional nilmanifold 

X = T\G := (0'\ 12, 13, 24) . 
By K. Nomizu's theorem jNom54l Theorem 1], it is straightforward to compute 

For every t G [0, 1], consider the G- left- invariant D-complex structure 

\ 



Kt 



:{e'\ el^ e23, e^^, e^^, e'' + e'^) 



V 

For < i < 1, one checks that 

R (ei, 64, (1 — i) 65 -I- i eg) and 



1 




y 


-1 






-1 






1 










2t(l-t) 




(i-t)^+t2 

2t(l-t) 











= M(e2, 63, t65 - (1 -t)ee) 



Therefore one straightforwardly checks that, for every t G [0, 1], the structure Kt is integrablc, in fact Abelian: 
hence it is in particular C°°-pure at the 2"^^ stage by Corollarv l3.43l 

[Case t = 0] For t = 0, the D-complex structure 

Ko = {+ - - + +-) 

is C°°-pure-and-full at the 2"^^ stage, and 

Hjj,{X;R) = K(6", 6l^ e^^ e^'')®R{e'^ e'^ + e'*) ; 



in particular, 

[Case < i < 1] For < i < 1, one has 
and 
while 



dimRiy^+(X;R) = 4 and dim iJ^," (X; M) ^ 

H] + {X;R) = R{e^\ e^^) 
H]^-{X;R) = R{te'^^ + {l-t)e^'^ + {l~t)e^^) , 



R(el^e3^626) n {H^^+{X;R)®Hl-{X;R)) = {0} ; 

it follows that the D-complcx structure Kt is C°°-purc at the 2"*^ stage and non-C°°-full at the 2""^ stage, 
and that 

dimRi7^+(X;M) = 2 and dim (X ; M) = 1. 
[Case t = 1] For t = 1, the D-complex structure 

Ki = (+-- + -+). 
is C°°-pure at the 2'^'^ stage and non-C°°-full at the 2"'^ stage, and 

where 



in particular. 



R(e25+634) n {H] + {X;R)(BH]^-{X;R)) = 
dimRiJ|+(X;M) = 3 and dimij2-(X; 



(e25 + 634) 

= {0} ; 
= 2 . 
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In particular, the functions 

[0, l]3t^ diiHR H] + {X; M) e N and [0, 1] 3 t ^ diniR H^k^{X; M) G N 

are non-constant and upper-semi-continuous. 

Example 13.521 and Example 13 . 531 yield the following result, |AR12[ Proposition 4.6]. 

Proposition 3.54. Let X be a compact manifold and let {A't}jg/cR curve oj Ti-complex structures on X. 
Then, in general, the functions 

I 3t^ diniK H] + (X; M) e N and l3t^ dimg H^f^ {X; «.) e N 

are not upper-semi-continuous or lower-semi-continuous. 

3.3 Cohomology of strictly j9-convex domains in 

In Complex Analysis, properties concerning the existence of exhaustion functions with convexity properties may 
have consequences on the vanishing of the cohomology. Indeed, recall, for example, that the Dolbeault cohomology 
groups H^'^{D) of a strictly pseudo-convex domain D in C" (that is, a domain admitting a smooth proper strictly 
pluri-sub-harmonic exhaustion function) vanish for q>\, for any p G N. In fact, the following result holds. 

Theorem 3.55 ( |H6r65[ Theorem 2.2.4, Theorem 2.2.5], |Hor90[ Theorem 4.2.2, Corollary 4.2.6]). Let D C C" 

he a strictly pseudo-convex domain. Then, for any q > 0, every d-closed (p,q)-form rj £ L^^^ (X; A^'''T*X) 
(respectively, 7] G A^'''X) is d-exact, namely, there exists a G \Jf^^(^X\ AP'''~^T* X^ (respectively, a G /\'P''^~^X) 
such that J] ~ da. 

Generalizing the notion of strictly pseudo-convex domain, A. Andreotti and H. Grauert, [AG62] . studied 
q-complete domains in C" (that is, domains in C" admitting a smooth proper exhaustion function whose Levi 
form has at least n — q + 1 positive eigen- values) , and provided an analogue of the L. Hormander theorem. 

Theorem 3.56 f |AG62l Proposition 27], |AV65al Theorem 5]). Let D G C" he a q-complete domain. Then 
H^'^ (X) — {0}, for any r G N and for any s > q. 

Recently, F. R. Harvey and H. B. Lawson, |HL121 [HL11| . and references therein, raised the interest on gener- 
alizations of the concept of convexity for Riemannian manifolds, studying the existence of exhaustion functions 
whose Hessian is positive definite or satisfies weaker positivity conditions; in this context, holomorphic convexity 
and g-completcness motivate the notion of geometric convexity. 

J.-P. Sha, [Sha86[ Theorem 1], and H. Wu, |Wu87[ Theorem 1], (see also [HLlli Proposition 5.7],) proved, 
using Morse theory, that the existence of a smooth proper strictly p-pluri-sub-harmonic exhaustion function on 
a domain in R" has consequences on the homotopy type of the domain; hence, vanishing results for the de Rham 
cohomology hold for strictly p-convex domains in M" in the sense of F. R. Harvey and H. B. Lawson. 

In this section, we re-prove, using different techniques, the vanishing result by J.-P. Sha, and H. Wu for the 
de Rham cohomology of strictly p-convex domains in R" in the sense of F. R. Harvey and H. B. Lawson; more 
precisely, we use the L^-techniques developed by L. Hormander, [Hor65| . and used also by A. Andreotti and E. 
Vesentini, [AV65a[ [AV65bj (see also [Ves67| ): such L^-techniqucs could be hopefully applied in a wider context. 

The results in this section have been obtained in a joint work with S. Calamai, [ACT2j . 

3.3.1 The notion of p-convexity by F. R. Harvey and H. B. Lawson 

In this section, following F. R. Harvey and H. B. Lawson, [HLlll IHL12] . we recall the basic notions and results 
concerning p-convexity, starting from the definition of p-positive symmetric endomorphism, and then recalling 
the notions of (strictly) p-pluri-sub-harmonic function and (strictly) p-convex domain. 

Let V be an ??-dimcnsional K- vector space endowed with an inner product (■ ] ■•). 
Let G: V ^ V* denote the isomorphism induced by (• ] ••), defined as 

G: V 3 V ^ {v \ -) e V* . 

One gets an isomorphism 

G-^ : ® 4 Hom (V, V) ; 



134 



Cohomology of manifolds with special structures 



this isomorphism sends the space of the symmetric elements of {V ^V)* , namely, 

Sym^ (V) := {A € {V -g) V)* : A{v (g) w) = A{w v) , for any v,w eV} . 

to the space of the (• | •• )-symmetric endomorphisms of V. 

Given A eV* (gV*, the endomorphism G~^A G Horn (V, V) extends to 

by setting, for any simple vector Vi-^ A ■ ■ ■ Avi^ G A^V, 

p 

■^G-iA ^ := ^v^^A--- A v,^_^ A G~M (wij A v,,^^ A • • • A ; 

£=1 

note that D^Li^ G Hom(APy, A^^V) is a symmetric endomorphism with respect to the inner product on A'^V 
induced by (• | ••). 

Note that, given A £ Sym^ (V), if the set of the eigenvalues of G^^A is 

spcc(G"^yl) = {Ai, A„} , 

then the set of the eigenvalues of D^Li^ is 

spec (^uj^Li^j = {Ail H \- : ii, ... ,ip e {I, ... ,n} s.t. ii <■■■< ip} . 

Finally, given a (• | ■•)-symmetric endomorphism E G Hom (V, V), let sgn (i?) denote the number of non- 
negative eigenvalues of E: 

sgn (E) card {A G spec(£') : A > 0} . 

Note that, given two inner products on V inducing the isomorphisms Gi: V ^ V* and G2. V ^ V* 
respectively, then there holds sgn (G^^A) = sgn (G^"'^^), but, for p > 1, it might hold 

sgn(i^[^L.J ^s,n{D^U^) . 

As said, sgn (^D^q-ij^^ counts the non-negative sums of p eigenvalues of G^^A G Hom (y, V). As a natural 
generalization of the notion of convexity, one is interested in studying symmetric endomorphisms having at least 
a certain number of non-negative sums of p eigenvalues. (Compare also [HL121 Definition 2.1], concerning the 
notion of positivity with respect to a sub-bundle of the Grassmannian bundle Gr {p, TX) over a Riemannian 
manifold X .) 

Definition 3.57 f |HLlll Definition 2.1, §3]). 

• Let V be an n-dimensional K- vector space endowed with an inner product (• | •• ). For p G {1, . . . , n}, and 

for fc G |l, . . . , (p)|, define the space oi p-positive forms of k*^ branch on V as 

T'f ly, (• I ••)) := |a G Sym^ {V) : sgn (o^i,^) > (j]) - fc + l} . 

• Let X be an n-dimcnsional manifold endowed with a Riemannian metric g. For p G {1, . . . and for 
fc G |l, . . . , (p) |, define the space oi p-positive sections of k*^ branch of the bundle Sym^ [TX) of symmetric 
endomorphisms of TX as 

rl''^ {X, g) := [a G Sym^ {TX) : Vx G X, A, G V'^'^ (T,X,g,)} . 

In order to introduce exhaustion functions on a given Riemannian manifold, we focus on special p-positive 
symmetric 2-forms: those arising from the Hessian of smooth functions. 

Let (X, g) be a Riemannian manifold, and denote the Levi Civita connection associated to the Riemannian 
metric g by . For every u G let 

HessM G Syxa{TX) 

be defined, for any V,W G C°°{X; TX), as 

Hessw(F,W^) := V W u - {SJ^^W) u . 
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Definition 3.58 f |HLll[ Definition 2.2', §3]). Let X be an n-dimensional manifold endowed with a Riemannian 
metric g. Fix p e {1, . . . , n}, and fc £ {l, . . . , (^)}. 

• The space 

PSH^,*^' (X, g) {weC°°(X;]R) : Bess u E V^'^^X , g)^ , 

is called the space oi p-pluri-suh-harmonic functions of k*^ branch on X. 

• The space 

int (PSH^'=) (X, g)) := ^ueC°°{X-W) : Hess u G int (t'^'^^ (X, g)) } , 

(where int {X, g)j denotes the interior of Vp''^ {X, g)) is called the space of strictly p-pluri-suh- 

harmonic functions of k^^ branch on X. 

(Compare also |HL12I Definition 2.1] for the notion of (strictly) p-pluri-sub-harmonicity with respect to a 
sub-bundle of the Grassmannian bundle Gr (p, TX) over a Riemannian manifold X .) 

We can now define (strictly) p-convcxity in terms of the p-convex hulls (and of the p-core). 
Let X be an n-dimensional Riemannian manifold endowed with a Riemannian metric g, and fix p G {1, . . . , n}. 
Let K Q X he & subset of X; the p-convex hull of /v , |HL11[ Definition 4.1], is defined as 

_^PSH<i)(x,3) ._ \^^x : V0 G PSH';^^ (X, g) , 4){x) < max </)(?/) 1 . 

(Gompare also jHL12l Definition 4.3] for the notion of convex hull with respect to a sub-bundle of the Grassman- 
nian bundle Gk (p, TX) over a Riemannian manifold X.) 

Definition 3.59 ( |HLlll Definition 4.3]). Let X be an n-dimensional Riemannian manifold endowed with a 
Riemannian metric g, and fix p G {1, . . . ,n}. One says that X is p-convex if, for any subset K <Z X that is 
relatively compact in X, then K^^^p ^^^'S) is relatively compact in X. 

(Compare also |HL12I Definition 4.5] for the notion of convexity with respect to a sub-bundle of the Grass- 
mannian bundle Cm (p, TX) over a Riemannian manifold X .) 
Define the p-core of X, jHLlll Definition 5.3], as 

Corcp (X, 5) := G X : for aU u G PSH^,^) (X, g) , HessM(x) ^ int (p^^^ {T^X, g^)^ | . 

(Gompare also jHL12i Definition 4.1] for the notion of core with respect to a sub-bimdle of the Grassmannian 
bundle Gr (p, TX) over a Riemannian manifold X .) 

Definition 3.60 f |HLlll Definition 5.2, Theorem 5.4]). Let X be an n-dimensional Riemannian manifold en- 
dowed with a Riemannian metric g, and fix p G {1, . . . , n}. One says that the manifold X is strictly p-convex 
if (i) GorCp {X, g) ~ 0, and (ii) for any subset K C X that is relatively compact in X, then K^^^p ^^^'S) ig 
relatively compact in X. 

(Compare also |HL12I Definition 4.9] for the notion of strictly convexity with respect to a sub-bundle of the 
Grassmannian bundle Gr (p, TX) over a Riemannian manifold X.) 

The relations between (strictly) p-convexity and the existence of smooth proper (strictly) p-pluri-sub-harmonic 
exhaustion functions were proven by F. R. Harvey and H. B. Lawson in [HLlll |HL12| . Namely, the following 
result holds. 

Theorem 3.61 f lHLlll Theorem 4.4, Theorem 5.4]). Let X be an n-dimensional Riemannian manifold endowed 
with a Riemannian metric g, and fix p G {1, . . . , n}. Then X is p-convex (respectively, strictly p-convex) if and 

only if X admits a smooth proper exhaustion function u G PSH^^-* (X, g) (respectively, u G int ^PSH^^^ {X, g)^). 

(Compare also |HL12I Theorem 4.4, Theorem 4.8] for the relations between (strictly) convexity and the 
existence of smooth proper (strictly) pluri-sub-harmonic exhaustion functions with respect to a sub-bundle of 
the Grassmannian bundle Gr (p, TX) over a Riemannian manifold X.) 

(We recall that a function m : X — > M, where X is a manifold, is said to be an exhaustion if, for any c G M, 
the set ((~oo, c)) — {x E X : u{x) < c} C X is relatively compact in X.) 

The previous definitions are motivated by the classical notions of (strictly) (g-)pseudo-convex functions, and 
g-complete and pseudo-convex domains, in Complex Analysis. 
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Definition 3.62 ([AndMl §4], |AG62l §10]). Let D C C" be a domain, and let (/> be a smooth real-valued 
function on D. The function (p is called q-pseudo-convex or q-pluri- sub-harmonic (respectively, strictly q-pseudo- 
convex or strictly-q-pluri- sub-harmonic), if and only if, for any z D, the Hermitian form h{(f>)z defined, for 
S e C", as 

a, 6=1 

has, at least, n — q + 1 non-negative (respectively, positive) eigenvalues. When q — 1, (strictly) 1-pscudo-convex 
functions are called (strictly) pseudo-convex, or (strictly) pluri-sub-harmonic. 

Definition 3.63 ( [Rot 55] . [AG62[ §16.c]). A domain D C C" is called q-complete if there exists a smooth 
proper strictly g-pseudo-convex exhaustion function. When q = \, the 1-complcte domains are called strictly 
pseudo-convex. 

A. Andreotti and H. Grauert, in |AG62| . proved a vanishing theorem for the higher-degree Dolbeault coho- 
mology groups of g-complete domains; the same result was proven by A. Andreotti and E. Vesentini, in |AV65aj . 
(see also |Ves67[ Theorem 4.2],) extending the L^-techniques by L. Hormander, [Hor65| . More precisely, [AG621 
Proposition 27], and [AV65a[ Theorem 5], state that, given a g-complete domain D € C", it holds H^'^{X) = {0}, 
for any r G N and for any s > q. 

3.3.2 Vanishing of the de Rham cohomology for strictly p-convex domains 

In this section, motivated by A. Andreotti and H. Graucrt's vanishing result for the Dolbeault cohomology of 
g-completc domains in C", [AG62j . and by A. Andreotti and E. Vcscntini's proof using L^-tcchniques, ^ AV65a| . 
we consider domains X in M" endowed with a proper exhaustion function u E C^{X-,M.) whose Hessian is in 

int (Vp^"' {X, g)j , rc-proving, with L^-tcchniqucs, the vanishing result for the higher-degree dc Rham cohomology 
groups for strictly p-convex domains in the sense of F. R. Harvey and H. B. Lawson, Theorem 13.681 yet shown 
by J. -P. Sha, [Sha86| . and by H. Wu, jWuSTi Theorem 1], using Morse theory, as a consequence of results on 
the homotopy type of X. Firstly, we recall some definitions and we set some notations; then, we prove some 
preliminary lemmata and estimates; finally we prove Theorem I3.67L stating that, on a strictly p-convex domain 
in M", every d-closed fc-form with fc > p is d-exact. 

Let X be an oriented Riemannian manifold of dimension n, and denote its Riemannian metric by g and its 
volume by vol. The Riemannian metric g induces, for every x € X, a, point-wise inner product (• {■■)g ■ A* 
T*X X A*T;X -^R. ' 

Fix cj) G C°(X;]R) a continuous function. For every cp, ip € [X; A*T*X), let 

(^|V)l2 := / (¥^1^)^^ exp(-0) vol e R, 

and, for /c £ N, define L^ (AT; a''T*X) as the completion of the space (A; a''T*X) of smooth fc-forms with 
compact support with respect to the metric induced by ||-||l2 := (■ | Ol^- Therefore, the space L^ (A;A*'T*A) 
is a Hilbert space, endowed with the inner product (• | ■■)^2 , and {X; A^T*X) is dense in \?, (A; a'=T*A). 

For any fc G N, let Lf„^ (A; a'=T*A) denote the space of fc-forms whose restriction to every compact set 
KEX belongs to I? {K; A^T*K). 

For every 0i, 02 G C"(A;M), the operator 

d: L2^ (A; A*T*A) L|^ (A; A'+^T^A) 
is densely-defined and closed; denote by 

d;.,0, ■■ {X- A'+'T*X) (A; AT*A) 

its adjoint, which is a densely-defined closed operator, see, e.g., |dSSST06l Theorem 7.55]. 

Moreover, for a domain X in R", with set of coordinates {x^, . . . , a:" }, fixed fc G N, s G N, and G C°° (A;R), 
one can consider the Sobolev space W^'^ (A; a'^T* A) , which is defined as the space of fc-forms '^ui^i^fi dx 
such that gi^X.^ge„^J„ G L^ (A; a''T*A) for every multi-index (£1, . . . ,^„) G N" satisfying ii -\ \- in < s and 
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for every strictly increasing multi-index / such that |/| = k. The space WJ'q^ (X; a''T*X^ is defined as the space 
of fc-forms tp whose restriction ipIk to every compact set K (- X belongs to W"'^ (if; A'^T*if). 

As a matter of notation, the symbol X]|/|=fc denotes the sum over the strictly increasing multi-indices / 
{ii, . . . ,ik) G N*^ (that is, the multi-indices such that < ii < • • • < ife) of length k. We use {x^, . . . , a;"} as a 
set of coordinates on M", and, given a multi-index / :=: (ii, . . . ,ik) G N'^, we shorten dx^ dx^^ A • • • A dx*'=. 

Given Ii and I2 two multi- indices of length k, let sign ^ be the sign of the permutation f ^ if Ii is a 

permutation of I2, and zero otherwise. 



Let X be a domain in M", that is, an open connected subset of R", endowed with the metric and the volume 
induced, respectively, by the Euclidean metric and the standard volume of K". 

For (j)2 € C°° (X;R), consider d: L^^ (X; a''-^T*X) L^^ {X; a''T*X). The following lemma gives an 
explicit expression of the adjoiirtdl : L^^ {X; h^T* X) --^ L^^ {X; A^-^T*X), |AC12[ Lemma 2.1] (compare 
with, e.g., |dSSST06[ §8.2.1], [Gun90'[ Lemma 0.2] in the complei case). 

Lemma 3.64. Let X he a domain in R". Let 0i, (/)2 G C°° (Ar;R) and consider 

d 

l.l^{X-h^-^T*X) ^^^{X;^^T*X) . 

^ — _ — 

<P2 - 'PI 

Let 

V :=: dx^ eL2JX;A'^r*X) 

\i\=k 

and suppose that v G domd^^ . Then 

dl,<*i" = exp((/)i) do n(exp(-<?!)2) w) 



-cxp((/)i) II sign ( I 
\j\=k-i \ \i\=kt=i 



£J \ 9(u/exp(-02)) 



dx-' 



dx^ 

Proof. By definition of d^^.^^, for every u G domd, one has {du \ v)^2 = (u | 'Kj)2.<t>i^)iji ■ Hence, consider 



Y uj dx-^ G {x■^^-^T*x) 

\j\=k-i 



and compute 

dx^ 



|J|=A:-lfcl ^ 
|/|=fc 



The statement follows by computing 

{du\v)^2 - 



<P2 



[ J2 '^ign ( Y ) IS" "^""P ("'^2) vol 

■^^ \ j\=k-ii=i ^ ^ 



\J\= 

|7|=fc 



£J \ a(?;7 exp(-02)) , 
' — uj vol 



|j|=fc- 

|7|=fe 



and 



{^\^%2A^^)i? = / E (d;2,0i")j exp(-(/)i) vol, 
where dj^^^^f =: E|j|=fc-i ^2;-^- □ 
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For any fixed (p G C°° {X; M) and for any j G {1, . . . , n}, define the operator 

Sf: C°° (X;M) ^ (X;]R) , 

wliere 



d if exp (-0) ) ^ ,f_dl 



Tlie following lemma states that Sj is the adjoint of g|j in L| (X; a''T*X), and computes the commutator 
between and , |AC12[ Lemma 2.2] (compare with, e.g., |Hor90[ pages 83-84]). 

Lemma 3.65. Let X be a domain in M". Let (p e C°° (X;R) and j G {1, . . . and consider the operator 
sf : C°° (X; R) ^ C°° (X; R). T/ien; 

• for every wi,W2 G Cj?° (X;M), 

J wi ■ exp (-(/)) vol = y Sf{wi)- W2 exp (-0) vol ; 

• for any k G {1, . . . , n}, the following commutation formula holds in End (C^ (X; M.)): 

3^6 



5^, — 



dx^dx'^ 



Proof. As regards the first item, one has 



S'liwi) ■ W2 exp (-0) vol 



As regards the second item, one has, for every / G C°° (X;R), 



5^ — 

3 ' ^2;'^' 







d'f 




dx'' 


dx^dx^ 


d(t> 


9/ 


d'f 


dxi 


dx'^ 


dx^ dx^ 



^ dxi 



cJa;*^ dx'^dxi 



/ 



concluding the proof of the lemma. □ 

Finally, we prove the following estimate, |AC121 Proposition 2.3, Remark 2.4], which will be used in the proof 
of Theorem (we refer to |Hor90[ §4.2], or, e.g., |Gun90[ Lemma 0.3] and [dSSST06[ §8.3.1] for its complex 
counterpart). 

Proposition 3.66. Let X be a domain in R" and (f>, tp E C°° (X;R). Consider 

_ - _ _ - _ 

L0-2^ {X; A''-'T*X) Ll_^ {X; A>'T*X) l({X; A^+^T^X) . 
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Then, for any ?/ :~: X]|7|=A:''^ ^^'^ ^ {-^'i A'T*X), one has 



•'^ |J|=fc-lfl,f2 = l ^ 



|J| = 

|7i|=fc 

|/2|=/C 



sign 



-^2 / dx^^ dx^' 



■ Vh Vh exp (-(/)) vol 



< 



|J| = fc-l £l,^2 = l ^ 
\ \l2\ = k 



■ exp (—(/)) vol 



X 



|/|=fc£=l 



< • l|d;-v,.0-2v.^|lL2 ^, + iid^/iiLj + / E E 

\ * -^-^ l/l=fc fcl 

where C C{k, n) gN is a constant depending just on k and n. 
Proof. It is straightforward to compute 

'V^ ■ f ei \ dr]i 
d /? = 2^ 2^ sign 



\rii\ exp (—0) vol 



|7|=fc £=1 

|H|=fc+i 



and, using Lemma [3.641 



- exp (-'(/') X! E ^^S"^ ( / 



|,/|=fc-i e=i 
\i\=k 



|J|=fc-l £=1 
|7|=fc 

For every J such that \ J\ = k — 1, the previous equality gives 



\ dx^ dx^ 



9-0 



E E^ig^f Y ) ^t^"^!^ = °^pW (d;-v,,0-2v.^)j+ E E'ig^M y ) ' 

|/|=fc£=l ^ ^ |/|=A:£=1 ^ ^ 



where d;_^ ,^,2^77 =: E|j|=fc-i K^^, ^-a^??) j d 



By the inequality between the geometric mean and the arithmetic mean, one gets 

2 



X 



E 

iji=fe-i 



E E ^ig'^ ( Y ) (^^) 
\i\=ki=i ^ ^ 



exp (—(/)) vol 



2 / E |(d;-^,0-2V.^O/c-P(2^) 



\J\^k-l 



i/i=fc£=i ^ 



dx^ 



exp (—0) vol 



dx^ 



\m\ exp(-0) vol , 



(3.3.1) 



where C :=: C(fc, n) £ N depends on k and n only. 
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Now, using Lemma 13.651 one computes 



X 



E 

iji=fe-i 



\i\=ki=i ^ ^ 



exp (—0) vol 



E E E ^^AX 

|J|=A:~l|7i| = fcfi,£2 = l ^ 
\l2\ = k 



Sign 



E E ^ig^ 

I J|=fc-1 fl,£2 = l 

l/ll=fc 

|/2|=fc 



hJ \ . ( hJ 



X 



drill drji.^ d 



+ ^^i. '?/2 cxp (-0) vol 



(3.3.2) 



Now, note that 



id.r - E 
iffi=fc+i 



\I\=k£=l 



= E EE ^ig^ 

|H|=fc+l 1 |/i| = fc£i,£2 = l 
\|/2| = fc 



4/l 



Sign 



\ drill drji^ 



2^ 2^ sign I ^^^^ I ^^^^ ^^^^ 



|/l| = fc<?l,^2 = l 
|/2| = fc 



EE 

|7|=/c £=1 



dx^ 



E E ^ig'^ ( ) ^ig'^ 



|,/|=fc-l^l,«2 = l 
\Il\=k 



hJ \ drill drii^ 
h I dx^^ dx^^ 



(3.3.3) 



Hence, in view of (jgX^ . ([SX^ . (PXT|) . we get 



|J|=fe-lfl,f2 = l 
\Il\=k 
\l2\=k 



dx^^ dx^'- 



■ VI 1 Vh cxp {-(f)) vol 



< 



X 



E E ^ign ( Y^ ) ^ig'^ 



|J|=fe-l«l,f2 = l 
■ \h\=k 
\ \l2\=k 



i2J \ 



EE 

|7| = fc £=1 



drji 



dx^ 



exp (—0) vol 



X 



E 

iji=fe-i 



E E'^ig'^ ( Y ) 

|7|=fefcl ^ ^ 



E 1 cxp (-</-) vol 

|_f7|=fc+l 



< C"- ||d0^^,0-2V>'7||L2 + / _ E E 



|7|=fc fcl 



dx^ 



\rii\ exp (—0) vol 



concluding the proof. 



□ 
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Using the previous result, we prove here the following theorem, jAC12[ Theorem 3.1]. 

Theorem 3.67. Let X he a strictly p- convex domain in K", and fix fc G N such that k > p. Then, every d-closed 
k-form rj G A'^X is d-exact, namely, there exists a G a''~^X such that r] = da. 

Proof. Let us split the proof in the following steps. 

Step 1 - Preliminary definitions. X being a strictly p-convex domain in M", by F. R. Harvey and H. B. Lawson's 
[HL12i Theorem 4.8] (see also [HLlll Theorem 5.4]), there exists a smooth proper strictly p-pluri-sub-harmonic 
exhaustion function 

p G int (pShW (X, g)) nC°° {X-R) , 



where g is the metric on X induced by the Euclidean metric on M". 
For every m G N, consider the compact set 

:= {xeX : p{x) < m] , 

and define 

L^™) := minAl'^'l > 0, 

where, for every x £ X, the real numbers }^i\x) < ••• < )^^\{x) are the ordered eigen- values of the endo- 

morphism ^[-i Hcssp(£c) ^ Hom (a'^TItX, A^T^X), and Ai(x) < ••• < A„(a;) are the ordered eigen-values of 
the endomorphism g~^Y{cssp{x) G Hom (T^^X, T^X); indeed, note that, for every x € X, since p is strictly 
p-pluri-sub-harmonic, 

X^\x) = Xi{x) + ■ ■ ■ + Xk{x) > Xi{x) + ■ ■ ■ + Xp{x) > 0, 

and that the function X 3 x ^ A^^' (x) G M is continuous. 

Fix {p,y}j^gp^ C (X-jW) such that (i) < p,y < 1 for every G N, and (ii) for every compact set K C X, 
there exists :—: vq{K) G N such that Pu\^K= 1 for every > i^o- 

Then, we can choose -0 G C°° {X; R) such that, for every G N, 

\dp^\^ < exp(V') . 

For every m G N, set 

7^™) := max^C- IdV'lVexp(V')) , 

where C :~: C{n, k) is the constant in Proposition 13.661 

Fix X G (K;M) such that (i) x' > 0, (ii) x" > 0, and (m) x'L(-oo,m]> xS"' ^oi" '^'^sry m G N. Define 

then, G int (^PSH^ (X, g)^ nC°° {X;R); furthermore 

9^0 „ dp dp I d'^p 



Choose p eC°° {X; R) such that, for every to G N, 
Step 2 - For every G {X-h^T*X), it holds <C- (\\d;_^, ^_^^7jf + Hdr/H^^V Since 

y I J| 1 1 , 2 / /l ,/2 
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then, by Step 1, one has the estimate 



\J\=k-Hl,t2 = l ^ 
\Il\=k 
\Il\=k 



Sign 



■nil Vh 



iiJ 



= E E 

\j\=k-i eij2=i 
|/i|=fc 
|/i|=fc 



sign 



£2 J 
h 



n dp dp 



E E ^isM K 

\J\=k-ltl,t2=l ^ 

\Il\=k 
\Il\=k 



sign 



^2 J 
h 



X op- 



E x"op- 
I J|=fe-i 



E E^ign( / 

\I\=kl=l ^ 



IJ \ dp 



dx^ 



+ X °p- 



E E ^ig^ ( ) ^ig" ( t 

|=fc_i £1,^2=1 \ -I / V ^ 



i2J \ d'^p 



\J\ = 
\h\=k 
\h\=k 



2 / dx^^dx^^ 



Vii VI2 



> x'op-x^^H^)- E l'?^!' 

I/I=fc 



> • E i^^i^ • 

|7|=fc 

Hence, using Proposition 13.661 we get that, for every 77 G (X; a''T*X) 



< 



< 



E U-^-E 



\i\=k 
I 



dx^' 



\t]i\^ exp {-(j)) vol 



E E ^i^H K 

|J|=fc-l£l,£2 = l ^ 
\ l^2| = fe 



Sign 



/2 / dxi^^dx^^ 



Vh VI2 



-^•EE 



dx^ 



\r]i\ exp (-0) vol 



< C"- ( ||d0_V'.</'-2^'7|lL2 +l|d?7llLi)' 



where C :=: C{k, n) G N is the constant in Proposition 13.661 depending just on k and 
Step 3 - The space (X] A^T*X) is dense in the space domdndomd 



0— 0—2^ 



endowed with the 



MIlJ + d;^-^,0-2V- +l|d-!lL2- Consider 

•^-■<l' '^4-2^ <t> 



L0-2^ {X-A'^-^T*X) 

^ — 

d 



Ll {X;A''+'^T*X) 



tf) — t/j , <f> — 2ili 



— 

cl 



(l> — i/j , <f> — 2'(/j 
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Fix Tj e domdndomd;_^,^_2^ C L^,^ (X;A^T*X). 

Firstly, we prove that {p^v}^et.^ C domdndomd;_^_^_2V. ^ (^5 a'^T* X) , where {p^^^p, C (X;]R) 

has been defined in Step 1, is a sequence of functions having compact support and converging to rj in the graph 



norm II -11^2 + d;^_V'.0-2<A" + ||d •||l2 . Indeed, 



|d(p,.f?) -Pi. d?; I ^ exp (-(/)) = j/yl^ ■ |dp^|^ cxp(-0) 

< |77|%xp(-(0-V)) e L2(X;A^r*X) , 

hence, by the Lebesgue dominated convergence theorem, \\(l{purf) — d?7||L2 — )■ as — > +oo. Furthermore, 
for every G N, note that Pi^r/ E domd*^_^_ ^_2ip- indeed, the map 

^'1~2^{X;/^''~'^T*X) D domd 3 {p^rj \du)^2^ ^ G K 

is continuous, being 

{p^rj\du)^2 = I d (pi. li) )l2 - (t] jdpi, Aii)L2 

— (p ■ — l/j <p — jp 

= {Pi^(^l-4,,4,-2i,V \u).2 - (j? I dp^ A ii)L2 
hence, by the Riesz representation theorem, there exists 

such that, for every u e domd C L^_2^ {^'^ A?'~^T*X), it holds 

{Pvri |dit}L2 = {-n |w)l2 
Finally, note that, for every u e domd C L^_2^ (X; a''^^T*X), 



(p^ry |dw)L2 - (dj_^^^_2.0?? IPi'w)l2 



(77 I d p,. A M } 



Li 



< 



||77||l2 • ||dp^ Aw|| 



Li , 

(f}-ip 



hence, by the Lebesgue dominated convergence theorem, ||d0_^^ 0-2V^ (pi^ v) ~ py ^4)-ip, 0-2V'^|Il2 — as z/ — 

<S> — 2tl' 

+00. This shows that p^ rj ^ rj as v ^ +00 with respect to the graph norm. 

Hence, we may suppose that 77 G domdndomd^.^ 0_2^ ^ -'^^-V {^'i^''T*X) has compact support. Let 
{$e}^g][j^|Qj C C°° (M";M) be a family of positive moUifiers, that is, for every e G M \ {0}, 



e""$(^-j G C°°(M";R) , 

where (i) $ G (E";M), (m) Jjj„ $volii.i = 1, (m) UmE_>.o = S, where 6 is the Dirac delta function, and 
(iv) (f> > 0. Consider the convolution 

we prove that j] * — >• r; as e — >■ with respect to the graph norm. Clearly, 

= . 



lim ||?7-?7*$£||l2 



Since d (77 * = dyy * $e, one has that 



Finally, write 



lim||d (77 *<i>,)-d 7711^2 = 0. 



d^_^_0_2^, =: exp(-'0) (d5_o + ^0-»A,0-2V.) , 
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where dg g is a differential operator with constant coefficients, and A0_^^0_2^ is a differential operator of order 

2 



zero defined, for every v S L^_^ (X; a''T*X), as 



A r ^ ^ ^ . I iJ \ d{<p-ll') ,j 

^0-^,0-2^(w) := 2^ 2^ sign I ^ 1 — -rjdx 

\J\=k-li=l \ / X 
|7|=fc 



hence 

(do,0 + ^0-^,0-2,^) iV * = ((^0,0 + ^0-V^0-2^) iv)) *^e~ {A^-^,, <l>-2i,v) *^e + A^.^, 0_2V) {v * 

~> (d;_o + ^0-»A,0-2vO ('7) 
as £ ^> in L^_2^, a'^~^T*X); since t] has compact support, it follows that 

as £ ^ in L^_2^ {X; a''-'^T*X), that is, 

lim||d;_^^^_2^(7]*$,)-d;_^^^_2^(7?)||j^,_^^ = 0. 

step 4-//||7?||l2 < C*- ( lldl ^ ^_2^??||?2 +||d77||L2 ) holds for every (X; a'^T* X) , then it holds for ev 

ery rj e dom d n dom dJ_^^_2<A- Let -q G domdndomd^_^_^_2^. By Step 3, take {Vj}jetq C {X;A^T*X) 
such that Tjj — )■ as j — ?> +oo in the graph norm. Since, for every j G N, one has 



and since, for j +00, 

\\Vj-v\\i,2 -^0, \\dl_^^_2^,r]j - dl_^^_2^,r]\\^ , and \\diy - dr]\\^2 ^ 

't' — '>P (b — lTp 4> 



we get that also 



I Li , 

<P — 1P 



Step 5 - Existence of a solution in Lj^^^ (X; A^T*X^. We prove here that the operator 

d:L^_2^ (X;A^-ir*X) ker (d: L^,^, (X; a'=T*X) (X; A^'+^T^X)) 

is surjectivc, hence, for every r/ G kcr {d: L^_^ (X; A^T*X) --^ (X; A'^+^r*X)^ , the equation da = 77 has a 
solution a in L2_^ (X; a'^-1T*X) C Lf^^ (X; A'=-ir*X). 

We recall, see, e.g., jH6r901 Lemma 4.1.1], that, given the Hilbert spaces (iJi, (■, and (iJ2, (•, ")h^^ 

and a densely-defined closed operator T: Hi H2, whose adjoint is T* : H2 Hi, \i F (Z H2 is a closed 
subspace such that imT C .F, then the following conditions are equivalent: 

(i) imr==F; 

(ii) there exists C > such that, for every y G domT* n F, 

\\y\\H._ < C-\\T*y\\H^ . 

Hence, consider 

d: Ll_2^ (X; a''-'T*X) LI_^ {X; a'^T* X) 

and 

L2_^(X;A'=T*X) D F ker (d: L^^^ (X; a'=T*X) (X; a'^+^T^X)) 

D im(d: L2_2^ (X;A'^-1T*X) L^,^, (X;A^T*X)) . 
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By Step 4, for every rj G dom d^„^, ^^j?/; H C donidndomd0_^ 0_2.^, it holds that 



(f}-1p 



< C d 



4i-2%ji'n\\ 



from which it follows that 



F 



im(d: l.^_2^ [X\ ^ 



k—lrri^ 



T*X) -.L^_^,(X;A^r*X)) 



Step 6 - Sobolev regularity of the solutions with compact support. We prove that, for every a G (X; A*^ ^T* 
with compact support, if da G (X; A'^r*X) and d^oa G (X; A'^-^y*^) , then a G W^^^ (X; A'=-ir*X). 
Indeed, take a family of positive moUifiers and, for every e G K, consider a * $e G (X; a'^^^T* Xy, 

by Proposition 13. 661 with ;= and ip :~ 0, we get that, for any multi-index / such that |/| = fc — 1 and for any 
^G{l,...,n}, 



i 



d{ai * 



vol < C- ||d*,o(a**e)||:. + ||d(a*$e)|!L2 



where C :~: C{k, n) is a constant depending just on k and n; since, for every multi-index / such that |/| = fc 
and for every £ G {1, ... ,11}, it holds that 

2 

0, 



lim 

e-i-O 



X 



9(q!/*$j) dai 



dx^ 



vol = lim ||dQ Q (a * — dg gQ;! 



lini ||d (a * $e) - da||L2 



we get that 



X 



dai 



dx^ 



vol < C ■ 



\<^o,oa\\^2 



lL2 



proving the claim. 

Step 7 - Regularization of the solution. By Step 5, if G A^'X is such that dr/ = 0, then the equation da 
has a solution a G L^^^ (X; a'''~-^T*X); wc prove that actually a G a'^'^^X. 

Note that we may suppose that the solution a G L^^^^ [X\ A^^^T*X^ satisfies 

a G (kerd)Voo(^-'=-^^*^) 
hence, a satisfies the system of differential equation 



imdj 



imdo C kcrdj ; 



{da = T] 
do oa = 

We prove, by induction on s G N, that a G Wjq^ (X; A^^^T* X^ for every s G N. Indeed, we have by Step 5 
that a G W"^^ (X; a''-^T* X) = Lf^^ (X; a'^-1T*X). Suppose now that a G Wf^^ (X; A'^'-ir*X) and prove that 
a G Wf+^'^ (X; A^-^T*X). Clearly G a'^X C Wj^'f (X; A'=r*X) for every ct G N. Take X a compact subset 
of X, and choose x G (-''^^IR) such that suppx D isT. For any multi-index L :=: . . . ,£„) G N" such that 
£1 H + = s, being 



QS 



9^1x1 •••< 



and 



dn 



0.0 X- 



I J|=A:-1 £=1 
|7|=fc 



/ 



c^'^a/ 



5x 



■da;"' G {K\A^-'^T*K 



we get that x 



dx^ d^^x^ ■ ■ ■ d' 

G Wi'2 {K]A^-^T*K), that is, a G W+i'^ [K]A^~^T*K). Hence, we get that 

a G Wf+^'^ {X;A^-^T*X). 

Since Wf^'^^ (X; a'=-1T*X) ^ C™ (X; A'=-ir*X) for every < m < cr - f , see, e.g., |(;T01I Corollary 7.11], 
we get that a G a'^^^X, concluding the proof of the theorem. □ 

As a straightforward corollary, we get the following vanishing theorem for the higher-degree dc Rham coho- 
mology groups of a strictly p-convex domain in M", [AC12i Theorem 3.1]; for a different proof, involving Morse 
theory, compare [Sha86[ Theorem 1] by J. -P. Sha, and |Wu87l Theorem 1] by H. Wu, see also |HL11[ Proposition 
5.7]. 

Theorem 3.68 f |AC12l Theorem 3.1], see |Sha86[ Theorem 1], |Wu87[ Theorem 1], |HL11[ Proposition 5.7]). 
Let X he a strictly p-convex domain in R". Then Hj^j^{X; M) = {0} for every k > p. 
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